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Abstract

This papershavs how biologicaloscillationscanberigorouslyanalysedisingseveralanal-
ysistoolsfrom the eld of controlanddynamicalsystemgheory Testingfor local stability of
the periodicorbit providesinformationaboutthe systemcloseto thelimit cycle. It determines
which modesof the systemareharderor easierto controlandmay leadto a simpli cation of
the model. Local stability, by de nition, doesnot guaranteestability further awvay from the
limit cycle. However, the approximatiorof nonlinearmodelsby piecevise linear systemscan
be usedto determinemoreglobal robustnespropertieof the system.To illustratetheseideas,
this paperinvesticatestwo modelsof circadianrhythmsin Drosophila oneby Gonzeet al.
anda moregenericmodelby Vilar et al. thatdescribeghe biological clock in Drosophilaas
well asotherorganisms. For both models,local stability analysisshavs thatmostsmall per
turbationsto initial conditionsaroundthe limit cycle disappeaafter onecycle (24 hours). In
addition,we demonstratehatin eachmodelonly two modesarerelevant. Thusboth models
can be reducedto third-ordersystemsandthe direction of the excitable modesidentify the
disturbancesvhich cancausethe mostharm. Analysingthe piecavise linear approximatiorof
the Gonze-Goldbetemodelrevealslargeregionsof stability aroundthelimit cycle,which con-

rms thelinearanalysisresultsandoffersfurtherinsightinto the sourceof robustnessn these
systemsln summarythetoolsdescribedn this papershouldhelpcharacteris¢he mechanisms
underlyingthe controlandregulationof circadianrhythmsandotherlimit cycle behaiours.

1 Intr oduction

Many aspect®f thephysiologyof living organismde.g.,bodytemperaturewake-sleegcycle, etc.)
oscillatewith a period of approximately24 hours, correspondingo the length of a day These
circadianrhythmsareremarkabldor their robustnesgo externalandinternaldisturbance$2, 16].
Experimentdave uncoveredthe molecularbasisfor the clock underlyingtheserhythmsin several
organismsfrom the fungus Neuospoa [3] to Drosophila(the commonfruit y) [17] to mam-
mals[15]. Simulationsof mathematicamodelsconstructedrom thesedatareproducedkey char
acteristicsof the oscillations[4, 12], but a morein-depthunderstandindnasbeenimpededby the
compleity of themodelsandthe challengeof rigorousrobustnessnalysis.

Figurel representa simpli ed mechanisnfor producingcircadianrhythmsin Drosophila[8,
9]. Two maincycles,oneregulatoryandoneautocatalyticmaintainthe systemwith anextremely
robust periodicity closeto 24 hours. Two genesper andtim are transcribedand translatednto
the proteinsPER and TIM which will thenform the PER-TIM complex. This compl enters
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Figurel: Circadianrhythmsin Drosophila[8, 9], shaving the negative feedbackoops(yellow) and
the positive feedbackoops(red).

the nucleusandinhibits the transcriptionof both per andtim genes. This is the main regulatory
negative feedbacKoop. As bothPERandTIM concentrationsncreasethe complec activatesthe
transcriptiorof thegeneclock whichis transcribedndtranslatednto the CLOCK protein. CLOCK
thenbindswith CYCLE andthis comple activatesboth per andtim, forming a positive feedback
loop.

This paperintroducegigoroustoolsfrom controltheoryto gain new insightsinto how circadian
rhythmswork, andto betterunderstandhe sourceof robustnessof suchsystems. To illustrate
thesetools, we investigatedtwo modelsof Drosophilacircadianrhythms, onedevised by Gonze,
Goldbeterandcolleagueg$7], andanothemoregenericmodelby Vilar andcolleagueg$l].

This paperis organisedasfollows. Section2 analyseshe modelby Gonzeetal. [7] andsection
3 analyseghe modelby Vilar etal. [1]. Both sectionsncludesubsectionsn the analysisof each
model. First, the Poincaé mapis linearisedto determinewhich modesdominatethe systemclose
to thelimit cycle, andto help reducethe models. Then,one of the models(Gonze-Goldbeters
approximatedy a piecavise linear systemwhich canbe analysedo concludeaboutmoreglobal
robustnesproperties Conclusionsanbefoundin Sectiond. The Appendixcontainamoredetailed
descriptionf both models,andseveral previously publishedtechnicalresultsarereprisedfor the
sale of completeness.

2 Model with regulatory feedback

A schematicdescriptionof the Gonze-Goldbetemodel [7] is provided on the left of Figure 2.
This model capturesthe negative feedbackoop betweengenesper andtim and their associated
proteinsPERandTIM in Figure 1, but not the positive feedback.It consistsof 10 statevariables,
[Mp By Py P, Mt Tg T1 T2 C Cy] (seeAppendixA.1.1) that capturethe dynamicsof the PERand
TIM proteinsandthe perandtim mRNAs. Simulationsseernontheright of Figure2, shov thatthe
systemhasalimit cycle oscillationwith a periodof approximatelylT = 24 hours.

2.1 Linear analysisand modelreduction
2.1.1 Poincaré maps

Analysisof oscillationsin nonlinearor hybrid systemssystemss typically donewith the so-called
Poincaré map (see,for example,[11]). Figure3 shovs anexampleof alimit cycle oscillationof
somenonlinearsystem.Take a hyperplaneStrans\ersalto thelimit cycle trajectoryandletx 2 S
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Figure2: Modelfor circadianrhythmsin Drosophilafrom [7] (left). Simulationshaving the limit
cycle oscillations(right).

be the intersectionof the limit cycle with S, Then, take someinitial conditionxg 2 S in some
local sectioncontainingx . The Poincaé mapis de ned asthe mapfrom xg to the returnof the
trajectoryto x; alsoin thatlocal sectionin S. Basically a Poincaé mapreduceghe studyof an
n-dimensionakystemto a discreten 1-dimensionabystemin a manifold. The ideais to check
whetherthedistancdrom x; to x is smallerthantheinitial distancdrom xg to x . Thiswould shav

thatthe Poincaé mapis contracting,andtherebypraoving stability propertiesof the original limit

cycle trajectory

Figure3: Limit cycle oscillationandPoincagé maps.

The problemwith Poincaé mapsis that, in general,they cannotbe found explicitly andare
typically nonlineay multivalued,andnot continuous However, it is possibleto studylinearisations
of Poincaé maps[13] andto analysePoincaé mapsfor piecavise linear systemg6, 5]. We start
with linearanalysisof Poincaé mapsof the Gonze-Goldbetemodel.

2.1.2 Linearisation of Poincaré maps

Poincaé mapscanbe linearisedusingthe resultsfrom [13]. For completenesshoseresultsare
reproducedn AppendixB. DenoteP asthe Poincaé mapfrom sometrans\ersalsurfaceSto S, and
DP asthe Jacobiarof the Poincagé map.

Theonly nonzerceigemwvaluesof thematrix DP for theGonze-Goldbetanodelare/ ; = 0:0000452
and/ , = 0:000000201This shavsthatlimit cycleis locally stableandthattherateof corvergence
afteracompletecycle of ary initial conditioncloseenougtto thelimit cycleis extremelyfast.It also
shaws that only two statesof the Poincaé mapareinteresting. The othersstatesof the linearised



mapreturnto thelimit cycle justafteronecycle.

Thisresultsalsoshavs wherethe systemis mostvulnerablg(i.e., whichinitial conditionsclose
to thelimit cycle give riseto thelargestdisturbances)The correspondingigervectorsassociated
with I 1;/ 2 in F1 (X)) (thelinearisedransitionmatrixalongthelimit cycle,de nedin AppendixB)

ae: O 054171 O 02417
0:1973 0:100
0:2186 0:1685
0:2558 0:634
vy = 0:5417 Vo= 0:2417 )
0:1973 0:1000
0:2186 0:1685
0:2558 0:6349
0:1498 0
0:2939 0

Noticethata closeenoughinitial conditionto thelimit cycle alonganeigemvectorof F+ (x ) will
resultin atrajectorythatonly excitesthe associatednode.

The rst modeis of greaterinterestsinceit is associatedvith the largesteigervalue. A closer
look atv; revealsthatentriesl to 4 arepoint-wiseequalto entries5 to 8. Thus,the circadianclock
is maximally perturbedvhenthe concentrationsf Mp; Py; P1; P> areperturbedhe sameway asthe
concentration®f Mt; To; T1; T2, in the appropriaterelationgiven by entriesl to 4 andwith C and
Cn alsowith the appropriateelationgiven by the lasttwo entriesin vi. In otherwords,the worst
perturbatioris alongthe same(or oppositedirectionof v;.

In thesecondnode,entriesl to 4 arepoint-wisesymmetricto entriesb to 8. Thus,thesecond
modeis optimally excited whenthe concentration®f My;To; T1; To are perturbedsymmetrically
whencomparedvith the concentrationsf Mp; Py; P1; P, in theappropriateelationgivenby entries
1 to 4 andwith C andCy not perturbed.

Sinceary smallperturbatiorD to thesystematx canbewritten asalinearcombinationof the
eigervectorsv; of F1 (x ),i.e.,D= aivi+ + anvy, ary perturbatiorto thelimit cycleatx such
thata; = ap = Oresultsin trajectorieghatreturnto thelimit cycle justafteronecycle.

2.1.3 Model reduction

For small perturbationsaroundthe limit cycle, only two statesare of interest. Thus,the Poincagé
map closeto the limit cycle canbe reducedto a 2nd-ordersystem. LetV = [v1  vy] andL =
diag/1 [I,) betheeigervectorsand eigervaluesof DP, respectiely. Using the notationfrom

AppendixB, de ne

_ 1

Then,DP= WFt (x ) andL = V DPV. IntheV basisthereducedsecondrdersystemis

xft+ 1 = 0:0000425]t]
%[t+1 = 0:00000020%]t]

with initial conditionx[0] = xg, wherex= (X1 x2)°. Theseawo statesareassociatewvith v, andv,,
respectiely. Perturbingrst statex; is equivalentto perturbthe original systemalongthedirection
of v1. Similarly, perturbingthe secondstatex; is equivalentto perturbingthe original systemalong
Vo.



2.2 Approximation by piecewisdinear systems

Besidedocalstability, typically notmuchmorecanbesaidrigorouslyaboutstability androbustness
of Poincaé maps.Recentesultsin piecaviselinearsystemgPLS),however, allow oneto studythe
limit cycle behaiour of nonlinearsystemsapproximatedyy PLS.In this sectionwe exploreseveral
suchapproximationgo identify regionsof stability aroundthe limit cycle. A brief introductionto
PLSis givenin AppendixC.

The rst stepisto nd anapproximatd®LSof theoriginal nonlinearsystem.Oneapproachs to
approximatesachnonlinearityin the systemdynamicsby piecavise linear functions. It shouldbe
notedthat every nonlinearitycanbe arbitrarily well approximatedy re ning the piecaviselinear
functions.

A commomonlinearityin theGonze-GoldbetenodelandotherbiologicalmodelsusingMichaelis-
Mentenkineticsis thefollowing (seeFigure4):
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Thereareclearly threeregions: a linear region for small valuesof x, anintermediateregion, and

a saturatedegion for largex. If duringa cycle, a nonlinearityassociatedavith someconcentration
x haseitheronly small or large values,thenit canbe approximatedoy a linear function or by a

constantrespectiely (seeFigure4). If x takesvaluesin threeregionsthenit canbe approximated
by apiecaviselinearfunctionasillustratedby two examplesn Figure4.
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L
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Figure4: Nonlinearityandpossibleapproximationglependingn therangeof x.

Toillustratetheseideas,we studya simpli ed versionof the circadianrhythm modelfrom [7].
Thelimit cycle oscillationson theright of Figure2 shav how severalconcentrationbave thesame
value:Mp = My, Py= To, PL = T1, = To. A simpli ed modelassumeshatinitial conditionsof
theseconcentratiors pairsareequal. Dueto the symmetryof the system this guaranteethatthe
pairsalwaysvary in the sameway, even away from the limit cycle oscillation. This reduceghe
modelto a 6th—ordersystemwhich canbe foundin AppendixA.1.2.

A specialcaseof having theabove concentratiors pairswith equalinitial conditionsis whenwe
studysmallenoughperturbationgsothatthelinearisatiorholds)alongthedirectionof eigervector
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viin (1). As abore, theabove concentratiopairswould have thesamevaluefor all time. Remember
that vy is the directionassociatedvith the highesteigermvalue of the linearisedPoincaé map, the
modethattakeslongerto disappeaandcancausenoredamageo thesystem.

By looking at the modelin AppendixA.1.2 andthe right of Figure 2, we canhave anideaof
the rangeof valueseachconcentratiorhasalongonecycle. This allows to choosewhich type of
approximatiorto usein Figure4. For example,in the rst nonlinearityof the differentialequation
dP,=dt, K3p = 2 andtherangeof valuesfor P, alongacycleis approximatehfO 1]. FromFigure4,
thisleadusto concludehatthis nonlinearityis mostlyin thelinearregime,andcanbeapproximated
by alinearfunction. Ontheotherhand,thenonlinearityinvolving thetermKgp = 0:2 goesfrom the
linear region to the saturatedegime. Thus, it requiresa piecevise linear approximationasin the
two examplesin themiddle of Figure4.

For purpose®f visualisationjn thefollowing piecaviselinearapproximatiorof the simpli ed
modelin appendixA.1.2,the switchesareemployedwith only two statevariables:Mp andP.. This
allows usto visualisethe PLS systemprojectedinto the subspacef dimension2 consistingof the
statevariablesMp andP, (seetheright sideof Figureb).
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Figure5: Approximationof the simpli ed modelby a piecavise linear system:limit cycle oscil-
lation (left); andlimit cycle in the state-spacerojectedinto the 2nd dimensionakubspacef state
variablesMp andP, (right).

Theleft sideof Figure5 shavs thelimit cycle oscillationsfor the PLS model. Whencompared
with the limit cycle oscillationsof the original model on the right of Figure 2, both plots seem
similarin termsof thetrajectoriesof thevariousvariableswhich suggestshatthe approximatioris
reasonable.

Theright sideof Figure5 shavsthelimit cycle projectednto thetwo—dimensionasubspacef
thestatevariablesMp andP.. Sincethesearethe only two variableshathave associatesonlinear
ities with switchesthis two—dimensionasubspacshaws thefour regionsin which the state—space
is divided: four linear systemdadivided by hyperplanes.The limit cycle intersectsall of the four
regions.

As in nonlinearsystemslocal stability of limit cyclesof PLS canbe easilychecled. However,
local stability only gives us information aboutthe systemin an arbitrarily small neighbourhood
aroundthelimit cycle. Usingtheresultsfrom [5], we wereableto characteriseegionsof stability
aroundthelimit cycle for the PLS approximation.Theright sideof Figure5 shavs suchregionsof
stability: ateveryintersectiorof thelimit cyclewith aswitchingsurface thereis athickerregionon
the switchingsurfacethatguaranteeary trajectorystartingin thatregion corvergesasymptotically
tothelimit cycle. As Figure5 shows, thisregionis reasonablyargewhichcon rms ourassumptions
(mostly derivedfrom simulation)thatthe systemis robust.



As we changesystenmparametersr the systenmetwork structurethistool allows usto seehow
this region changes.This informationmay help explain what parametepr partor structureof the
network is responsibldor therobustnesghatis known to prevail in circadianrhythms.

3 Model with both regulatory and autocatalytic feedback

A schematiadescriptionof the Vilar model[1] is provided on the left of Figure 6. This model
differs from from the Gonze-Goldbetemodelin thatit capturesboth the negative feedbackioop
andthe positive feedbacKoop introducedin Figurel. The modelinvolvestwo genes:anactivator
A anda repressolR, which aretranscribednto mRNA and subsequentlyranslatednto protein.
The activator A bindsto the A andR promoterswhich increasesheir transcriptionrate. Thus,A
actsasa positive feedbackin transcription. On the otherhand,R actsas a regulatory (negative)
feedbackby bindingwith A (to produceaninactive comple C) reducingactiity of theactivator A
(seeFigure6). The modelconsistsof 7 statevariablesDS Dg Ma A Mg RC] andcanbe foundin
AppendixA.2.
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Figure 6: Model for a genericcircadianoscillator[1] (left); Simulationshowving the limit cycle
oscillation (right—in this plot, the concentration®f D and Dr were scaledby 250, andMa and
Mg by 10 for purpose®f visualisation).

This model slightly differs from the systemin Figure 1 sinceit representsa genericgenetic
oscillator The mostbasicdifferencesare the factsthat the repressomR representdoth proteins
PERanTIM, R doesnot regulateitself directly, and A activatesitself. Simulationsof this model,
seenon the right of Figure 2, shav thatthe systemhasa limit cycle oscillationwith a period of
approximatelyT = 25hours.

3.1 Linear analysisand modelreduction

As in Section2.1.2, the Poincaé map associatedvith the limit cycle can be linearised. Here,
the only nonzeroeigervaluesof the matrix DP are approximately/ 1 = 0:00000322and [ , =
0:00000000686T his shavs thatlimit cycleis locally stableandthattherateof corvermgenceaftera
completecycle of ary initial conditioncloseenoughto thelimit cycleis extremelyfast.In fact,the



largesteigervalue of the systemis over 10 timessmallerthanthe largesteigervalue of the model
in [7], shaving thatlocally this modelcorvergesfasterto thelimit cycle thanthe Gonze-Goldbeter
model.

Again, only two statesof the Poincaé mapareinteresting. The othersstatesof the linearised
mapreturnto thelimit cyclejustafteronecycle. Thedirectionsassociateavith theabove eigerval-

uesare,respecitrely,
P Y 0 0:0002781 0 0:0001221
0:00014 0:000062
0:0127 0:00582
V1= 0:0148 Vo = 0:00645 (2)

0:082 0:0675
0:714 0:307

0:695 0:949

Theseeigervectors(associateavith the only two nonzeroeigervalues)of the Jacobiarof the
Poincae map,shav thatperturbationsn both Dﬁ andD} havelittle effectin thesystem Also, both
eigervectorsreveal that the mostdestabilisingconcentrationsre the concentration®f R andC.
The rst eigermvectorv,, associateavith / 1, is themostdestabilisingdirection,sinceit is associated
with the largesteigervalue. This circadianclock is worst perturbedwhenthe concentrationsre
perturbedwith the proportiongivenby vi. Similarly for v,.

For small perturbationsaroundthe limit cycle, only two statesare of interest. Following the
sameprocedureasin Section2.1.3,the Poincaé mapcloseto thelimit cycle canbereducedo the
following 2nd-ordersystemjn theV basis

x[t+1 = 0:000003224[t]
[t+1 = 0:00000000688]t]

with initial conditionx[0] = Xg, wherex= (X1 xz)o. Thesdawo statesareassociatewvith v; andvs,,
respectiely. Perturbingrst statex; is equivalentto perturbthe original systemalongthedirection
of v1. Similarly, perturbingthe secondstatex; is equivalentto perturbingthe original systemalong
Vo.

Thismodelreductionprovidesareferencdor examiningtheaccurag of otherattemptsatmodel
simpli cation. For example,in [1], the authorsderive a nonlinearsecondordercontinuousmodel
by focusingon the two slow variablesR andC. Althoughthe reducedinearisedPoincaé mapis
2nd-order(translatinginto a 3rd-ordersystemin the original state-spaceljt is clearthat/ , << [ 1
amguing thata rst-order Poincaé map or 2nd-orderstate-spacenodel canfurnish a reasonable
approximationln addition,examiningv; doesndeedcon rm thatR andC arethetwo key variables
which make the mostsigni cant contritutionsto the limit cycle behaiour. However, the above
analysisalsohighlightslimitationsto the Vilar approximationhamely excluding the minor mode
v, andnottakinginto accountvariablessuchasMg thatexerta modestin uence onthedynamics.

In the analysisabore we have not performedary time-scaleseparation.Vilar et al. assume
thatthe fastvariablesin the system(everythingbut R andC) areat quasi-steady-state thattheir
time derivativesarezero.We examinedthis assumptiorby plotting thetime derivativesof the state
variablesduring the progressiorof the limit cycle. Indeed the derivativeswere modestcompared
to dR=dt anddC=dt with the exceptionof dA=dt. Thus,settingdA=dt = 0is notjusti ed andcould
limit theaccurag of theapproximation.
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Figure7: Derivativesof concentrationslongthelimit cycle oscillationfor the modelin [1].

4 Conclusions

Thegoalof this paperis to explainhow oscillationscanbeanalysediia linearisatiorof the Poincaé
map and approximatingthe nonlineardynamicsby piecavise linear systems. In the model of
Drosophilacircadianrhythmsby Gonze Goldbetemndcolleague$7] andin thegeneriogeneticos-
cillator modelof Vilar andcolleagueswe shavedthatthedynamicscanbereducedo studyingtwo
modesthat dominatethe system.Then,a piecavise linear approximationof the Gonze-Goldbeter
modelcon rmed thatthe systemis robustto sizableperturbationsn initial conditionsby describing
large regionsof stability aroundthelimit cycle.

In circadianrhythms,asin mary otherbiologicalapplicationswe areinterestedn understand-
ing how or whatin thesystermetwork is responsibldor therobustnesso bothexternalandinternal
perturbations Linearisationhelpsunderstandhe systemcloseto the limit cycle, including identi-
fying which modesare dominantand how fastthey corverge to the limit cycle. Piecavise linear
approximationsshov whetherglobal regions of stability exist. Then by varying the systempa-
rameteror network con guration, one canexaminehow suchchangesaffect thelocal andglobal
stability. In this mannerwe canexplore both the vulnerabilitiesandthe stratgiesfor increasing
robustnessn oscillatorysystems.

A Models

A.1 Model with regulatory feedback
A.1.1 Full model

Themodelconsideredhereis takenfrom [7]:

— = Vgp—P  Vpp———— M

i sPKInP+ cn PR Mp kqMp

dbPy Py P

— = kspMp V- + V. P

gt PMp Vip B T VPR KaPo

dPy P Py Py

e AL NV v +V, P

dt PKip+ P FKp+tP  TKpt P TKeppt P kaPy
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O:jF:Z = v3ch:iP1 V4'°K4ppipz kP2 T2+ keC vdPKdPFzzrp2 kyP2
% = krMr Vir K1TT'(')' To + Var K2TTj' Ty eTo

% = VT % Vor KZTTJlr T Var K3TTi T, + Vot K4TTi 5 kaTa
% = Var K3TT1 T, Vat K4TT5- o ksPoTo+ KaC Vgt ﬁ kaT2
c;_(t: = kP2 k€ KkiC+koCn KkacC

dd% = kC koOCn KycC

The parametersised (again, from [7]) are: n= 4, vep = InMh 1, vs1 = InMh 1, vpp =
0:7nMh 1, vy = 0:7nMh 1, vgp = 2nMh 1, vgr = 2nMh 1, kep= ket = 0:9h 1, k4 = 0O:6h 1,
Kmp= KmT = 0:2nM, Kip = KiT = 1nM, de = KdT = 0:2nM, Kip= Kit = Kop = Kot = Kgp =
Kat = Kap = Kgr = 2nM, Vip = Vi1 = 8nMh 1, Vop = Vor = 1InMh 1, Vsp = V31 = 8nMh 1,
Vap = Var = InMh 1, kg = kg = kgn = 0:0InMh 1,

A.1.2 Reducedmodel

Thisis themodelusedin section2.2to illustratea piecaviselinearapproximationIn this simpli -
cation,Mp = M, Pp= To, PL = T1, P = T, sothestatevariablesareMp; Py; P1; P;C; Cy.

c:j—Ft)o = e Vi Klppi R vop szpi Py P

ddl? - VlPKlPP'(')'PO VZPKZ:"l'Pl Ve K3P"1' Py + Ve K4F>Pi P kP
% = Vspﬁ V4P% ksP§ + kaC VdPdeP—-szZ kaP>
‘3_? = kaPf kiC kiC+kCn kycC

dd% = KC kOCn KgcC

A.2 Model with both regulatory and autocatalytic feedback

Thefollowing modelis takenfrom[1]. The7 statevariablesepresentheconcentrationsf theacti-
vatorgeneD?; D&, themessengeRNA Ma; Mg, andtheproteinsA; R;C. Thedifferentialequations
aregivenby

dDg

ot = (1 DR)A QADR
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dDg

ot = k(1 D%)A QRD%

dMm

TA = aat (aR aA)DR dMAMA
dA

G = DAMat DR(Gat g+ DR(GR+ GA) (Gt R+ A @AR  (3)
dMm

TR = ar+(ad ar)D% duMg
dR

a = brMr+ diC drR @¢AR
dC

— = AR

dt EAR  AhC

The parametersised(again, from [1]) are: ap = 50h 1, al = 50th 1, ar = 0:01h %, a3 =
50h 1, ba= 50 %, bg=5h % dy, = 10h %, dy, = 0:2h &, da= 1h %, dh= 0:2h L, g =
1mol *hr 1, gz = 1mol *hr 1, g = 2mol *hr 1, ga= 50h 1, andgr= 10Ch 1.

B Linearisation of Poincaré maps
The contentof this appendixsectionis takenfrom [13]. Considerthe nth-odersystem

x= f(X); x(0)= xo

with solutionf(xp), i.e.,
fi(xo) = f(fi(x0)); fo(Xo) = %o (4)
Differentiate(4) with respecto xg to obtain

Dxoft(%0) = Dxf(ft(X0)) Dxft(X%0);  Dxofo(%0) = | (5)
De ne F{(xg) = Dx,ft(X0). Then(5) becomes

Fi(X0) = Dxf(fi(x0))Ft(X0); Fol(%o) =1

whichis thevariationalequation.

Considera pointx; 2 IR" thatis mappedby the ow to x, in T secondsthatis, X, = f1(x1).
Choosean(n 1)-dimensionahyperplaneS; thatcontainsx; andthatis transwersalto the o w at
X1 (seeFigure8). Similarly, choos€eS, trans\ersalto the o w atxo.

Figure8: GeneralisedPoincaé map

Thefollowing resultsshav thatthereexists a diffeomorphisnPs s, thatmapsa neighbourhood
of x;, on S to a neighbourhooaf x, on S, andthen nd an explicit expressiorfor its derivative.
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Note thatthe Poincaé mapis de ned asPss, basicallyby makingS; = S = S Theresultsalso
prove thatthe Poincaé mapis alocal diffeomorphismandyields an expressiorfor its derivative.
Thederwvative is thenusedto shav thatgivena x edpointx of a Poincaé map,the characteristic
multipliersarea subsebf theeigervaluesof F +(x ). Withoutlossof generality move the origin to
X. LetC 2 IR' " beavectororthogonato S;. ThenCy = 0if andonlyif y2 S,.

LemmaB.1 TherexistsanopenU 2 IR" withx; 2 U, anda uniqueC! mapt :U ! R", suc that,
forall x2 U, fin(X) 2 S andt(xy) = T.

Furthermoreit follows from theimplicit functiontheoremthat
1

i) CF1(x1)

Dt (x1) =

LemmaB.2 f(x2) = F1(X1) f(x).

T
De nition B.1 Pss,: (U §)!  istheimpactmap,also knownas the genealised Poincarée
map,andis de ned by

Pss,(X) = frn(X)

TheoremB.1 Pgs,: S ! S isalocal diffeomorphisnat x; with

1
DPss,(x1) = | mf(xz)c Fr(x)

Corollary B.1 Letx bea xed pointof a Poincaré mapP de nedby a cross-sectiorg, andlet T
bethe period of the underlyinglimit cycle ThenP = Pss, and

_ 1
DP(X)— I mf(x )C FT (X)

TheoremB.2 Letx; andx, beanytwo pointsona limit cycle LetS, bean(n 1)-dimensional
hyperplanepassingthroughx; transvesal to f(x;). Likewisg de ne S with respectio x,. Then
DPs, (x,) is similar to DPs,(X,).

Corollary B.2 AslongasSis transvesalto thelimit cycle theeigervaluesof DP(x ) areindepen-
dentof thechoiceof x , andthe positionof S.

Corollary B.3 f(x;) is aneigervectorof Ft (x ) with eigervaluel.

C Piecewisdinear systems

In this appendixwe brie y introducepiecavise linear systemgPLS). More detailsandresultson
analysisof limit cyclesof PLS canbefoundin [6] and[5].
PLSarecharacterisetly a setof af ne linearsystems

x= Aix+ B (6)
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wherex 2 R" is the state togethemwith a switchingrule
i(x)2f1;:::;Mg )

that capturediscontinuousactionsin the dynamicsresultingfrom eitherthe controlleror system
nonlinearitiesanddepend®n presenandpossiblyalsoon pastvaluesof x. By asolutionof (6)-(7)
we meanfunctions(x;i) satisfying(6)-(7), wherei(t) is piecavise constant.t is a switching time
of a solutionof (6)-(7)if i(t) is discontinuousatt. We sayatrajectoryof (6)-(7) switchesat some
timet if t is aswitchingtime. In the statespace switchesoccurat switching surfacesconsistingof
hyperplane®f dimensiom 1

S = fx Cx+di = 0g

for ary initial condition.See[10] for conditionson existenceof solutionsfor PLS.

Unlike linearsystemghatonly have a singleequilibriumpoint, PLS may exhibit multiple equi-
librium pointsand/orlimit cycles. Here,we areinterestedn limit cycles. For the remainderof
this appendix,assumehe PLS (6)-(7) hasa limit cycle g with periodt , andthatthis limit cycle
crossedransersely k switchingsurfacesper cycle. For simplicity, andwithout lossof generality
assumehe trajectoryof the limit cycle evolvesconsecutiely from systeml, to system2, andso
forth until it reachesystemk and, nally , aftercompletingonecycle, returnsto systeml. Assume
alsothe switchingsurfacesareorderedhe sameway (seeFigure9). This meanghetrajectoryf (t)
of thelimit cycle, startingatx; 2 S, satisesf (t;) = X, 2 $. Thensystem?2 “takesover” until
f(t,+1,) = X3 2 S, andsoon. Thelastaf ne linearsystenk takesthetrajectoryf (t) fromx, 2 S
backtox; 2 S, i.e.,f(t;+t,+ +1)=x,,= X% 2S.Notethatt =t;+t,+ +1,. Notealso
thatthereis no lossof generalityin this characterisationf alimit cycle. If, for instancethe limit
cycle crosseshe sameswitchingsurfacemorethanonce,we simply have S = S; for somei; j. For
corveniencejndexesk+ 1 and1 representhesameobject,i.e., X, ; = X3, Se+1= Sy, etc.

Systemk

System 1

System 2

Figure9: Limit cycleg.

Conditionsfor theexistenceandlocal stability of limit cyclesof PLScanbefoundin [5]. When
alimit cycle g is provenlocally stable thenthereexist a neighbourhoodn S; aroundx; suchthat
ary trajectorystartingin this neighbourhoodvill corverge asymptoticallyto thelimit cycle g. The
next stepis to characterisa reasonablyarge stableregion arounda locally stablelimit cycle (see
Figure10). Suchresultscanalsobefoundin [5].
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