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The differential Entropy

The differential Entropy (or Entropy of a continuous
variable) is a generalization of the concept of Entropy
for random variables with a continuous distribution. The
differential Entropy of a continuous variable X is de-
rived by calculating the Entropy of a discrete variable
X5, which is obtained by quantizing X, and then by tak-
ing the limit as the size of the quantization step tends to
zero. In contrast with the Entropy of discrete variables,
the differential Entropy turns out to be a relative quan-
tity which can be positive or negative.

Let X be a continuous random variable, with probabil-
ity density function f(z), and let X; be a discrete ran-
dom variable obtained by rounding off X as

Xs=nd nd—1)<X <ngd.

Y
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The distribution of probability of X is given by

P{X;=nd}=P{n(0—1)< X <nd} = " flz)dx

n(6—1)
— 57(no)

where f(nd) is a number between the maximum and the
minimum of f(z) in the interval [n (§ — 1), nd]. The En-
tropy of X; is

H(X;) == Y 6f(nd)logy[6f(nd)]

n=—oo

= —logy(8) Y df(nd) — Y 8f(nd)logy[f(nd)]

n=—0oo n=—oo

= —logy(8) — ) 6f(nd)logy[f(nd)].

(here we assume the convention that f(z)logs[f(x)] = 0
if f(z) = 0). Notice that H(X;) tends to infinity as 0
tends to 0. This is consistent with the fact that it would
take an infinite number of bits to specify the value of a
continuous value with arbitrary precision.

The differential Entropy of the continuous random vari-
able X is defined on the basis of the above calculations
and is given by

H(X) = gl (X0) + og0)] = — [ fla)lowsl ()] da-

The idea behind the definition of differential Entropy,
which justifies the elimination of log,(d), is that usually
we are interested in the difference (hence the name) in
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the values of Entropy between random variables, rather
that in the Entropy of a single random variable, and
therefore the term log,(d) is irrelevant.

The term “Entropy of X” is commonly used to denote
the “differential Entropy of X” when X is a continuous
variable. Sometimes the convention is also to choose the
natural logarithm in the formula of the Entropy of con-
tinuous distributions. Here we will continue to use the
base 2.

Examples

1) Let X have uniform density in [0, a| then
H(X) =log,a.

Notice that the uniform distribution defined on
0, 1] has Entropy = 0. Hence it can be considered
as attaining a “reference level” for the differential
Entropies of all the other densities.

2) Let X have Laplace density f(z) = e -5 then

z)In ( Tb#) dx

o /_OO (@) l |x;“| —m(%)} dx

1 > |z — ul In(2b)

BRTTOI A A ™TCy

11 [T g In(2b)
ln(Q)E/O b do In(2)

_ ! + In(26) _ logy(2eb)

In(2)  In(2)
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3) Let X,y have Normal density n(z) = ——e~ 27
then

H(Xy) = -ﬁ / ; n(z)ln (U 1%62%) do
= 1n12)/ n(z) [—% —1In (0\/%)} dx

o

1 1 & 5 In (0\/%)
" n(2)202 / e = pyde + — e
1 1 5 In (0 27r)
" (2)202 [(Xn = w7+ n(2)
1 1 In (a 27r)
m®2 " )
= IOgQ(U\/_)

The joint and conditional Entropy and the mutual Infor-
mation are defined in a similar way as the discrete case.
Let X and Y have joint distribution f(x,y) then:

the joint Entropy is given by

_ / Z / Z F(, y) loga[f (x,y))da dy

the conditional Entropy is

H(Y|X) = / / £, y) Yol f(y)da dy
the mutual Information is

[(X|Y) = H(X) — HX[Y).

HX,Y)<HX)+H(Y
H(X,Y)=H(X)+HY|X)=H(Y)+ H(X|Y)
H(X|Y) < H(X)

~—
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The MaxEnt principle

The Entropy can be used as a criterion to create prob-
ability models which embed available information with
fairness. The typical problem is that of creating a density
function which is consistent with given values of some
parameters which in turn are not sufficient to determine
a unique density. These values may have been found
through experiments and one wants to construct a prob-
abilistic model which is consistent with the experimen-
tal results. The MaxEnt principle states that the least
biased model which embeds the available information
is that which maximizes the Entropy while remaining
consistent with this information.

In the following Theorem we show that the Normal den-
sity is the MaxEnt density among all the densities with
given values of mean and variance.

Theorem

The Normal density N (u,0?) is the distribution which
maximizes the Entropy among all the possible densities
which give mean p and variance o2 O]

Proof

Let X have density N(u,c?), which is denoted n(z),
and let Xg have a generic density g(z) with E[Xg] = p
and E[(Xg — u)?] = o2. To start with, we have that

H(Xy) = —ﬁ / " (@) Infn(x)] do.
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In fact on the right hand side we have that

/:g(x) In [n(z)] da = /w 9(x) [—(IQ_U;‘)Q “In (0 QW)} dz

g(x)(x — p)*dr + In (0 27T)

202 )

1
:—2 2'02+ln(0 27?).
o

Hence we obtain

H(Xg) — H(X { ) Ing(x)]dx + /:g(:c)ln[n(m>]d4
_ e n(x)
el G {gm]d‘”
< Zg( IR
~ g | )~ alaa
=0.



