Some Remarks on Repetitive Control Systems

Richard C.H. Lee Department of Engineering University of Cambridge Cambridge, CB2 1PZ, U.K.

rchl@eng.cam.ac.uk

Malcolm C. Smith Department of Engineering University of Cambridge Cambridge, CB2 1PZ, U.K.

mcs@eng.cam.ac.uk

Abstract

We investigate some robustness compromises involved in achieving attenuation for periodic disturbances. We consider asymptotic rejection or attenuation of disturbance harmonics and transient response.

1 Introduction

A goal of repetitive control is to ensure tracking/disturbance rejection of periodic references/disturbances. If it is desired to achieve asymptotic tracking/rejection, the internal model principle (see [2]) suggests that the controller needs to contain poles at the frequency of the periodic signal and all its non-zero harmonics (possibly infinitely many). This was the original idea of Inoue et al. [8] who proposed using a positive feedback around a time delay to generate an internal model of the periodic disturbance. It was observed by a number of authors that such a scheme lacks robustness (see [5], [6]). We demonstrate this fact here in the context of gap metric uncertainty (Proposition 1). On the other hand we show that a reasonable level of asymptotic attenuation of periodic disturbances can always be achieved without serious robustness compromises (Proposition 2). In the case where asymptotic rejection of a harmonic does not conflict with robustness, we show that to approach optimal robustness necessitates an arbitrarily poor disturbance transient response (Proposition 3).

2 Discussion

For simplicity we will restrict attention to (rational) scalar plants and controllers in the standard feedback configuration (Figure 1). We will use the gap metric robustness margin as our measure of uncertainty tolerance which is given by [4]: b_{P,C} := ‖ ‖ ‖ ‖ ( I P ) (I − CP )^{−1}(I, C) ‖ ‖ ‖ ‖ −1 ∞ . The optimal robustness margin of P is b_{opt}(P ) := sup_{C stblz} b_{P,C}. We consider a finite set of frequencies Ω_n := {±jω_1, ..., ±jω_n}. We consider the problem of asymptotically rejecting disturbances u_1 at e_2 which are periodic and have a finite number of harmonics belonging only to Ω_n. This requires P (I − CP )^{−1} = 0 for

u_1 e_1

e_2 u_2

-^+ i_Σ - P

        ?+

 6^+

C œ iΣ_+œ

Figure 1: Standard Feedback Configuration.

all s ∈ Ω_n. We define an optimal robustness margin with this additional constraint:

b_{opt}(P, Ω_n) := sup_{C stblz} { b_{P,C} : P (I − CP )^{−1} = 0 ∀s ∈ Ω_n } .

Proposition 1 Let P (jω_k) ≠ 0 for each jω_k ∈ Ω_n. Then

b_{opt}(P, Ω_n) = min_{jωk∈Ωn} { b_{opt}(P ), |P (jω_k)| √ 1 + |P (jω_k)|^2 } .

The above proposition illustrates the impossibility of achieving asymptotic disturbance rejection of general periodic inputs. Indeed, if the plant P is strictly proper then the robustness margin will be zero if all harmonics are included. Even if P is invertible at infinity (unlikely in practice) it is easy to check that the control system fails to be w-stable in the sense of [3]. Thus, asymptotic rejection of all harmonics is not a practicable proposition. However, no robustness compromise is required at a given harmonic if^{|P (jωk)|}√_{1+|P (jωk)|2} ≥ b_{opt}(P ).

We mention that the above proposition is closely related to results of [1] on the regulator problem with robust stability. We now turn to the question of the best attenuation which can be achieved subject to a given robustness level.

Proposition 2 Suppose 0 < α ≤ b_{opt}(P ). For any ϵ > 0 there exists a C_ϵ such that b_{P,Cϵ} ≥ α − ϵ and |P (I − C_ϵP )^{−1}(jω_k)| ≤ ξ_k for all jω_k ∈ Ω_n, if and only if

ξ_k ≥ 0 when |P (jω_k)| ≥^{1√}_α�_{2−1} ξ_k ≥ g(α, |P (jω_k)|) otherwise,

where g(α, x) :=^{x(1−x} √ α�2_{−1)}

1+x2 .

0.1 0.2 0.3 0 0.02

0.04

0.06

0.08 (0.1535, 0.0768)

x

g(α, x)

Figure 2: The function g(α, x) for α = 0.3.

The above proposition tells us a minimum modulus for the plant which is consistent with a certain robustness margin. For example if we require α = 0.3 (a reasonable level in practice) then asymptotic rejection of a harmonic is possible providing |P (jω_k)| > 0.314, and otherwise, attenuation to less than 7.68% of the disturbance magnitude is always possible as shown by Figure 2. Note that g(α, x) has a maximum of g_{max} =^α

2(1+ √ 1−α2) at xmax = α 1+ √ 1−α2 , so even with

α = 1, a 50% reduction is always possible. We next consider the transient response to a sinusoidal disturbance at a frequency ω_0 as measured by the quantity: ‖ ‖ ‖ P (1 − CP )^{−1}(s) − P (1 − CP )^{−1}(jω_0) s − jω_0 ‖ ‖ ‖_2 .

Proposition 3 Suppose b_{opt}(P ) <^{|P (jω0)|}√_{1+|P (jω0)|2} for

some ω_0. Consider any sequence of stabilizing compensators C_n with b_{P,Cn} → b_{opt}(P ) as n → ∞ and P (1 − C_nP )^{−1}(jω_0) = 0 for each n. Then the sequence ‖ ‖ ‖ ‖ 1 s − jω_0 P (1 − C_nP )^{−1}(s) ‖ ‖ ‖ ‖_2 → ∞ as n → ∞. The above propositions suggest an approach to repetitive control by adopting specifications at the frequencies of the various disturbance harmonics according to the corresponding open loop plant magnitude. For large plant magnitudes, asymptotic rejection of a harmonic can be sought. For small plant magnitudes there is a natural tendency to attenuate harmonics which can be preserved in the closed loop. For magnitudes in an intermediate range asymptotic attenuation can be sought to a level suggested by Proposition 2. For the transient response, it is clear that some departure from optimal robustness is required, at least if asymptotic rejection is required within the plant bandwidth. The extent of such compromises and the interaction of transient requirements at different frequencies requires further investigation.

One possible design approach is to consider the H_∞ loop-shaping method with a weighting function of the form:

W (s) = W_1(s) s + γ_0 s n∏ k=1 s^2 + β_ks + γ_k s^2 + δ_ks + ω^2_k .

where W_1(s) is an ordinary loop-shaping weight and δ_k = 0 for some lower harmonics. This gives an approximate approach with the potential for a reasonable trade-off between the factors mentioned above.

Proofs of Propositions. Propositions 1 and 2 use some standard facts on H_∞ boundary interpolation and Proposition 2 uses some bounds of [11, Theorem V.2]. Proposition 3 uses some standard facts on H_∞ optimal interpolants and a normal families argument.

3 Other work on repetitive control

The reader is referred to [7] for further references as well as for questions of robustness, adaptation to unknown frequency periods and several applications. We mention work on stability conditions and synthesis methods in [5], [6] and [12]. For discrete time approaches see [10] and the references therein. A sampled-data repetitive control design methodology, in which inter-sample behaviour was taken into account, can be found in [9].

References [1] M.K.K. Cevik and J.M. Schumacher, The Regulator Problem with Robust Stability, Automatica, 31, (1995), 1393-1406.

[2] B.A. Francis and W.M. Wonham, The Internal Model Principle of Control Theory, Automatica, 12, (1976), 457-465.

[3] T.T. Georgiou and M.C. Smith, w-Stability of feedback systems, Sys. Cont. Let., 13, (1989), 271-277. [4] T.T. Georgiou and M.C. Smith, Optimal Robustness in the Gap Metric, IEEE Trans. Auto. Contr., 35, (1990), 673-686.

[5] S. Hara, T. Omata and M. Nakano, Synthesis of Repetitive Control Systems and its Application, Proc. of 24th CDC, (1985), 1387-1392.

[6] S. Hara, Y. Yamamoto, T. Omata and M. Nakano, Repetitive Control System: A New Type Servo System for Periodic Exogenous Signals, IEEE Trans. Auto. Contr., 33, (1988), 659-668. [7] G. Hillerström, On Repetitive Control, Ph.D. Thesis, Luleå Univ. of Tech., Sweden, (1994). [8] T. Inoue, M. Nakano and S. Iwai, High Accuracy Control of Servomechanism for Repeated Contouring, 10th Annual Symposium on Incremental Motion Control Systems and Devices, (1981), 285-292. [9] A. Langari and B.A. Francis, Sampled-Data Repetitive Control Systems, Research Report No. 9403, System Control Group, Univ. of Toronto, (1994). [10] M. Tomizuka, K.-K. Chew and T.-C. Tsao, Discrete-time Domain Analysis and Synthesis of Repetitive Controllers, Proc. of ACC, (1988), 860-866. [11] G. Vinnicombe, Measuring the Robustness of Feedback Systems, Ph.D. Thesis, Univ. of Cambridge, U.K., (1993).

[12] Y. Yamamoto, Learning Control and Related Problems in Infinite-dimensional Systems, Essays on Control: Perspective in the Theory and its Applications, (1993), Birkhäuser, 191-222.