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Motiv ating Example { Vehicle Suspension

Perf ormance objectives

1. Control vehicle body in the face of variable loads.

2. Insulate e ect of road undulations (ride).

3. Minimise roll, pitch under braking, acceleration and
cornering (handling).

MTNS 2006, Ky oto, 24 July , 2006 3
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Quar ter-car Vehicle Model (conventional  suspension)

load
disturbances

spring

road
disturbances

MTNS 2006, Ky oto, 24 July , 2006 4
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The Most General Passive Vehicle Suspension

Replacethe spring and damper with a

generalpositive-real impedanceZ (s).

But is Z(s) physically realisable?

MTNS 2006, Ky oto, 24 July , 2006 5
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Electrical-Mechanical Analogies

1. Force-V oltage Analogy .

voltage $ force

current $  velocity

Oldest analogy historically, cf. electromotive force.

2. Force-Curren t Analogy .

current $  force
voltage $  velocity

electrical ground $  medanical ground

Independertly proposedby: Darrieus (1929), Hahnle (1932), Firestone (1933).

Respects circuit \top ology", e.g. terminals, through- and across-wariables.

MTNS 2006, Ky oto, 24 July , 2006 6
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Standard Element Correspondences (For ce-Current Analogy)

Ri resistor $  damper

LS | inductor $  spring

i capacitor $ mass

i
- —
Vi

Electrical

>@

v, Medanical ,

What are the terminals of the masselemen?

MTNS 2006, Ky oto, 24 July , 2006
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The Exceptional Nature of the Mass Element

Newton's SecondLaw givesthe following network interpretation of the mass
elemen:

One terminal is the centre of mass,

Other terminal is a xed point in the inertial frame.

Hence,the masselemern is analogousto a grounded capacitor.

Standard network symbol
for the masselemen:

MTNS 2006, Ky oto, 24 July , 2006 8
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Consequences for netw ork synthesis

Two major problemswith the useof the masselemern for synthesis of
\blac k-box" medanical impedances:

An electrical circuit with ungrounded capacitors will not have a direct
medanical analogue,

Possibility of unreasonablylarge massesbeing required.

Question

Is it possible to construct a physical device such that
the relativ e acceleration between its endp oints is pro-
portional to the applied force?

MTNS 2006, Ky oto, 24 July , 2006
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One method of realisa tion
rack pinions

terminal 2 gear ywheel terminal 1

Supposethe ywheel of massm rotates by radians per meter of relative
displacemen betweenthe terminals. Then:

F=(m %) (v va)

(Assumesmassof gears,housing etc is negligible.)

MTNS 2006, Ky oto, 24 July , 2006 11
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The Ideal Iner ter

We de ne the Ideal Inerter to be a mechanical one-port device such
that the equal and opp osite force applied at the nodes is
prop ortional to the relativ e acceleration between the nodes, i.e.

V1):

We call the constart bthe inertance and its units are kilograms.

The ideal inerter can be approximated in the samesensethat real springs,
dampers, inductors, etc approximate their mathematical ideals.

We can assume its mass is small.

M.C. Smith, Syn thesis of Mec hanical Net works: The Inerter,
IEEE Trans. on Automat. Contr. , 47 (2002), pp. 1648{1662.

MTNS 2006, Ky oto, 24 July , 2006 12
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A new correspondence

Malcolm

for netw ork synthesis

Mecdhanical

Electrical

V1) inductor

2

Y2 dv, Vi)
—_— 2 1
F=0D0 i

inerter

i _
. Y(s) = Cs

d(vo Vi)

- capacitor

Y(s) =cC

EARMOIEE

Vi

=(v2  v1)  resistor

MTNS 2006, Ky oto, 24 July , 2006
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1
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Rack and pinion inerter
made at
Cambridge University
Engineering Department

mass 3.5Kkg
Inertance  725kg
stroke 80 mm

MTNS 2006, Ky oto, 24 July , 2006
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Damper-inerter seriesarrangemernt
with certring springs

MTNS 2006, Ky oto, 24 July , 2006 15
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Al terna tive Realisa tion of the Iner ter

H

ARRRAAAY

WA

VAN
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Ballscrew inerter made at Cambridge University Engineering Department

Mass 1 kg, Inertance (adjustable) = 60{180 kg

MTNS 2006, Ky oto, 24 July , 2006 17
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Electrical equiv alent of quar ter car model

] Force Curren t
Y (s) = Admittance =

Velocity Voltage

MTNS 2006, Ky oto, 24 July , 2006 18
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Positive-real functions

De nition . A function Z(s) is de ned to be positiv e-real if one of the
following two equivalent conditions is satis ed:

1. Z(s) is analytic and Z(s) + Z(s) Oin Re(s) > 0.

2. Z(s) is analytic in Re(s)> 0, Z(j!' )+ Z(j!) O for all ! at which
Z(j!) is nite, and any polesof Z(s) on the imaginary axis or at in nit y
are simple and have a positive residue.

MTNS 2006, Ky oto, 24 July , 2006 19
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Passivity Defined

De nition . A network is passive if for all admissiblev, i which are square

integrableon (1 ;T], ~
.

v(it)dt O

Prop osition . Considera one-port electrical network for which the impedance
Z (s) exists and is real-rational. The network is passiwe if and only if Z(s) is
positive-real.

R.W. Newcomb, Linear Multip ort Synthesis, McGra w-Hill, 1966.
B.D.O. Anderson and S. Vongpanitlerd, Network Analysis and Synthesis, Prentice-Hall, 1973.

MTNS 2006, Ky oto, 24 July , 2006 20
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INTRODUCTION

1. Statement of the Problem

In the well known methods of analysing the performance of
linear passive electrical networks with lumped network elements
it is usual to derive from the given structure of the network a
scalar function Z(\) known as the impedance function of the
network; this function determines completely the performance

Part 1,

! Containing the principal results of a research submitted for a doctor's
degree in the Department of Electrical Engineering, Massachusetts Institute
of Technology. The author is indebted to Dr, W, Cauer who suggested this
research,

191

2006, Ky oto, 24 July , 2006
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O. Brune shavedthat any (ratio-
nal) positive-real function could
be realised as the impedance
or admittance of a network
comprising resistors, capacitors,
Inductors and transformers
(1931)
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Minimum functions

A minim um function Z(s) is a positive-real function with no polesor zeros
onjR[ flg and with the real part of Z(j! ) equalto O at one or more

frequencies.

ReZ(j!)

MTNS 2006, Ky oto, 24 July , 2006 22
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Foster preamble for a positive-real Z(s)
Removal of poles/zeroson jR[ flg . e.g.

2+ s+ 1 1
S+

s+ 1 s+ 1

lossless
#

2+ 1 25
s2+ 2s+ 1 s2+ 1

+1

Can always reducea positive-real Z(s) to a minimum function.

MTNS 2006, Ky oto, 24 July , 2006 23
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The Br une cycle

Let Z(s) be a minimum function with Z(j! 1) = j X1 (! 1 > 0).
Write L, = X1=I'1 and Z,(s) = Z(s) L;s.

Case 1. (L1 < 0)

L; <O
— T I —H

A

(negativ e inductor! )

Z1(S) Is positive-real. Let Y1(s) = 1=Z4(s). Therefore, we can write

2K 1S
2 2
sc+ 17

Y2(s) = Yi(S)

for someK, > 0.

MTNS 2006, Ky oto, 24 July , 2006 24
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The Br une cycle (cont.)
Then: L;<0
iR RR

C,>0

wherelL, = 1=2K{, C, = 2K=!? and Z, = 1=Y,.
Straightforward calculation shows that

Z5(s) = sLgt  Z3(s)

proper

whereLs = L;=(1+ 2K1L;). SinceZ;,(s) is positive-real,Lz > 0 and Z3(S)
IS positive-real.

MTNS 2006, Ky oto, 24 July , 2006 25
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The Br une cycle (cont.)
Then: L <O

To remove negative inductor:
L1

=L+ L3
Lo

M2
LpLs

Somealgebrashows that: L,;Ls > 0 and
coe cien t).

= 1 (unity coupling

MTNS 2006, Ky oto, 24 July , 2006 26
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The Br une cycle (cont.)

Realisation for completed cycle:

MTNS 2006, Ky oto, 24 July , 2006 27
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The Br une cycle (cont.)
Case 2. (L1 > 0). As beforeZ,(s) = Z(s) L;s

L:>0
NS p—

(no need for
Z(s) negativ e inductor! )

Problem: Z,(s) is not positive-real!
Let's presson and hope for the best!!
As beforelet Y1 = 1=Z, and write

2K 1S

2 5 -
sc+ 17

Y2(s) = Yi(s)

Despite the fact that Y; is not positive-realwe can show that K; > 0.

MTNS 2006, Ky oto, 24 July , 2006 28
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The Br une cycle (cont.)

Hence: L;>0
T

C,>0

But still Z,(s) is not positive-real. Again we can ched that

Z5(s) = sLat  Z3(s)

proper

whereL3 = L1:(1+ 2K1L1)
This time L3 < 0 and Z3(S) is positive-real.

MTNS 2006, Ky oto, 24 July , 2006 29
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The Br une cycle (cont.)
So: L;>0

As before we can transform to:
M

Lp

C2:

MZ
LpLs

whereL,;Ls > 0 and

= 1 (unity coupling coe cien t).

MTNS 2006, Ky oto, 24 July , 2006 30
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R. Bott and R.J. Dun showed

that transformers were un-
necessary in the synthesis of
positive-real functions. (1949)

MTNS 2006, Ky oto, 24 July , 2006 31
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Richards's transf ormation
Theorem. |If Z(s) is positive-realthen

kZ(s) sZ(k)

R(S) =\ Zz0 sz(s)

IS positive-real for any k > 0.

Proof.

Z(s)ispr. ) Y(s) = ;8 - ;?8 is b.r. and Y (k) = 0

) Yqs) = thv(s) s b.r.
1+ YYs)

1 Y{qs)

) Z%9) =

IS p.r.

R(s) = ZYs) after simpli cation.

MTNS 2006, Ky oto, 24 July , 2006 32
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Bott-Duffin constr uction (cont.)

Idea: use Richards's transformation to eliminate transformers from Brune
cycle.

As before,let Z(s) be a minimum function with Z(j! 1) = ] X1 (! 1 > 0).
Write L, = Xq1=11.
Case 1. (L1 > 0)

SinceZ(s) is a minimum function we can always nd ak s.t. L, = Z(k)=k.

Therefore:
KZ(s) sZ(k)

R(S) = (Z) sz(9

hasa zeroat s=|! ;.

MTNS 2006, Ky oto, 24 July , 2006 33
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Bott-Duffin constr uction (cont.)

We now write:

kZ (K)R(S) + Z(K)s

Z(s) K+ SR(s)

KZ (K)R(S) N Z(k)s
k+ sR(s) k+ sR(s)
1

1 + S + k 4 R(s):
Z(k)R(s) kZ (k) Z(K)s = Z(k)

MTNS 2006, Ky oto, 24 July , 2006 34
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Bott-Duffin constr uction (cont.)

1
1
AGLEIOM kZS(k)

Z(s) =

Z (k)R (s)

MTNS 2006, Ky oto, 24 July , 2006 35
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Bott-Duffin constr uction (cont.)

—_ S
= const

We can write:

1
Z (k)R (s)

MTNS 2006, Ky oto, 24 July , 2006 36
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Example | restricted degree

Prop osition . Considerthe real-rational function

aps® + ajs+ 1
s(dos? + dis+ 1)

Yu(s) = k

wheredy, d; O and k > 0. Then Yy(s) Is positive real if only if the following

three inequalities hold:

apd; aydo O

ap do O
ai d1 O:

MTNS 2006, Ky oto, 24 July , 2006 37
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Br une Realisa tion Pr ocedure for Yy(s)

Foster preanble always su cien t to complete the realisationif 1, » > 0.
(No Brune or Bott-Du n cycleis required).

A contin ued fraction expansion is obtained :

aps’+ ajs+ 1
s(dos? + dis+ 1)

Yu(S)

MTNS 2006, Ky oto, 24 July , 2006 38
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Darlington  Synthesis

Realisation in Darlington form:

_ - Lossless
g Ioss..lesstwo_ port terminated networﬁ
In a single resistor.

For a losslesswo-port with impedance:
0 1

S - @ Z11 Ziz2 p
AVIRPA'Y.

R Y(ZuZy»n Z%5)Zi+1
R 1222 + 1 .

Z1(S)=Zn

MTNS 2006, Ky oto, 24 July , 2006 39
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Writing
7. = mi+ Ny Ng M=nNp + 1
1— - ’
m-> + No mo No=my + 1

where my, m, are polynomials of even powers of s and nq, n, are polynomials
of odd powers of s, suggeststhe identi cation:

N1
i1 = —/—;
moy

Augmentation factors are necessaryto ensurea rational squareroot.

Once Z(s) has beenfound, we then write:

S

Z(S) - SC1+ s.2+—2

Co +

where C; and C, are non-negative de nite constant matrices.

MTNS 2006, Ky oto, 24 July , 2006 40
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Darlington  Synthesis (cont.)
Each term in the sum is realisedin the form of a T-circuit and a series
connection of all the elemerary two-ports is then made:

X1(s) X2(8) | Network 1

e

Network 2

MTNS 2006, Ky oto, 24 July , 2006 41
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Electrical and mechanical realisa tions of the admitt ance Yy(S)

k, ' H

1:

MTNS 2006, Ky oto, 24 July , 2006 42
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Minimum rea ct ance synthesis

Let L, = :C1:
0

M M
v = @ M 12 5
Mo Moo

IS the hybrid matrix of X, i.e.

Nondynamic 0 1

Network
X

Z(S) = My; Myp(sl+Mp) My

D.C. Youla and P. Tissi, \N-P ort Synthesis via Reactance Extraction, Part I", |IEEE
International  Convention Record, 183{205, 1966.

MTNS 2006, Ky oto, 24 July , 2006 43
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Minimum rea ct ance synthesis

Conversely if we can nd a state-spacerealisation Z(s) = C(sl A) B+ D
sudh that the constart matrix

|\/|:4

has the properties
M+ MP° 0;
diagfl; gM = Mdiagfl; g

where is a diagonal matrix with diagonal ertries +1 or 1. Then M Is the
hybrid matrix of the nondynamic network terminated with inductors or
capacitors, which realisesZ(s).

A construction is possibleusing the positive-real lemma and matrix
factorisations.

B.D.O. Anderson and S. Vongpanitlerd, Network Analysis and Synthesis, Prentice-Hall, 1973.

MTNS 2006, Ky oto, 24 July , 2006
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Synthesis of resistive n-por ts

Let R beasymmetricn n matrix.

A necessaryand su cien t condition for R to be realisableasthe driving-p oint
Impedanceof a network comprising resistors and transformers only is that it
IS non-negative de nite.

No necessaryand su cien t condition is known in the casethat transformers
are not available.

A generalnecessarycondition is known: that the matrix is paramourt.?

A matrix is de ned to be the paramount if ead principal minor of the matrix
IS not lessthan the absolute value of any minor built from the samerows.

It is also known that paramourtcy is su cien t for the caseof n 3.2

). Cederbaum, \Conditions for the Imp edance and Admittance Matrices of n-p orts without

Ideal Transformers", |IEE Mono graph No. 276R, 245{251, 1958.
2p. Slepian and L. Weinberg, "Syn thesis applications of paramoun t and dominan t matrices",
Pro c. National Electron. Conf., vol. 14, Chicago, lllinois, Oct. 611-630, 1958.

MTNS 2006, Ky oto, 24 July , 2006 45
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Simple Suspension Str uts

Layout S1 Layout S2 Layout S3 Layout S4

parallel series

MTNS 2006, Ky oto, 24 July , 2006 46
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Perf ormance Measures

Assume:

2

Road Pro le Spectrum = |n] (m3=cycle)

where =5 10 " m3cycle ! = road roughnessparameter. De ne:

Jq E 22(t) ride comfort

r.m.s. body vertical acceleration

MTNS 2006, Ky oto, 24 July , 2006 a7
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Optimisa tion of J; (ride comf ort)

I I I I
8 9 10 11 12

sti ness

I
6

étastic

(a) Optimal J;

Key: layout S1(bold), layout S2 (
layout S4 ( ).

M.C. Smith and F-C. Wang, 2004,

pensions Emplo vying Inerters,

MTNS 2006, Ky oto, 24 July , 2006

Malcolm C. Smith

! ! ! !
8 9 10 11 12

sti ness

L L L
1 2 3 6

static
(b) Percentage improvemert in J;

), layout S3 (dot-dashed ), and

P erformance Benefits in Passiv e Vehicle Sus-
Vehicle System Dynamics , 42 , 235{257.
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Contr ol synthesis formula tion

Ride comfort: w= z,,z= zg
Performancemeasure:J; = const. KTz 1 sz Ko

MTNS 2006, Ky oto, 24 July , 2006 49
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Bilinear Matrix Inequality (BMI) formula tion
Let K(S) = Ck(S| Ak) 1Bk + Dy and Tzr! sps — CC|(S| AC|) 1BC|.

Theorem. There exists a positive real cortroller K (s) sud that
KTz 1 s2.Ko < and Ag is stable, if and only if the following problem is

C. Smith

feasiblefor someX¢ > 0, X > 0, Q, 2 and Ay, By, Cx, Dy of compatible

dimensions:
2 3 2 3

C 2
4 5> 0: tr(Q) < %

ALXo + XaAg Xcch|5< o 4Xc|

B;Xd | CcI
2 3

AIXk+XkAk XkBk k5<0_
B/ X, Ck D] Dy

4

C. Papageorgiou and M.C. Smith, 2006, Positiv e real syn thesis using matrix inequalities for mec hanical

net works: application to vehicle susp ension, IEEE Trans. on Contr. Syst. Tech., 14 , 423{435.

MTNS 2006, Ky oto, 24 July , 2006
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A special problem

What classof positive-real functions Z(s) can be realised using one damper,
oneinerter, any number of springs and no transformers?

Leadsto the question: when can X be realisedas a network of springs?

MTNS 2006, Ky oto, 24 July , 2006 51
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Theorem. Let

(R2R3 R%) s3 + R3 s? + Ros+ 1 _
s(detRs®+ (R1R3 R2)s?2+ (RiR2, R3)s+ Ry)’

2 3
Ri R4 Rs

Y(s) =

(1)

whereR = ? R, R, Rg £ Isnon-negative de nite.

Rs Re R3

A positive-real function Y (s) can be realisedas the driving-p oint admittance
of a network comprising one damper, one inerter, any number of springs and
no transformers if and only if Y (s) can be written in the form of (1) and there
exists an invertible diagonal matrix D = diagf 1; x; yg such that DRD is
paramourt.

An explicit set of inequalities can be found which are necessaryand su cien t
for the existenceof x andy.

M.Z.Q. Chen and M.C. Smith, Mec hanical net works comprising one damp er and one inerter, in preparation.

MTNS 2006, Ky oto, 24 July , 2006 52
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Collabora tion with Imperial College

Application to motorcycle stability.

At high speed motorcycles can experiencesigni cant steering instabilities.
Obsenre: Paul Orritt at the 1999 Manx Grand Prix

MTNS 2006, Ky oto, 24 July , 2006 53
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Weave and Wobble oscilla tions
Steering dampers improve wobble (6{9 Hz) and worsenweave (2{4 Hz).

Simulations show that steeringinerters have, roughly, the opposite e ect to
the damper. Root-loci (with speedthe varied parameter):

Steering damp er root-lo cus Steering inerter root-lo cus

6 T T T T 6

o . xWwobble
x X

[=]
¥ wobble 5
+

* g

X
X
x Xxxxxx»%‘i"' +++++-|+H-I? B

40

N
o

W
o
T
w
o
T

2
<
P
®©
£
<)
@©
E

ImaginaryAxis

N
o
x
+
N
o

+x

+x 175}
. e
& 6 . -4 - 0 2 4
ealAxis

5.
RealAxis

Can the advantagesbe combined?

S. Ev angelou, D.J.N. Limeb eer, R.S. Sharp and M.C. Smith, 2006, Steering comp ensation for high-
p erformance motorcycles, Transactions of ASME, J. of Applie d Mechanics , 73, to app ear.

MTNS 2006, Ky oto, 24 July , 2006 54
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Solution | a steering compensator

. consisting of a network of dampers, inerters and springs.

Needsto behave like an inerter at weave frequenciesand like a damper at
wobble frequencies.

damper

| Inerter

Protot ype designed by N.E. Houghton and manufactured in the Cambridge Univ ersity
Engineering Departmen t.

MTNS 2006, Ky oto, 24 July , 2006 55
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Conclusion

A new medanical elemen called the \inerter" was introducedwhich is
the true network dual of the spring.

The inerter allows classicalelectrical network synthesisto be mapped
exactly onto medanical networks.

Applications of the inerter: vehicle suspension, motorcycle steering and
vibration absorption.

Econony of realisation is an important problem for medanical network
synthesis.

The problem of minimal realisation of positive-real functions remains
unsolved.

MTNS 2006, Ky oto, 24 July , 2006 56
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