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/ Relay Feedback Systems: Analys' \

Survey of several analysis methods=

Existence and local stability of limit cycles of RFS's

Properties of RFS-«

o Global stability for processes with an impulse response sufficiently
close, in a certain sense, to a second-order non-minimum phase
process—

The problem of rigorouglobal analysis of relay-induced oscillations is

still open J
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o Efficient analysis opiecewise linear systentsin be done using
Quadratic Surface Lyapunov Functions

e Maps between switching surfaces induced by LTI flows can be
represented diear transformations analytically parametrized by 4
scalar function of the state

o Successfully provedlobal asymptotic stabilitpf Relay Feedback
SystemsOn/Off SystemsandSaturation Systems
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/ Relay Feedback System: Definitio:'
LTI
u y
The LTI system is given by
X = Ax+Bu, Als a Hurwitz matrix

y = Cx
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/ Relay Feedback Systems (RF / Relay Feedback System: Definitio:'

“Simple” class of Piecewise Linear Systems yet very hard to analyze .
Applications:

e Electromechanical systems

o Simple models of dry friction

e Delta-sigma modulators

o Automatic tuning of PID regulators
Property:

o RFS often exhibit limit cycles

Jorge Gonalves — Global Stability of Relay Feedback Systems

\_ /

Theswitching surfaceSand$; of the RFS are
S={xeR": Cx=d}
and

S ={xeR": Cx=—d}

X= Ax-B

S,

k %= Ax+ /
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/ Map between switching surfaces of RF] \

T
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/ Map between switching surfaces of RF] \
° Ay =H(t)A

o Let§ c Sbe the set of alb which yield the next switch at

o § is alinear manifold of dimension — 2

<

Consider thenap
A =T(D)
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Global Stability of T I

A =T(D)

Global asymptotic stability of the equilibrium point &t

T'(B)QT(A) < yA'QA

forsomeQ >0,0<y< 1, allA e S—x".

\_ /

-

Quadratic Stability I

. Ay =H(t)A
e Quadratic stabilitys guaranteed if there existd€a> 0 such that
NjQA; < NQA
i
Q-H'(t)QH(t) >0 on§

for all expected
N /
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/ Map between switching surfaces of RF]

wheret is theswitching timeassociated witth, A; andH(-) is given
explicitly.
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/ Technical DetaiIsI

e SinceAis Hurwitz andu= +1is a bounded inputthere is a bounded
set such that any trajectory will eventually enter and stay there

e In that set can finhounds on the difference between any two
consecutive switching timeJhe difference between any two
consecutive switching times of some trajectory is higher thaut
lower thart,, .

o |tis sufficient to findQ > 0 that satisfies the stability conditions on
O<t_<t<t, <o,

¢ We sample the stability conditions o [t_,t. ] to obtain a finite set
of LMIs, and solve foiQ > 0.
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Jorge Gonalves — Global Stability of Relay Feedback Systems 1 1




ey
ACC 2000

=55 MIT, LIDS
s N

Example: 39 — Order Non-Minimum Phase Syste

$+s5-4
3G+

e Letd =0 (possible sinc€B < 0). There is a unique symmetric
unimodal limit cycle with half period* ~ 1.4

clos. MINEI@-FE-QFD). Want It to be aways =0
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/ On/Off System \
LTI
u y

d
%=(A+BC)x-Bd
%

°0

Cx=d

> <
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4 Example: 6" — Order SystemI

(s+1)(S + 4s + 10)(s-8)

ACC 2000

e Sliding modes occur ifl =0 (CB=1). AQ > 0is known to exist for
d as low as 061

IO EE TR D) Want it to be a
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/ 3d-order system with unstable nonlinearity secto:I\

L, SHst6
423 +2s+:

e System has an unstable nonlinearity sector

u
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Example: 79 — OrderSystemI

_r
(s+1)7

¢ Global stability can be proven fatas low as 00404

(P i tautbetan). want i o be
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/ Saturation Systemi
LTI
u y

%=(A+BC)x

0 Cx=—d

N <
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39-order system with unstable nonlinearity secto

2 S+s+6
428 +25+!

f

e System has an unstable nonlinearity sector
u

-
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Conclusion

e Can proveglobal asymptotic stabilitpf

N

— limit cycles of Relay Feedback Systemath hysteresis

— equilibrium points ofOn/Off Systems

— equilibrium points ofSaturation Systems

— trajectories of large number of classesRaécewise Linear

Systems

o Paper and software (MATLAB) can be downloaded at

http://web.mit.edu/jmg/www/
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/ Piecewise Linear System'

limit

eg. point
cycle

€g. point

\_ /
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/ Conclusion

e We introduce the idea thatobal stability analysis of limit cycles and
equilibrium points of piecewise linear systeeen be done using
Quadratic Surface Lyapunov Functions

e Express maps between switching surfacenasir transformations
analytically parametrized by a scalar function of the state

e The search ofjuadratic Lyapunov functions on the switching
surfacess done by solving a set af\s.
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