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Asymptotic Accuracy of Iterative Feedback Tuning

R. Hildebrand, A. Lecchini, G. Solari, and M. Gevers

Abstract—TIterative feedback tuning (IFT) is a widely used procedure for
controller tuning. It is a sequence of iteratively performed special experi-
ments on the plant interlaced with periods of data collection under normal
operating conditions. In this note, we derive the asymptotic convergence
rate of IFT for disturbance rejection, which is one of the main fields of ap-
plication.

Index Terms—Identification for control, iterative feedback tuning (IFT),
stochastic optimization.

I. INTRODUCTION

Iterative feedback tuning (IFT) is a data-based method for the tuning
of restricted complexity controllers. It has proved to be very effective
in practice and is now widely used in process control, often for dis-
turbance rejection. The reader is referred to [6] for a recent overview.
The objective of IFT is to minimize a quadratic performance criterion.
IFT is a stochastic gradient descent scheme in a finitely parameterized
controller space. The gradient of the cost function at each step is es-
timated from data. These data are collected with the actual controller
in the loop. Under suitable assumptions, the algorithm converges to a
local minimum of the performance criterion. For more details of the
procedure, see [7].

In this note, we provide an analytic expression for the asymptotic
convergence rate of [FT for disturbance rejection. The convergence rate
depends on the covariance of the gradient estimates. Therefore, the cal-
culation of this covariance is a part of our analysis.

The remainder of the note is structured as follows. In Section II,
we summarize the details of the IFT algorithm for disturbance rejec-
tion. In Section III, we derive an expression for the asymptotic con-
vergence rate dependent on the covariance of the gradient estimates.
In Section IV, the asymptotic expression of this covariance is calcu-
lated. Conclusions are given in Section V. The Appendix contains all
the technical proofs.

II. IFT FOR DISTURBANCE REJECTION

In this section, we review the IFT method for the disturbance re-
jection problem with a classical linear quadratic (LQ) criterion. For a
more general and detailed presentation of IFT the reader is referred to
[7] and [8].

Consider a single-input—single-output (SISO) discrete time system
described by

y(t) = G(g)u(t) + v(t) )
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Control system under normal operating conditions.

Fig. 1.

where y(t) is the output, «(t) is the input, G(g¢) is a linear time-in-
variant transfer function, with ¢ being the shift operator, and v(t) is the
process disturbance, assumed to be quasistationary with zero mean and
spectral density @, (w). The transfer function G(¢) and the disturbance
spectrum P, (w) are unknown.

Consider the feedback loop around G(g) depicted in Fig. 1, where
C'(q, p) is a one-degree-of-freedom controller belonging to a parame-
terized set of controllers with parameter p € R". The transfer func-
tion from v(t) to y(t, p) is named sensitivity function and is denoted
by S(q, p). We assume that in the control system of Fig. 1 the reference
signal r(t) is set at zero under normal operating conditions. Our goal
is to tune the controller C'(g, p) so that the variance of the noise-driven
closed loop output is as small as possible subject to a penalty on the
control effort. Thus, we want to find a minimizer for the cost function

T(p) = 3Ely(t, ) + Au(t, p)° @

where A > 0 is chosen by the user. The IFT method yields an ap-
proximate solution to the previous problem. IFT is based on the possi-
bility of obtaining an unbiased estimate of the gradient (0.7)/(9p)(p)
of the cost function at p = p,, from data collected from the closed-loop
system with the controller C'(p,, ) operating on the loop. The cost func-
tion J(p) can then be minimized with an iterative stochastic gradient
descent scheme of Robbins—Monro type [1]. In that scheme, a sequence
of controllers C'(g, p» ) is computed and applied to the plant. In the nth
iteration step, data obtained from the system with the controller C'(p..)
operating on the loop are used to construct the next parameter vector
pn+1. The data-based iterative procedure is as follows.

A. IFT Procedure

1) Collect a sequence {u'(t,pn), yl(t,pn)}t:lww of N
input—output data under normal operating conditions, i.e.,
without reference signal.

2) Collect a sequence {u”(t,pn),y>(t, pn)te=1,.,8 of N
input-output data by performing a special experiment with
reference signal

ro(t) = —Kn(Q)y' (t,pn)

where I, (g) is any stable minimum-phase prefilter.

3) Construct the estimates of the gradients of u‘l(f, pn) and
y'(t,pn) as
ou' :| 1 oC 9
est | —— (&, pn = 7= - \d:Pn) U t-, n
{ap(,p) An(q)ap(qp) (t. pn)

1 oC P
T 7 N o s Pn /s ‘t, nj.
Kola) 97 (45 pn)sy” (T, pn)

4) Form the estimate of the gradient of J(p) at p,, as

1
est {%(1‘ p,,):| =

N

aJ 1
esty {%(pn)] =N >

t=1

1
|:yl (t, pn)est {aaip(t, pn):|

}
+ Au' (¢, pp est {361—;(1‘ pn)” .
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5) Calculate the new parameter vector pr 41 according to

_ aJ
prit = pn — W By esty {—(Pn)]
ap

where ~,, is a positive step size and R, is a symmetric pos-
itive—definite matrix.

We recall that the estimate of the gradient calculated in step 4) is un-
biased under the assumption that the disturbance realizations vl ( t),in
the first experiment, and v2 (¢), in the second experiment, are indepen-
dent. This assumption can be considered fulfilled if the two experiments
in the algorithm are sufficiently separated in time. In the procedure, the
sequences 7y, and R,, are basically left to the choice of the user. The ma-
trix I?,, should be an approximation of the Hessian of the cost function
in py,. A biased estimate of the Hessian, obtained from data, has been
proposed in [7]. The prefilter K, (q) is also a degree of freedom in the
algorithm; it affects the signal to noise ratio in the second experiment.
Two possible choices for prefilter K, (¢), derived from the results pre-
sented in the present note, are discussed in [4] and [3], respectively.

III. ANALYSIS OF THE CONVERGENCE RATE OF IFT

In this section, we quantify the effect of the variability of the gra-
dient estimate on the asymptotic convergence rate of the algorithm. The
proposition that follows derives from a more general version of the same
proposition for Robbins—Monro processes as can be foundin [9],[11]. In
the proposition, we assume convergence of the sequence p,, . The reader
is referred to [2] and [5] for a detailed proof of convergence.

Proposition 3.1: Assume that the sequence p,, converges to a local
isolated minimum p of J(p).Let H(p) be the Hessian of J(p) at p = p.
Suppose further that the following conditions hold.

1) The sequence ~,, of step sizes is given by v, = (a)/(n),

where a is a positive constant. There exists an index 7 and a
matrix R such that R,, = R forall n > n.

2) The matrix A = (1)/(2)I — aR Y H(p) is stable, i.e., the

real parts of its eigenvalues are negative.

3) The covariance matrix Covlestx[(8.J)/(8p)(p)]] at p

is positive definite.

P

Then, the sequence of random variables v/n(p. — p) converges in dis-
tribution to a normally distributed zero mean random variable with co-
variance matrix

Y= a?/ e™R™'Cov {estN B—J(ﬁ)” Rt (3)
0 14

Le. Vilpn — ) 2 N(0,5). )
Proposition 3.1 shows that the asymptotic accuracy of the parameter
estimate crucially depends on the covariance of the gradient estimate.

IV. COVARIANCE OF THE GRADIENT ESTIMATE

In this section, we compute an explicit expression for the covariance
of estn[(8J)/(9p)(pn)]. We show that this covariance can be written
as the sum of two terms. These two contributions originate in the vari-
ability of the noise realizations in the first and second experiment of
iteration n, respectively.

It can be easily seen that the estimates of the gradients of ul (t, pn)
and y' (t, p,,) obtained in step 3) of the IFT procedure are corrupted by
the realization v2 (¢) of the noise in the second experiment as follows:

'
—(t n

K. (q)

1
est {aaip(t, pn):| =

oC 5
C(q,ﬂn)fa (¢, pn)vn (1)
p
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9y’ _ y'
st || = 2t

S(q,pn) OC

/'2
I{n(q) 6/) (Qa/)n)bn(t)'

Therefore, we can separate estx[(0.J)/(9p)(p.)] as

sty [%w}

= Sn(pn)+ En(pn), with
Sl\’(pn)
N
1 1 oyt 1 Hut .
= % L t, n t, n 1 ta n ) f, n
N;{y(/p )ap(/pﬂ-)\u( P )0/;(/’))
En(pn)
L g S(g.pn) OC
= a7 ! t, n [,win_ . Pn 1);.21 t:|
N;{y( )| Tra) g @0
1 _C(a:pn)5(a:pn) 9C >
+ Au (t,pn) { Knle) R (qs pn)vn (B)]] -

The term S (pn ) corresponds to the sampled estimate of the gradient
of J(p). This term is entirely dependent on the realization v, (t) of
the noise in the first experiment. The second term Ex(p.. ) is an error
due to the corruption of the estimates of the gradients of ut (t, pn) and
y' (t, pn) by v2(t). The covariance of estn[(9.)/(8p)(pn)] is de-
scribed in the following proposition, which is the main result of this
note.
Proposition 4.1:

1) The following relation holds:
oJ
Cov |esty a—p(pn) = Cov[Sx(pn)] + Cov[En(pn)]-

2) The following asymptotic frequency-domain expression of
Cov[EnN(px)] holds:

N11111 NCov[En(pn)]

b [ o) [l

T

3) Under the additional assumption that the fourth-order cu-
mulants of the noise v are zero (e.g., the noise is normally
distributed), the following asymptotic frequency-domain ex-
pression of Cov[Sy (pr )] holds:

lim NCov[Sx(pn)]

™

, 4,
=2 L st o @tw)

x Re { [G(e“) —\C (ef””, p)]

xS (ejw, p,,) % (6’7W, pn)}

X Re { [G(cj“’) - C ((’“ pn,)]
9¢

ej”,p,, ! dw.
ap ( )}

Proof: See the Appendix. O

x S (ej”,pn)
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Proposition 4.1 shows that the covariance of the gradient estimate
can be represented as the sum of the covariances of the separate contri-
butions Sx (pn) and Ex(p») (i.e., Sn(p») and En(p,) are uncorre-
lated). Both Cov[Sn (p»)] and Cov[ExN(p»)] decay asymptotically
as 1/N as the number of data tends to infinity. Their asymptotic fre-
quency domain expressions as N — oo have been given.

V. CONCLUSION

In this note, we have investigated the asymptotic accuracy of the IFT
algorithm in the case of disturbance rejection. The result presented in
this note has been used to derive optimal choices for the prefilter K, (¢)
in two different situations. In [4], we consider the situation where the
current controller is near the optimal controller, and we derive a prefilter
which optimally increases the asymptotic accuracy of IFT under a con-
straint on the energy used during the special feedback experiment. In
[3], we optimize the prefilter for accuracy of a single IFT step, under the
same energy constraint. This second prefilter can be used when the cur-
rent controller can be considered far from the optimal one (e.g., during
the initial steps of the procedure).

APPENDIX

A. Proof of Proposition 4.1

In order to prove the proposition, we will need the following tech-
nical results.

LemmaA.1: Lete, f be twoindependent realizations of a zero mean
white noise with variance o2. Let A, C' be stable transfer functions and
B, D be column vectors of stable transfer functions of equal length. Let
a = Ae,b = Bf,c = Ce,d = Df be signals obtained by filtering e
and f through A, B, C, D. Then

lim
N—oc

1 N
Ely > “r(f)b(t)c(s)d(s)T}

ts=1

(" -
= 047 ey 7 dw.
T J—7

“

Here, ®,,, denotes the cross-spectrum of the signals g, h.
Proof: The assertion is a direct consequence of the independence
of e, f and Parseval’s Theorem. O
Lemma A.2: Let A, C be stable transfer functions and B, D be
column vectors of stable transfer functions of equal length. Let v be
a quasi-stationary zero mean stochastic process satisfying (6). Let a =
Av,b = Bv,e¢c = Cwv,d = Duv be signals obtained by filtering v
through A, B, C, D and let o, 3, 7, 6 be fixed delays. Then

Ela(t — a)b(t — )e(t — 7)d(t = 8)"]
= Rab(ﬁ - O.’)Rch(é - '7’) + Rau(ﬁf -
+ Rie(6 — ) Rygr (v — )

)Ry (6 = 3)
&)

where the time average is taken with respect to t and R, (7) denotes
Elg(t)h(t — 7)].
Proof: The relation is easily verified by straightforward calcula-
tion using the fact that the autocorrelation coefficients of the signal v
satisfy (6). O
Proof of Part 1 of Proposition4.1: Since Ex(p, ) has zero mean,
we obtain

Cov[Sn(pn) + En(pn)]
= Cov[S(pu)]l + B [Ex(pa) - Sx(pn)"]

+B [Ex(p) - Sx(pa)'] + CovEx(pn)].
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Hence, we have to show that Sy (pr) and Exn(pr) are uncorrelated.
Note that Sy (p.,) depends only on the noise realization ;. (¢). By in-
dependence of v}, () and vZ(t), we have

E [EN(/)n) ‘ SN(Pn)T]
N

=N ZE y' (t,pn)Sn(pn)]

S(g.pn) O
XE[ o) 25 w0

+ % ZE ['ul(t., pn)SN(PN)]

XE[

C(q pn)S(q.pn) OC

Tata) oy Dot )}'

However, E[(S(q,pn))/(IKn()(C)/(9p)(q,pn)va(t)] =
E[-(C(g,pn)S(q; pn))/(ﬁn(q))(f)C’)/(ap)(q-/pn)vn(t)] = 0
for all ¢, because vZ(t) has zero mean. It follows that E[Ex (p.,) -
SN(/)n)T] =0. U

Proof of Part 2 of Proposition 4.1: The claim follows from
Lemma A.1 by writing Cov[En(p.)] as a double sum over four
separate terms and by inserting the cross-spectra of the corresponding
transfer functions. (]

Proof of Part 3 of Proposition 4.1: The assumption that the
fourth-order cumulants of the noise v are zero means that the
fourth-order properties of v are related to its second order properties
in the same way as for a Gaussian stochastic process. To be more
precise, let us denote the autocorrelation function E[v(#)v(t — 7)] of
v by R, (7). Then, this assumption can be rewritten as

Elv(p+tv(qg+ tho(r + tv(s + 1)
=Ru(p—r)Ru(g—5)+ Ro(p — s)Ru(qg— 1)
+ Ro(p—@)Ru(r —s)  Vp,q,r,s. (6)

Here, the time average is taken with respect to ¢ and the numbers
p. q, 1, s are assumed to be arbitrary, but fixed. Relation (6) is not very
restrictive. It is satisfied e.g., for filtered zero mean i.i.d. white noise,
if the probability density function of the white noise has zero kurtosis
(“peakedness,” see, e.g., [10]). This is equivalent to the condition that
the second and fourth moments m», m4 of this probability density
function satisfy the relation m4 = 3m3. This relation holds e.g., for
a normal distribution.

Consider now the notations and assumptions of Lemma A.2. For
notational convenience, define a column vector () by

Qv = Z[a(t)b(f) T e(t)d(t)] )

and notice that .Sy has the same structure as () ». We have
Cov[Qn] = E[Q~QN] — E[QN]E[QN]".
By (5), we obtain

N

" 1 /
E[QvQh] = 55 3 [Rab0) B (0)
t,s=1
+ Raa(t = s)Ryyr(t — 5) + Rio (t = 5) R (T — 5)
+R“b( rth(0)+Rau(t_s)thT(t— b)
+ Rbc(t - S)RadT (t — S)

+ Rea(0)Royr(0) + Rea(t —
+ Raa(t — s)R_,r(t — 5)

+ Rea(0)R 47 (0) + Rec(t —
+ Rac(t — 8) R yr (t — 5)].

$)R g (t — 5)

$)Ryyr (t — 5)
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On the other hand, we have
E[QN]E[Qn]" = Rut(0) R,z (0) + Ray(0)R, 47 (0)
+ RCd(O)RabT (0) + Rcd(O)Rch (0)

Subtracting the aforementioned equations and taking the limit N — oo
yields

lim NCov[Qn]

= D [Raalm)Ryyr () + Roa(7) Ry (7) + Rac(7) Ry (7)

+ Roe(T) Ry (7) + Rea(T) Ry (7) + Rua(T) Ry (1)
4+ Ree(T)R4yr (7) + Rac(T)R yr (T)].
Applying the formula
1 /”
27 J_.

componentwise and inserting the expressions for the cross-spectra fi-
nally furnishes the claim of Proposition 4.1 with the obvious substitu-
tions applying. O

—+oo
> Rap(7)Rea(r) =

T=—00

B, ()P o (w) dw
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Multiscale Bayesian Restoration in Pairwise Markov Trees

Francois Desbouvries and Jean Lecomte

Abstract—An important problem in multiresolution analysis of signals
and images consists in estimating continuous hidden random variables
x = {Xs}scs from observed ones y = {y.}.cs. This is done classically
in the context of hidden Markov trees (HMTs). In this note we deal with
the recently introduced pairwise Markov trees (PMTs). We first show that
PMTs are more general than HMTs. We then deal with the linear Gaussian
case, and we extend from HMTs with independent noise (HMT-IN) to
PMT a smoothing Kalman-like recursive estimation algorithm which
was proposed by Chou et al., as well as an algorithm for computing the
likelihood.

Index Terms—Gaussian processes, hidden Markov trees (HMTs), multi-
scale algorithms, pairwise Markov trees (PMTs), recursive estimation.

I. INTRODUCTION

Multiresolution analysis and multiscale algorithms are of interest
in a large variety of signal and image processing problems (see, e.g.,
[1]-[7], as well as the tutorial [8]). Efficient restoration algorithms
have been developed in the context of tree-based structures [1]-[3],
[7]. These algorithms estimate the hidden random variables x from the
observed ones y, under the assumption that the stochastic interactions
of x and y are modeled by a hidden Markov tree (HMT).

On the other hand, it is well known that if (x, y) is a classical hidden
Markov model (HMM), then the pair (x,y) itself is Markovian. Con-
versely, starting from the sole assumption that (x,y) is Markovian,
i.e., that (x,y) is a so-called pairwise Markov model (PMM), is a
more general point of view which nevertheless enables the develop-
ment of similar restoration algorithms. More precisely, some of the
classical Bayesian restoration algorithms used in hidden Markov fields
(HMFs), hidden Markov chains (HMCs), or HMTs, have been general-
ized recently to the more general frameworks of pairwise Markov fields
(PMFs) [9], pairwise Markov chains (PMCs) with discrete [10] or con-
tinuous [11], [12] state process, and of PMTs with discrete [13], [14]
or continuous [14] hidden variables.

The aim of this note is to extend to PMTs the smoothing Kalman-like
algorithm which was developed in [3] in the context of HMTs with in-
dependent noise (HMT-IN), as well as an algorithm for computing the
likelihood. As we will see, in a PMT the hidden tree x is not necessarily
Markovian, and the observed variables y are not necessarily related to
x as simply as in the HMT-IN case. Yet the conditional law of x given
y remains Markovian, which in turn enables us to propose an efficient
restoration algorithm.

This note is organized as follows. In Section II, we briefly recall the
three embedded HMT-IN, HMT, and PMT models, and we show (in
the case where x is continuous) that PMT are more general than HMT.
An extension to the PMT model of the recursive restoration algorithm
of [3] is given in Section III, and an extension to the PMT model of an
algorithm for computing the likelihood is proposed in Section IV.

II. HMTs VERSuUS PMTs

Let S be a finite set of indices, and let us consider a tree structure
with nodes indexed on §. Let us partition S in terms of its successive
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