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Abstract

Thispapershowshow biologicaloscillationscanberigorouslyanalysedusingseveralanal-
ysistoolsfrom the�eld of controlanddynamicalsystemstheory. Testingfor local stability of
theperiodicorbit providesinformationaboutthesystemcloseto thelimit cycle. It determines
which modesof thesystemareharderor easierto controlandmay leadto a simpli�cation of
the model. Local stability, by de�nition, doesnot guaranteestability further away from the
limit cycle. However, theapproximationof nonlinearmodelsby piecewise linearsystemscan
beusedto determinemoreglobalrobustnesspropertiesof thesystem.To illustratetheseideas,
this paperinvestigatestwo modelsof circadianrhythms in Drosophila: oneby Gonzeet al.
anda moregenericmodelby Vilar et al. thatdescribesthebiological clock in Drosophilaas
well asotherorganisms.For both models,local stability analysisshows that mostsmall per-
turbationsto initial conditionsaroundthe limit cycle disappearafteronecycle (24 hours). In
addition,we demonstratethat in eachmodelonly two modesarerelevant. Thusbothmodels
canbe reducedto third-ordersystems,and the directionof the excitablemodesidentify the
disturbanceswhich cancausethemostharm.Analysingthepiecewiselinearapproximationof
theGonze-Goldbetermodelrevealslargeregionsof stabilityaroundthelimit cycle,whichcon-
�rms thelinearanalysisresultsandoffersfurther insight into thesourceof robustnessin these
systems.In summary, thetoolsdescribedin thispapershouldhelpcharacterisethemechanisms
underlyingthecontrolandregulationof circadianrhythmsandotherlimit cyclebehaviours.

1 Intr oduction

Many aspectsof thephysiologyof living organisms(e.g.,bodytemperature,wake-sleepcycle,etc.)
oscillatewith a period of approximately24 hours,correspondingto the length of a day. These
circadianrhythmsareremarkablefor their robustnessto externalandinternaldisturbances[2, 16].
Experimentshave uncoveredthemolecularbasisfor theclock underlyingtheserhythmsin several
organismsfrom the fungusNeurospora [3] to Drosophila(the commonfruit �y) [17] to mam-
mals[15]. Simulationsof mathematicalmodelsconstructedfrom thesedatareproducedkey char-
acteristicsof the oscillations[4, 12], but a morein-depthunderstandinghasbeenimpededby the
complexity of themodelsandthechallengeof rigorousrobustnessanalysis.

Figure1 representsa simpli�ed mechanismfor producingcircadianrhythmsin Drosophila[8,
9]. Two maincycles,oneregulatoryandoneautocatalytic,maintainthesystemwith anextremely
robust periodicity closeto 24 hours. Two genesper and tim are transcribedand translatedinto
the proteinsPER and TIM which will then form the PER-TIM complex. This complex enters
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Figure1: Circadianrhythmsin Drosophila[8, 9], showing thenegativefeedbackloops(yellow) and
thepositive feedbackloops(red).

the nucleusandinhibits the transcriptionof both per andtim genes.This is the main regulatory
negative feedbackloop. As bothPERandTIM concentrationsincrease,thecomplex activatesthe
transcriptionof thegeneclock whichis transcribedandtranslatedinto theCLOCK protein.CLOCK
thenbindswith CYCLE andthis complex activatesbothper andtim, forming a positive feedback
loop.

Thispaperintroducesrigoroustoolsfrom controltheoryto gainnew insightsinto how circadian
rhythms work, and to betterunderstandthe sourceof robustnessof suchsystems. To illustrate
thesetools,we investigatedtwo modelsof Drosophilacircadianrhythms,onedevisedby Gonze,
Goldbeterandcolleagues[7], andanothermoregenericmodelby Vilar andcolleagues[1].

Thispaperis organisedasfollows. Section2 analysesthemodelby Gonzeetal. [7] andsection
3 analysesthemodelby Vilar et al. [1]. Both sectionsincludesubsectionson theanalysisof each
model. First, thePoincaŕe mapis linearisedto determinewhich modesdominatethesystemclose
to the limit cycle, andto help reducethe models. Then,oneof the models(Gonze-Goldbeter)is
approximatedby a piecewise linearsystemwhich canbeanalysedto concludeaboutmoreglobal
robustnessproperties.Conclusionscanbefoundin Section4. TheAppendixcontainsmoredetailed
descriptionsof bothmodels,andseveralpreviously publishedtechnicalresultsarereprisedfor the
sakeof completeness.

2 Model with regulatory feedback

A schematicdescriptionof the Gonze-Goldbetermodel [7] is provided on the left of Figure 2.
This modelcapturesthe negative feedbackloop betweengenesper and tim and their associated
proteinsPERandTIM in Figure1, but not thepositive feedback.It consistsof 10 statevariables,
[MP P0 P1 P2 MT T0 T1 T2 C CN] (seeAppendixA.1.1) that capturethe dynamicsof the PERand
TIM proteinsandtheperandtim mRNAs. Simulations,seenon theright of Figure2, show thatthe
systemhasa limit cycleoscillationwith aperiodof approximatelyT � = 24hours.

2.1 Linear analysisand model reduction

2.1.1 Poincarémaps

Analysisof oscillationsin nonlinearor hybrid systemssystemsis typically donewith theso-called
Poincaŕe map(see,for example,[11]). Figure3 shows an exampleof a limit cycle oscillationof
somenonlinearsystem.Take a hyperplaneStransversalto thelimit cycle trajectoryandlet x� 2 S
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Figure2: Model for circadianrhythmsin Drosophilafrom [7] (left). Simulationshowing thelimit
cycleoscillations(right).

be the intersectionof the limit cycle with S. Then, take someinitial condition x0 2 S in some
local sectioncontainingx� . The Poincaŕe mapis de�ned asthe mapfrom x0 to the returnof the
trajectoryto x1 alsoin that local sectionin S. Basically, a Poincaŕe mapreducesthe studyof an
n-dimensionalsystemto a discreten� 1-dimensionalsystemin a manifold. The ideais to check
whetherthedistancefrom x1 to x� is smallerthantheinitial distancefrom x0 to x� . Thiswouldshow
that the Poincaŕe mapis contracting,andtherebyproving stability propertiesof the original limit
cycle trajectory.

0
1x

x
x*

S

Figure3: Limit cycleoscillationandPoincaŕemaps.

The problemwith Poincaŕe mapsis that, in general,they cannotbe found explicitly andare
typically nonlinear, multivalued,andnot continuous.However, it is possibleto studylinearisations
of Poincaŕe maps[13] andto analysePoincaŕe mapsfor piecewise linearsystems[6, 5]. We start
with linearanalysisof Poincaŕemapsof theGonze-Goldbetermodel.

2.1.2 Linearisation of Poincarémaps

Poincaŕe mapscanbe linearisedusingthe resultsfrom [13]. For completeness,thoseresultsare
reproducedin AppendixB. DenoteP asthePoincaŕemapfrom sometransversalsurfaceSto S, and
DP astheJacobianof thePoincaŕemap.

Theonlynonzeroeigenvaluesof thematrixDPfor theGonze-Goldbetermodelarel 1 = 0:0000452
andl 2 = 0:000000201.Thisshowsthatlimit cycle is locally stableandthattherateof convergence
afteracompletecycleof any initial conditioncloseenoughto thelimit cycleis extremelyfast.It also
shows thatonly two statesof thePoincaŕe mapareinteresting.Theothersstatesof the linearised
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mapreturnto thelimit cycle justafteronecycle.
This resultsalsoshowswherethesystemis mostvulnerable(i.e.,which initial conditionsclose

to the limit cycle give rise to the largestdisturbances).Thecorrespondingeigenvectorsassociated
with l 1; l 2 in F T � (x� ) (thelinearisedtransitionmatrixalongthelimit cycle,de�ned in AppendixB)
are:

v1 =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

0:5417
0:1973
0:2186
0:2558
0:5417
0:1973
0:2186
0:2558
0:1498

� 0:2939

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

v2 =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

� 0:2417
� 0:1000
� 0:1685
� 0:6349
0:2417
0:1000
0:1685
0:6349

0
0

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

(1)

Noticethata closeenoughinitial conditionto thelimit cycle alonganeigenvectorof F T � (x� ) will
resultin a trajectorythatonly excitestheassociatedmode.

The �rst modeis of greaterinterestsinceit is associatedwith the largesteigenvalue. A closer
look at v1 revealsthatentries1 to 4 arepoint-wiseequalto entries5 to 8. Thus,thecircadianclock
is maximallyperturbedwhentheconcentrationsof MP;P0;P1;P2 areperturbedthesameway asthe
concentrationsof MT ;T0;T1;T2, in theappropriaterelationgivenby entries1 to 4 andwith C and
CN alsowith theappropriaterelationgivenby the last two entriesin v1. In otherwords,theworst
perturbationis alongthesame(or opposite)directionof v1.

In thesecondmode,entries1 to 4 arepoint-wisesymmetricto entries5 to 8. Thus,thesecond
modeis optimally excited when the concentrationsof MT ;T0;T1;T2 areperturbedsymmetrically
whencomparedwith theconcentrationsof MP;P0;P1;P2, in theappropriaterelationgivenby entries
1 to 4 andwith C andCN notperturbed.

Sinceany smallperturbationD to thesystemat x� canbewritten asa linearcombinationof the
eigenvectorsvi of F T � (x� ), i.e.,D= a1v1 + � � � + anvn, any perturbationto thelimit cycleatx� such
thata1 = a2 = 0 resultsin trajectoriesthatreturnto thelimit cycle justafteronecycle.

2.1.3 Model reduction

For small perturbationsaroundthe limit cycle, only two statesareof interest.Thus,the Poincaŕe
mapcloseto the limit cycle canbe reducedto a 2nd-ordersystem. Let V = [v1 � � � vn] andL =
diag(l 1 � � � l n) be the eigenvectorsandeigenvaluesof DP, respectively. Using the notationfrom
AppendixB, de�ne

W = I �
1

Cf (x� )
f (x� )C

Then,DP = WF T � (x� ) andL = V � 1DP V. In theV basis,thereducedsecondordersystemis
�

x1[t + 1] = 0:0000425x1[t]
x2[t + 1] = 0:000000201x2[t]

with initial conditionx[0] = x0, wherex= ( x1 x2 )0. Thesetwo statesareassociatedwith v1 andv2,
respectively. Perturbing�rst statex1 is equivalentto perturbtheoriginal systemalongthedirection
of v1. Similarly, perturbingthesecondstatex2 is equivalentto perturbingtheoriginal systemalong
v2.
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2.2 Approximation by piecewiselinear systems

Besideslocalstability, typically notmuchmorecanbesaidrigorouslyaboutstabilityandrobustness
of Poincaŕemaps.Recentresultsin piecewiselinearsystems(PLS),however, allow oneto studythe
limit cyclebehaviour of nonlinearsystemsapproximatedby PLS.In thissection,weexploreseveral
suchapproximationsto identify regionsof stability aroundthe limit cycle. A brief introductionto
PLSis givenin AppendixC.

The�rst stepis to �nd anapproximatePLSof theoriginalnonlinearsystem.Oneapproachis to
approximateeachnonlinearityin thesystemdynamicsby piecewise linear functions. It shouldbe
notedthatevery nonlinearitycanbearbitrarily well approximatedby re�ning thepiecewise linear
functions.

A commonnonlinearityin theGonze-GoldbetermodelandotherbiologicalmodelsusingMichaelis-
Mentenkineticsis thefollowing (seeFigure4):

f (x) =
x

K + x
=

1
1+ K

x

Thereareclearly threeregions: a linear region for small valuesof x, an intermediateregion, and
a saturatedregion for largex. If duringa cycle, a nonlinearityassociatedwith someconcentration
x haseitheronly small or large values,then it canbe approximatedby a linear function or by a
constant,respectively (seeFigure4). If x takesvaluesin threeregionsthenit canbeapproximated
by apiecewiselinearfunctionasillustratedby two examplesin Figure4.

1
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0.5
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K

K

Figure4: Nonlinearityandpossibleapproximationsdependingon therangeof x.

To illustratetheseideas,we studya simpli�ed versionof thecircadianrhythm modelfrom [7].
Thelimit cycleoscillationson theright of Figure2 show how severalconcentrationshave thesame
value: MP = MT , P0 = T0, P1 = T1, P2 = T2. A simpli�ed modelassumesthat initial conditionsof
theseconcentration's pairsareequal. Due to thesymmetryof thesystem,this guaranteesthat the
pairsalwaysvary in the sameway, even away from the limit cycle oscillation. This reducesthe
modelto a6th–ordersystemwhichcanbefoundin AppendixA.1.2.

A specialcaseof having theaboveconcentration'spairswith equalinitial conditionsis whenwe
studysmallenoughperturbations(sothatthelinearisationholds)alongthedirectionof eigenvector
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v1 in (1). Asabove,theaboveconcentrationpairswouldhavethesamevaluefor all time. Remember
that v1 is the directionassociatedwith the highesteigenvalueof the linearisedPoincaŕe map,the
modethattakeslongerto disappearandcancausemoredamageto thesystem.

By looking at themodelin AppendixA.1.2 andthe right of Figure2, we canhave an ideaof
the rangeof valueseachconcentrationhasalongonecycle. This allows to choosewhich type of
approximationto usein Figure4. For example,in the�rst nonlinearityof thedifferentialequation
dP2=dt, K3P = 2 andtherangeof valuesfor P2 alongacycle is approximately[0 1]. FromFigure4,
thisleadusto concludethatthisnonlinearityis mostlyin thelinearregime,andcanbeapproximated
by a linearfunction.Ontheotherhand,thenonlinearityinvolving thetermKdP = 0:2 goesfrom the
linear region to thesaturatedregime. Thus,it requiresa piecewise linearapproximationasin the
two examplesin themiddleof Figure4.

For purposesof visualisation,in thefollowing piecewiselinearapproximationof thesimpli�ed
modelin appendixA.1.2,theswitchesareemployedwith only two statevariables:MP andP2. This
allows usto visualisethePLSsystemprojectedinto thesubspaceof dimension2 consistingof the
statevariablesMP andP2 (seetheright sideof Figure5).
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Figure5: Approximationof the simpli�ed modelby a piecewise linear system:limit cycle oscil-
lation (left); andlimit cycle in thestate-spaceprojectedinto the2nddimensionalsubspaceof state
variablesMP andP2 (right).

Theleft sideof Figure5 shows thelimit cycle oscillationsfor thePLSmodel.Whencompared
with the limit cycle oscillationsof the original model on the right of Figure 2, both plots seem
similar in termsof thetrajectoriesof thevariousvariables,whichsuggeststhattheapproximationis
reasonable.

Theright sideof Figure5 showsthelimit cycleprojectedinto thetwo–dimensionalsubspaceof
thestatevariablesMP andP2. Sincethesearetheonly two variablesthathaveassociatednonlinear-
itieswith switches,this two–dimensionalsubspaceshows thefour regionsin which thestate–space
is divided: four linear systemsdivided by hyperplanes.The limit cycle intersectsall of the four
regions.

As in nonlinearsystems,local stability of limit cyclesof PLScanbeeasilychecked. However,
local stability only gives us information aboutthe systemin an arbitrarily small neighbourhood
aroundthelimit cycle. Usingtheresultsfrom [5], we wereableto characteriseregionsof stability
aroundthelimit cycle for thePLSapproximation.Theright sideof Figure5 showssuchregionsof
stability: atevery intersectionof thelimit cyclewith aswitchingsurface,thereis athickerregionon
theswitchingsurfacethatguaranteesany trajectorystartingin thatregionconvergesasymptotically
to thelimit cycle. AsFigure5shows,thisregionis reasonablylargewhichcon�rms ourassumptions
(mostlyderivedfrom simulation)thatthesystemis robust.
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As wechangesystemparametersor thesystemnetwork structure,this tool allowsusto seehow
this region changes.This informationmayhelpexplain whatparameteror partor structureof the
network is responsiblefor therobustnessthatis known to prevail in circadianrhythms.

3 Model with both regulatory and autocatalytic feedback

A schematicdescriptionof the Vilar model [1] is provided on the left of Figure6. This model
differs from from the Gonze-Goldbetermodel in that it capturesboth the negative feedbackloop
andthepositive feedbackloop introducedin Figure1. Themodelinvolvestwo genes:anactivator
A anda repressorR, which are transcribedinto mRNA andsubsequentlytranslatedinto protein.
The activator A bindsto the A andR promoters,which increasestheir transcriptionrate. Thus,A
actsasa positive feedbackin transcription. On the otherhand,R actsasa regulatory(negative)
feedbackby bindingwith A (to produceaninactive complex C) reducingactivity of theactivatorA
(seeFigure6). Themodelconsistsof 7 statevariables[D0

A D0
R MA A MR RC] andcanbefoundin

AppendixA.2.
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Figure6: Model for a genericcircadianoscillator [1] (left); Simulationshowing the limit cycle
oscillation(right—in this plot, the concentrationsof DA andDR werescaledby 250,andMA and
MR by 10 for purposesof visualisation).

This model slightly differs from the systemin Figure1 sinceit representsa genericgenetic
oscillator. The mostbasicdifferencesare the factsthat the repressorR representsboth proteins
PERanTIM, R doesnot regulateitself directly, andA activatesitself. Simulationsof this model,
seenon the right of Figure2, show that the systemhasa limit cycle oscillationwith a periodof
approximatelyT � = 25hours.

3.1 Linear analysisand model reduction

As in Section2.1.2, the Poincaŕe map associatedwith the limit cycle can be linearised. Here,
the only nonzeroeigenvaluesof the matrix DP are approximatelyl 1 = 0:00000322and l 2 =
0:00000000686.Thisshowsthatlimit cycle is locally stableandthattherateof convergenceaftera
completecycleof any initial conditioncloseenoughto thelimit cycle is extremelyfast.In fact,the
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largesteigenvalueof thesystemis over 10 timessmallerthanthe largesteigenvalueof themodel
in [7], showing thatlocally this modelconvergesfasterto thelimit cycle thantheGonze-Goldbeter
model.

Again, only two statesof thePoincaŕe mapareinteresting.Theothersstatesof the linearised
mapreturnto thelimit cycle justafteronecycle. Thedirectionsassociatedwith theaboveeigenval-
uesare,respectively,
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Theseeigenvectors(associatedwith the only two nonzeroeigenvalues)of the Jacobianof the
Poincaŕemap,show thatperturbationsin bothD0

A andD0
R have little effect in thesystem.Also, both

eigenvectorsreveal that the mostdestabilisingconcentrationsare the concentrationsof R andC.
The�rst eigenvectorv1, associatedwith l 1, is themostdestabilisingdirection,sinceit is associated
with the largesteigenvalue. This circadianclock is worst perturbedwhenthe concentrationsare
perturbedwith theproportiongivenby v1. Similarly for v2.

For small perturbationsaroundthe limit cycle, only two statesareof interest. Following the
sameprocedureasin Section2.1.3,thePoincaŕe mapcloseto thelimit cycle canbereducedto the
following 2nd-ordersystem,in theV basis

�
x1[t + 1] = 0:00000322x1[t]
x2[t + 1] = 0:00000000686x2[t]

with initial conditionx[0] = x0, wherex= ( x1 x2 )0. Thesetwo statesareassociatedwith v1 andv2,
respectively. Perturbing�rst statex1 is equivalentto perturbtheoriginal systemalongthedirection
of v1. Similarly, perturbingthesecondstatex2 is equivalentto perturbingtheoriginal systemalong
v2.

Thismodelreductionprovidesareferencefor examiningtheaccuracy of otherattemptsatmodel
simpli�cation. For example,in [1], theauthorsderive a nonlinearsecondordercontinuousmodel
by focusingon the two slow variablesR andC. Although the reducedlinearisedPoincaŕe mapis
2nd-order(translatinginto a 3rd-ordersystemin theoriginal state-space),it is clearthat l 2 << l 1

arguing that a �rst-order Poincaŕe map or 2nd-orderstate-spacemodel can furnish a reasonable
approximation.In addition,examiningv1 doesindeedcon�rm thatRandC arethetwo key variables
which make the mostsigni�cant contributions to the limit cycle behaviour. However, the above
analysisalsohighlightslimitations to theVilar approximation,namely, excluding theminor mode
v2 andnot takinginto accountvariablessuchasMR thatexertamodestin�uence on thedynamics.

In the analysisabove we have not performedany time-scaleseparation.Vilar et al. assume
that thefastvariablesin thesystem(everythingbut R andC) areat quasi-steady-statesothat their
time derivativesarezero.We examinedthis assumptionby plotting thetime derivativesof thestate
variablesduring theprogressionof the limit cycle. Indeed,thederivativesweremodestcompared
to dR=dt anddC=dt with theexceptionof dA=dt. Thus,settingdA=dt = 0 is not justi�ed andcould
limit theaccuracy of theapproximation.
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Figure7: Derivativesof concentrationsalongthelimit cycleoscillationfor themodelin [1].

4 Conclusions

Thegoalof thispaperis to explainhow oscillationscanbeanalysedvia linearisationof thePoincaŕe
map and approximatingthe nonlineardynamicsby piecewise linear systems. In the model of
Drosophilacircadianrhythmsby Gonze,Goldbeterandcolleagues[7] andin thegenericgeneticos-
cillator modelof Vilar andcolleagues,weshowedthatthedynamicscanbereducedto studyingtwo
modesthatdominatethesystem.Then,a piecewise linearapproximationof theGonze-Goldbeter
modelcon�rmed thatthesystemis robustto sizableperturbationsin initial conditionsby describing
largeregionsof stabilityaroundthelimit cycle.

In circadianrhythms,asin many otherbiologicalapplications,we areinterestedin understand-
ing how or whatin thesystemnetwork is responsiblefor therobustnessto bothexternalandinternal
perturbations.Linearisationhelpsunderstandthesystemcloseto the limit cycle, including identi-
fying which modesaredominantandhow fastthey converge to the limit cycle. Piecewise linear
approximationsshow whetherglobal regions of stability exist. Then by varying the systempa-
rametersor network con�guration,onecanexaminehow suchchangesaffect the local andglobal
stability. In this manner, we canexplore both the vulnerabilitiesandthe strategiesfor increasing
robustnessin oscillatorysystems.

A Models

A.1 Model with regulatory feedback

A.1.1 Full model

Themodelconsideredhereis takenfrom [7]:

dMP

dt
= vsP

Kn
IP

Kn
IP + Cn

N
� vmP

MP

KmP+ MP
� kdMP

dP0

dt
= ksPMP � V1P

P0

K1P + P0
+ V2P

P1

K2P + P1
� kdP0

dP1

dt
= V1P

P0

K1P + P0
� V2P

P1

K2P + P1
� V3P

P1

K3P + P1
+ V4P

P2

K4P + P2
� kdP1
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dP2

dt
= V3P

P1

K3P + P1
� V4P

P2

K4P + P2
� k3P2T2 + k4C� vdP

P2

KdP + P2
� kdP2

dMT

dt
= vsT

Kn
IT

Kn
IT + Cn

N
� vmT

MT

KmT + MT
� kdMT

dT0

dt
= ksTMT � V1T

T0

K1T + T0
+ V2T

T1

K2T + T1
� kdT0

dT1

dt
= V1T

T0

K1T + T0
� V2T

T1

K2T + T1
� V3T

T1

K3T + T1
+ V4T

T2

K4T + T2
� kdT1

dT2

dt
= V3T

T1

K3T + T1
� V4T

T2

K4T + T2
� k3P2T2 + k4C� vdT

T2

KdT + T2
� kdT2

dC
dt

= k3P2T2 � k4C� k1C+ k2CN � kdCC

dCN

dt
= k1C� k2CN � KdCC

The parametersused(again, from [7]) are: n = 4, vsP = 1nMh� 1, vsT = 1nMh� 1, vmP =
0:7nMh� 1, vmT = 0:7nMh� 1, vdP = 2nMh� 1, vdT = 2nMh� 1, ksP = ksT = 0:9h� 1, k4 = 0:6h� 1,
KmP = KmT = 0:2nM, KIP = KIT = 1nM, KdP = KdT = 0:2nM, K1P = K1T = K2P = K2T = K3P =
K3T = K4P = K4T = 2nM, V1P = V1T = 8nMh� 1, V2P = V2T = 1nMh� 1, V3P = V3T = 8nMh� 1,
V4P = V4T = 1nMh� 1, kd = kdC = kdN = 0:01nMh� 1.

A.1.2 Reducedmodel

This is themodelusedin section2.2to illustrateapiecewiselinearapproximation.In this simpli�-
cation,MP = MT , P0 = T0, P1 = T1, P2 = T2, sothestatevariablesareMP;P0;P1;P2;C;CN.

dMP

dt
= vsP

Kn
IP

Kn
IP + Cn

N
� vmP

MP

KmP+ MP
� kdMP

dP0

dt
= ksPMP � V1P

P0

K1P + P0
+ V2P

P1

K2P + P1
� kdP0

dP1

dt
= V1P

P0

K1P + P0
� V2P

P1

K2P + P1
� V3P

P1

K3P + P1
+ V4P

P2

K4P + P2
� kdP1

dP2

dt
= V3P

P1

K3P + P1
� V4P

P2

K4P + P2
� k3P2

2 + k4C� vdP
P2

KdP + P2
� kdP2

dC
dt

= k3P2
2 � k4C� k1C+ k2CN � kdCC

dCN

dt
= k1C� k2CN � KdCC

A.2 Model with both regulatory and autocatalytic feedback

Thefollowing modelis takenfrom [1]. The7 statevariablesrepresenttheconcentrationsof theacti-
vatorgenesD0

A;D0
R, themessengerRNA MA;MR, andtheproteinsA;R;C. Thedifferentialequations

aregivenby

dD0
A

dt
= gA(1� D0

A)A� qAD0
A

10



dD0
R

dt
= gR(1� D0

R)A� qRD0
R

dMA

dt
= aA + (a 0

A � aA)D0
A � dMAMA

dA
dt

= bAMA + D0
A(qA + gAA) + D0

R(qR+ gRA) � (gA + gR+ dA)A� gCAR (3)

dMR

dt
= aR+ (a 0

R � aR)D0
R � dMRMR

dR
dt

= bRMR+ dAC� dRR� gCAR

dC
dt

= gCAR� dAC

The parametersused(again, from [1]) are: aA = 50h� 1, a 0
A = 500h� 1, aR = 0:01h� 1, a 0

R =
50h� 1, bA = 50h� 1, bR = 5h� 1, dMA = 10h� 1, dMR = 0:2h� 1, dA = 1h� 1, dR = 0:2h� 1, gA =
1mol� 1hr� 1, gR = 1mol� 1hr� 1, gC = 2mol� 1hr� 1, qA = 50h� 1, andqR = 100h� 1.

B Linearisation of Poincarémaps

Thecontentof thisappendixsectionis takenfrom [13]. Considerthenth-odersystem

�x = f (x); x(0) = x0

with solutionf t(x0), i.e.,
�f t(x0) = f (f t(x0)) ; f 0(x0) = x0 (4)

Differentiate(4) with respectto x0 to obtain

Dx0
�f t(x0) = Dx f (f t(x0))Dx0f t(x0); Dx0f 0(x0) = I (5)

De�ne F t(x0) = Dx0f t(x0). Then(5) becomes

�F t(x0) = Dx f (f t(x0))F t(x0); F 0(x0) = I

which is thevariationalequation.
Considera point x1 2 IRn that is mappedby the �o w to x2 in T seconds,that is, x2 = f T(x1).

Choosean(n� 1)-dimensionalhyperplaneS1 thatcontainsx1 andthat is transversalto the�o w at
x1 (seeFigure8). Similarly, chooseS2 transversalto the�o w atx2.

f (   )x1 x1

x

SS

2

2
1

t

Figure8: GeneralisedPoincaŕemap

Thefollowing resultsshow thatthereexistsa diffeomorphismPS1S2 thatmapsa neighbourhood
of x1 on S1 to a neighbourhoodof x2 on S2, andthen�nd anexplicit expressionfor its derivative.
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Note that the Poincaŕe mapis de�ned asPSS, basicallyby makingS1 = S2 = S. The resultsalso
prove that thePoincaŕe mapis a local diffeomorphism,andyieldsanexpressionfor its derivative.
Thederivative is thenusedto show thatgivena �x edpoint x� of a Poincaŕe map,thecharacteristic
multipliersareasubsetof theeigenvaluesof F T(x� ). Without lossof generality, move theorigin to
x2. Let C 2 IR1� n beavectororthogonalto S2. ThenCy = 0 if andonly if y 2 S2.

Lemma B.1 ThereexistsanopenU 2 IRn with x1 2 U, anda uniqueC1 mapt : U ! IRn, such that,
for all x 2 U, f t (x)(x) 2 S2 andt (x1) = T.

Furthermore,it follows from theimplicit functiontheoremthat

Dt (x1) =
� 1

Cf (x2)
C0F T(x1)

Lemma B.2 f (x2) = F T(x1) f (x1).

De�nition B.1 PS1S2 : (U
T

S1) ! S2 is the impactmap,also knownas the generalisedPoincaré
map,andis de�nedby

PS1S2(x) = f t (x)(x)

TheoremB.1 PS1S2 : S1 ! S2 is a local diffeomorphismat x1 with

DPS1S2(x1) =
�
I �

1
Cf (x2)

f (x2)C
�

F T(x1)

Corollary B.1 Let x� bea �xed point of a Poincaré mapP de�nedby a cross-sectionS, andlet T �

betheperiodof theunderlyinglimit cycle. ThenP = PSS, and

DP(x� ) =
�
I �

1
Cf (x� )

f (x� )C
�

F T � (x� )

TheoremB.2 Let x�
1 andx�

2 beany two pointson a limit cycle. Let S1 bean (n� 1)-dimensional
hyperplanepassingthroughx�

1 transversal to f (x�
1). Likewise, de�ne S2 with respectto x�

2. Then
DPS1(x

�
1) is similar to DPS2(x

�
2).

Corollary B.2 AslongasSis transversal to thelimit cycle, theeigenvaluesof DP(x� ) are indepen-
dentof thechoiceof x� , andthepositionof S.

Corollary B.3 f (x�
1) is aneigenvectorof F T � (x� ) with eigenvalue1.

TheoremB.3 Let X� bea �xed point of P, andlet theeigenvaluesof F T � (x� ) bef m1; :::;mn� 1;1g.
Then,theeigenvaluesof DP(x� ) are f m1; :::;mn� 1;0g.

C Piecewiselinear systems

In this appendix,we brie�y introducepiecewise linearsystems(PLS).More detailsandresultson
analysisof limit cyclesof PLScanbefoundin [6] and[5].

PLSarecharacterisedby asetof af�ne linearsystems

�x = Aix+ Bi (6)

12



wherex 2 IRn is thestate,togetherwith aswitchingrule

i(x) 2 f 1; :::;Mg (7)

that capturesdiscontinuousactionsin the dynamicsresultingfrom eitherthe controlleror system
nonlinearities,anddependsonpresentandpossiblyalsoonpastvaluesof x. By asolutionof (6)-(7)
we meanfunctions(x; i) satisfying(6)-(7), wherei(t) is piecewise constant.t is a switching time
of a solutionof (6)-(7) if i(t) is discontinuousat t. We saya trajectoryof (6)-(7) switchesat some
timet if t is a switchingtime. In thestatespace,switchesoccurat switching surfacesconsistingof
hyperplanesof dimensionn� 1

Si = f xj Cix+ di = 0g

whereCi is a row vectorandi = f 1; :::;Ng. Assumethatexistenceof solutionis alwaysguaranteed
for any initial condition.See[10] for conditionsonexistenceof solutionsfor PLS.

Unlike linearsystemsthatonly haveasingleequilibriumpoint,PLSmayexhibit multipleequi-
librium pointsand/orlimit cycles. Here,we are interestedin limit cycles. For the remainderof
this appendix,assumethe PLS (6)-(7) hasa limit cycle g with periodt � , andthat this limit cycle
crossestransversely1 k switchingsurfacespercycle. For simplicity, andwithout lossof generality,
assumethe trajectoryof the limit cycle evolvesconsecutively from system1, to system2, andso
forth until it reachessystemk and,�nally , aftercompletingonecycle, returnsto system1. Assume
alsotheswitchingsurfacesareorderedthesameway(seeFigure9). Thismeansthetrajectoryf (t)
of the limit cycle, startingat x�

1 2 S1, satis�es f (t �
1) = x�

2 2 S2. Thensystem2 “takesover” until
f (t �

1 + t �
2) = x�

3 2 S3, andsoon. Thelastaf�ne linearsystemk takesthetrajectoryf (t) from x�
k 2 Sk

backto x�
1 2 S1, i.e.,f (t �

1 + t �
2 + � � � + t �

k ) = x�
k+ 1 = x�

1 2 S1. Notethatt � = t �
1 + t �

2 + � � � + t �
k . Notealso

that thereis no lossof generalityin this characterisationof a limit cycle. If, for instance,the limit
cyclecrossesthesameswitchingsurfacemorethanonce,wesimplyhaveSi = Sj for somei; j. For
convenience,indexesk+ 1 and1 representthesameobject,i.e.,x�

k+ 1 = x�
1, Sk+ 1 = S1, etc.

S2

S1Sk

x*1

x*2

x*k
System 1

System 2

Systemk

kSystem   �1

Figure9: Limit cycleg.

Conditionsfor theexistenceandlocalstabilityof limit cyclesof PLScanbefoundin [5]. When
a limit cycle g is proven locally stable,thenthereexist a neighbourhoodin S1 aroundx�

1 suchthat
any trajectorystartingin this neighbourhoodwill convergeasymptoticallyto thelimit cycle g. The
next stepis to characterisea reasonablylargestableregion arounda locally stablelimit cycle (see
Figure10). Suchresultscanalsobefoundin [5].
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[1] Jośe Vilar amdHaoYuanKueh,NaamaBarkai,andStanislasLeibler. Mechanismsof noise–
resistancein geneticoscillators.PNAS, 99(9):5988–5992,2002.

1f is transversal to S= f xj Cx = dg at p = f (t) 2 Sif C �f (t � 0) 6= 0. This is necessaryor otherwisethelimit cycle
is unstable.

13



iS

iV

1S
1V

Vi+1

Si+1

Figure10: Regionof stabilityarounda limit cycle.

[2] N. BarkaiandS.Leibler. Circadianclockslimited by noise.Nature, 403:267–268,2000.

[3] J.C. Dunlap.Molecularbasesfor circadianclocks.Cell, 96:271–290,1999.

[4] A. Goldbeter. BiochemicalOscillationsandCellular Rhythms.TheMolecularBasesof Peri-
odicandChaoticBehavior. Cambridge,UK: CambridgeUniversityPress,1996.
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