Approximation of Linear Parameter-Varying Systems

G.D. Wood�, P.J. Goddard and K. Glover

Department of Engineering, University of Cambridge, Cambridge CB2 1PZ, United Kingdom.

Abstract Two well known LTI approximation methods – balanced truncation and optimal Hankel norm approximation – are extended to the LPV framework. Quadratic stability of the approximants and generalisations of known LTI error bounds are examined. The concept of the graph operator of an LPV system is discussed. We show how, by approximating the graph operator, the state-dimension of models that are not quadratically stable may be reduced.

1 Introduction The trade-off between model accuracy and model simplicity is a central theme of model-based control theory. For linear finite-dimensional systems a natural measure of complexity is the state-dimension of a minimal realisation representing the given system. Since optimal control techniques, such as LQG and H∞ synthesis, generally produce controllers with the same state-dimension as the models from which they are designed it is evident that the use of these design techniques on models having a high state-dimension will produce controllers having a high state-dimension.

In this paper we examine a number of approximation techniques in the light of recent advances in the control of linear parameter-varying (LPV) systems [2, 3, 4, 7, 8]. A drawback of LPV controller synthesis is that the computational requirements increase rapidly as a function of the state-dimension [2], even more so than for LTI controller synthesis. Hence it is important that the state-dimension be kept as low as possible. This motivates the development of approximation techniques for LPV models.

In the sequel we introduce the concept of a balanced LPV model, and study those approximation techniques which rely on system balancing – namely balanced truncation and optimal Hankel norm approximation. We demonstrate that many, although by no means all, of the concepts from approximation of LTI systems carry over into the LPV framework. For LPV model approximation we see that it is possible to bound the approximation error from above. However, unlike LTI approximation, the existence of a (non-zero) lower bound has yet to be proven. And although the Hankel norm approach considered here for LPV approximation has its foundations in LTI optimal Hankel norm approximation, an interpretation of it being optimal in any sense is no longer clear.

We begin by defining LPV systems and some of their important properties in Section 2. Balanced realisations for LPV systems are introduced in Section 3. In Sections 4 we extend the standard LTI technique of balanced trunctation and provide an error bound for the truncation procedure. In Section 5 a Hankel approach is motivated on the basis that it gives the same error bound. Then in Section 6 we study

∗All correspondence, e-mail : gdw@eng.cam.ac.uk

the graph operator of an LPV system, showing how it may be used for approximating LPV systems which are not quadratically stable. Important computational issues are discussed in Section 7. Where results are stated without proof, the proof may be found in [15].

2 Preliminaries Linear parameter-varying systems are a special class of timevarying systems where the time dependence enters the state equations through one, possibly more, exogenous parameters. (For a comprehensive discussion of LPV systems and their properties see [2, 4, 7] and the references therein.) Consider a system which has a state-space realisation given by ẋ(t) = A(ρ(t))x(t) + B(ρ(t))u(t) y(t) = C(ρ(t))x(t) + D(ρ(t))u(t) (1) where A : R^s → R^{n×n}, B : R^s → R^{n×m}, C : R^s → R^{p×n} and

D : R^s → R^{p×m} are continuous functions of the parameter

vector ρ ∈ R^s. Note that there is no assumption that the parameter dependence exhibited by the state-space matrices is linear.

Definition 2.1 Define the set of feasible parameter trajectories Fρ to be a subset of all piecewise continuous functions C^0 : R→ R^s according to Fρ^△= {ρ(t) : R→ R^s, ρi_{min} ≤ ρi ≤ ρi_{max} , i = 1, 2 . . . s}. Continuity of the state-space matrices implies boundedness on compact subsets of R^s and this ensures that for each ρ(t) ∈ Fρ the state transition matrix, denoted Φρ(t, τ), is unique and continuous.

Definition 2.2 Given a state-space representation of an LPV system the linear operator Pρ : L^+_{2,e} → L^+_{2,e}, u(t) → y(t) is defined as y(t) = ∫_t 0 C(ρ(t))Φρ(t, τ)B(ρ(τ))u(τ)dτ + D(ρ(t))u(t). Definition 2.3 The LPV system Pρ with state-space matrices given by equation (1) is quadratically stable if there exists a real positive-definite matrix P = P^T > 0 such that A^T (ρ)P + P A(ρ) < 0 ∀ ρ(t) ∈ Fρ. Next we define the notions of quadratic stabilisability, detectability and performance for an LPV system.

Definition 2.4 The LPV system Pρ with state-space matrices given by equation (1) is quadratically stabilisable if there exists a continuous matrix function F (ρ) : R^s → R^{m×n}, and a constant positive-definite matrix P , such that (A(ρ) + B(ρ)F (ρ))^T P + P (A(ρ) + B(ρ)F (ρ))) < 0 ∀ ρ(t) ∈ Fρ. The dual definition of quadratic detectability is made in terms of a stabilising output injection. 1

Proposition 2.5 The LPV system Pρ with state-space matrices in equation (1) is quadratically stable and satisfies, ‖Pρ‖i,2 = sup_{ρ(t)∈Fæ} sup u(t)∈L+2 ‖Pρu‖2 ‖u‖2 ≤ γ, if there exists a constant positive-definite matrix X such that

XA(ρ) + A^T (ρ)X + C^T (ρ)C(ρ) + (XB(ρ) + C^T(ρ)D(ρ)) × (γ^2 I−D^T (ρ)D(ρ))^{−1}(B^T (ρ)X+D^T (ρ)C(ρ)) < 0, ρ(t) ∈ Fρ. 3 Balancing of LPV systems We now present two results which provide a geometric interpretation of LPV systems and an intuitive basis for their balancing.

Theorem 3.1 Given a continuous state-space realisation of an LPV system Pρ, an initial state x(t0) = x0 and a constant matrix Q = Q^T > 0 satisfying A^T (ρ)Q + QA(ρ) + C^T (ρ)C(ρ) < 0 ∀ ρ(t) ∈ Fρ, (2) then

i. the LPV system Pρ is quadratically stable; ii. when u(t) = 0 for all t ≥ 0 the energy in the output signal is bounded, from above, according to

‖y‖^2 < x^T_0 Qx0 .

Next we consider the largest set of state vectors x(0) = x0 reachable with a unit energy input u(t) ∈ L^−_2 . Theorem 3.2 Given a continuous state-space realisation of an LPV system Pρ, an initial state x(t0) = x0 and a real constant matrix P = P^T > 0 satisfying A(ρ)P + P A^T (ρ) + B(ρ)B^T (ρ) < 0 ∀ ρ(t) ∈ Fρ, (3) then

i. the LPV system Pρ is quadratically stable; ii. the energy required to drive the system from x(−∞) = 0 to x(0) = x0 with the input u(t) ∈ L^−_2 is bounded, from below, according to

‖u‖^2 > x^T_0 P^{−1}x0.

Remark 3.3 Non-strict inequalities could be used in equations (2) and (3) with P ≥ 0 and Q ≥ 0. However, as shown by Beck et al. [1], such a system may be reduced (by truncation of states) to one satisfying equations (2) and (3) without any reduction error.

Henceforth we refer to a Q satisfying equation (2) as a parameter-varying observability Gramian and a P satisfying equation (3) as a parameter-varying controllability Gramian^1 .

Lemma 3.4 Given a continuous state-space realisation of an LPV system Pρ, an observability Gramian Q, a controllability Gramian P and a constant state transformation matrix T then Q̃ = T^T QT P̃ = T^{−1} P T^{−T}

are observability and controllability Gramians for the transformed system respectively.

1Observe that we have taken care to emphasise the inherent lack of uniqueness in the solutions of equations (2) and (3). If Q satisfies equation (2) then so does αQ for any constant α ˘ 1. A similar conclusion holds for P .

Definition 3.5 Given an n-state quadratically stable LPV system Pρ, together with the Gramians P and Q, define σi = √ λi(QP ) σ1 ≥ σ2 ≥ . . . σn > 0. to be Qe singular values.

For LTI systems if we replace the inequalities by equalities then the Qe singular values are the unique input-output invariants referred to as Hankel singular values. Although not unique, the Qe singular values do provide useful insight into the input-output mapping of a given LPV system; in particular, they bound the mapping from past inputs to future outputs.

Proposition 3.6 The Qe singular values bound, from above, the following norm of the operator Pρ ‖Pρ‖H = sup_{ρ∈Fæ} sup u∈L�_2 ‖Π^+Pρu‖2 ‖u‖2 ≤ σ1. We can now define precisely what we mean by a balanced parameter-varying realisation.

Proposition 3.7 Given a continuous state-space realisation of an LPV system Pρ, an observability Gramian Q and a controllability Gramian P , then it is possible to find a constant state transformation matrix T such that the transformed Gramians P̃ = Q̃ = Σ. Σ is a diagonal matrix which has the Qe singular values arranged along its diagonal in descending order σ1 ≥ σ2 ≥ σ3 ≥ . . . σn > 0. Remark 3.8 Explicit rate bounds can be included in the model reduction formulation by making both P and Q parameter-dependent. In this case the existence of an analytic balancing transformation matrix^2 is less obvious. Details can be found in [15].

Definition 3.9 Given a continuous realisation of an LPV system and a balancing state transformation matrix T such that P̃ = Q̃ = Σ, define the balanced parameter-varying realisation as follows Pρ^s= [ T^{−1} A(ρ)T T^{−1} B(ρ) C(ρ)T D(ρ) ] . 4 LPV Balanced Truncation The balanced realisation introduced in the preceding section leads immediately to a balanced truncation procedure for parameter-varying systems.

Lemma 4.1 Assume Pρ is an n-state, quadratically stable, balanced LPV system partitioned as follows Pρ^s= A11 (ρ) A12(ρ) B1 (ρ) A21 (ρ) A22(ρ) B2 (ρ) C1(ρ) C2 (ρ) D(ρ) ,

where A11 ∈ R^{r×r}, A12 ∈ R^{r×(n−r)}, A21 ∈ R^{(n−r)×r}, A22 ∈ R^{(n−r)×(n−r)}, B1 ∈ R^{r×m}, B2 ∈ R^{(n−r)×m}, C1 ∈ R^{p×r} and C2 ∈ R^{p×(n−r)}. Then

P̂_ρ^s= [ A11(ρ) B1(ρ) C1 (ρ) D(ρ) ]

is an r-state, quadratically stable, balanced approximation to Pρ and ‖Pρ − P̂ρ‖i,2 ≤ 2 n∑ j=r+1 σj. 2When rate bounds are included the transformation matrix must be differentiable.

An equivalent result for balanced truncation of discrete Q-balanced systems is presented in [14, 1]. The proof follows similar lines to that presented in [16] for the LTI case. Proof: Consider the case where only those states corresponding to the smallest Qe-singular value are truncated. Since Pρ is balanced we have A(ρ) [ Σ1 0 0 σI ] + [ Σ1 0 0 σI ] A^T (ρ) + B(ρ)B^T (ρ) < 0 A(ρ)^T [ Σ1 0 0 σI ] + [ Σ1 0 0 σI ] A(ρ) + C^T (ρ)C(ρ) < 0.

Conformably partition Pρ with [ Σ1 0 0 σI ] such that

Pρ = A11(ρ) A12(ρ) B1(ρ) A21(ρ) A22(ρ) B2(ρ) C1 (ρ) C2 (ρ) D(ρ) and define

P̂_ρ^△= [ A11 (ρ) B1(ρ) C1(ρ) D(ρ) ] . Then it is trivial to show that Σ1 satisfies both the controllability and observability Lyapunov inequalities for P̂ρ and hence P̂ρ is quadratically stable. To prove the error bound, define Eρ^△= Pρ − P̂ρ

= A11(ρ) 0 0 B1(ρ) 0 A11(ρ) A12 (ρ) B1(ρ) 0 A21(ρ) A22 (ρ) B2(ρ) −C1 (ρ) C1 (ρ) C2(ρ) 0 .

Then use the matrices

T^{−1} = 1 2 I^1_2 I 0 1 2 I −^1_2 I 0 0 0 I and T = I I 0 I −I 0 0 0 I

to perform a state transformation on Eρ to obtain

Eρ = A11 (ρ) 0^1_2 A12(ρ) B1 (ρ) 0 A11(ρ) −^1_2 A12(ρ) 0 A21 (ρ) −A21(ρ) A22(ρ) B2 (ρ) 0 −2C1 (ρ) C1 (ρ) 0 △ = [ Ae(ρ) Be(ρ) Ce(ρ) De(ρ) ] . We need to show that ‖Eρ‖i,2 ≤ 2σ, or equivalently, by Lemma 2.5, that there exists a matrix Pe = P^T_e > 0 such that Ae(ρ)Pe + PeA^T_e (ρ) + Be(ρ)B^T_e (ρ) + 1 4σ^2 PeC^T_e (ρ)Ce(ρ)Pe < 0. We’ll now show that a suitable choice is Pe = Σ 0 0 0 σ^2 Σ^{−1} 0 0 0 2σI .

Firstly, note that with this choice of Pe 1 2σ PeC^T_e (ρ) = 0 −σΣ^{−1}C^T_1 (ρ)

σC^T_2 (ρ) .

Now, using matrix manipulation, it is simple to show that Ae(ρ)Pe+PeAe(ρ)+Be(ρ)B^T_e (ρ)+ 1 4σ^2 PeC^T_e (ρ)Ce(ρ)Pe = I 0 0 0 0 I { A(ρ)P + P A^T (ρ) + B(ρ)B^T (ρ) } [ I 0 0 0 0 I ]

+ 0 0 I 0 0 I { A^T (ρ)Q + QA(ρ) + C^T (ρ)C(ρ) } [ 0 I 0 0 0 I ]

which by assumption is negative definite. Therefore the chosen Pe satisfies the requirements and we have ‖Pρ − P̂ρ‖i,2 ≤ 2σ. The general error bound for truncation of more than just the states corresponding to the smallest Qe-singular value results from recursive use of the above procedure. �

Corollary 4.2 The balanced model approximant P̂ρ of a quadratically stable LPV system Pρ is itself balanced.

Remark 4.3 The above procedure is amenable to the frequency weighting procedure proposed by Enns [5] for LTI systems. The weights can be used to filter the input and output spaces to emphasis specific frequency ranges of interest, see [15].

5 Hankel Norm Approach Motivated by the standard LTI optimal Hankel norm approximation procedure [9], we propose a similar reduction scheme for LPV systems. However, we stress that unlike its LTI counterpart, the interpretation of this scheme as being optimal in any sense isn’t clear. We retain this name because we use similar manipulations to the LTI counterpart and the result reduces to the LTI result when the plant under consideration is purely LTI.

Lemma 5.1 Assume Pρ, of state-dimension n, is quadratically stable and balanced such that

A(ρ)P + P A^T (ρ) + B(ρ)B^T (ρ) < 0

A^T (ρ)Q + QA(ρ) + C^T (ρ)C(ρ) < 0

where

P = Q = [ Σ1 0 0 σI ] > 0 with Σ1 ∈ R^{k×k} diagonal (k < n) and σ ≠ 0. Now augment B(ρ), C(ρ) and D(ρ) such that Ba(ρ) = [ B(ρ) B̃a(ρ) ] Ca(ρ) = [ C(ρ) C̃_a(ρ) ]

satisfy

A(ρ)P + P A^T (ρ) + Ba(ρ)B^T_a (ρ) = 0

A^T (ρ)Q + QA(ρ) + C^T_a (ρ)Ca(ρ) = 0

and Da(ρ) = [ D(ρ) 0 0 0 ] .

Conformably partition A(ρ), Ba(ρ), Ca(ρ) with P , as Aρ = [ A11(ρ) A12 (ρ) A21(ρ) A22 (ρ) ] Ba(ρ) = [ Ba1 (ρ) Ba2 (ρ) ]

Ca(ρ) = [ Ca1(ρ) Ca2 (ρ) ] and define

Â(ρ)^△= Γ^{−1}(σ^2 A^T_{11}(ρ) + Σ_1A_{11}(ρ)Σ_1 − σC^T_{a1} (ρ)U(ρ)B^T_{a1}(ρ))

B̂_a(ρ)^△= Γ^{−1}(Σ_1B_{a1}(ρ) + σC^T_{a1} (ρ)U(ρ))

Ĉ_a(ρ)^△= C_{a1} (ρ)Σ_1 + σU(ρ)B^T_{a1}(ρ)

D̂_a(ρ)^△= D_a(ρ) − σU(ρ)

where U(ρ) is a unitary matrix satisfying Ba2(ρ) = −C^T_{a2}(ρ)U(ρ) and Γ is defined as

Γ^△= Σ^2_1 − σ^2I.

Then P̂ρ with realisation (Â(ρ), B̂(ρ), Ĉ(ρ), D̂(ρ)) has statedimension k, is quadratically stable and satisfies ‖Pρ − P̂ρ‖i,2 ≤ σ where B̂(ρ), Ĉ(ρ) and D̂(ρ) are obtained from conformably partitioning, B̂a(ρ), Ĉa(ρ) and D̂a(ρ) with Ba(ρ) and Ca(ρ) as B̂_a(ρ) = [ B̂(ρ) B̂_{a2}(ρ) ] Ĉ_a(ρ) = [^ C(ρ) Ĉ_{a2} (ρ) ]

D̂_a(ρ) = [^ D(ρ) D̂12(ρ) D̂_{21}(ρ) D̂_{22}(ρ) ] . Proof: Theorem 6.3 of [9] gives that the error between the two systems with state matrices (A(ρ), B(ρ), C(ρ), Da(ρ)) and (Â(ρ), B̂a(ρ), Ĉa(ρ), D̂a(ρ)) as σ. The result follows by noticing that Pρ − P̂ρ is a submatrix of the above error. �

Remark 5.2 In general, the matrix U(ρ) will be a complex function of ρ. Hence the approximation will potentially be a complex function of ρ and difficult to write explicitly. Indeed, the complexity introduced by this formulation may exceed any gains obtained by reducing the order.

6 Approximation in the graph topology A limitation with the techniques developed thus far is that the model to be approximated must be quadratically stable. If Pρ is not quadratically stable then it cannot be approximated using the machinery of previous sections. The extension of balanced truncation to approximation of unstable LTI systems by approximating the symbol of the system’s graph has been studied by a number of authors. In this section we extend some of the standard results on coprime factorisation of LTI systems to parameter-varying systems. In so doing we construct a symbol for the system’s graph which can be approximated using the machinery already developed. For this purpose any coprime factorisation would suffice but we concentrate on what we call a contractive coprime factorisation (CCF). This is analogous to the normalised coprime factorisation of LTI systems and its extension to LTV systems in [13]. For LPV systems we cannot satisfy a normalisation condition for all feasible parameter trajectories, hence the notion of a contractive coprime factorisation. We mention that there is an attractive duality between the Gramians of a CCF and the solutions of certain Riccati inequalities. This duality has been exploited to develop an efficient technique for reduced order controller synthesis in [15].

Definition 6.1 Let SF denote the ring of all causal, quadratically stable, finite-dimensional LPV systems defined on the underlying feasible parameter set Fρ. Denote by S^−_F the elements in SF that have causal inverses.

Our objective is to obtain a coprime factorisation of the LPV system Pρ over the ring SF .

Lemma 6.2 Let Pρ have a continuous, quadratically stabilisable and quadratically detectable state-space realisation and let F (ρ) and L(ρ) be stabilising parameter-dependent state feedback and output injection matrices. Ignoring ρ dependence define [ Nρ Ỹρ Mρ X̃ρ ]_△ = A + BF B −L C + DF D I F I 0 [ Xρ Yρ M̃_ρ −Ñ_ρ ]_△ = A + LC L −(B + LD) F 0 I C I −D ,

then [ Xρ Yρ M̃_ρ −Ñ_ρ ] [ Nρ Ỹρ Mρ X̃ρ ] = I.

Definition 6.3 Let Nρ ∈ SF , Mρ ∈ S^−_F have the same number of columns. The ordered pair [Nρ, Mρ] represents a contractive right coprime factorisation (CRCF) of Pρ over SF , if i. Pρ = NρM^{−1}_ρ ;

ii. there exist Xρ, Yρ ∈ SF such that XρNρ + YρMρ = I;

iii. [N^T_ρ M^T_ρ ]^T is a contraction in the following sense

sup_{ρ∈Fæ} sup {u∈L+2 :‖u‖2≤1} ‖ ‖ [ Nρ Mρ ] u ‖ ‖ i,2 ≤ 1.

Definition 6.4 Define the contractive right graph symbol Gρ : L^+_2 → L^+_2 ⊗ L^+_2 of the LPV system Pρ as follows Gρ^△= [ Nρ Mρ ] , where [Nρ, Mρ] is a CRCF of Pρ.

It should be immediately obvious that Gρ generates the set of all stable input-output pairs of the given LPV system by allowing Gρ to act on the whole of L^+_2 .

Theorem 6.5 Let Pρ have a continuous, quadratically stabilisable quadratically detectable realisation, then a contractive right graph symbol of Pρ is given by

Gρ^△= A(ρ) + B(ρ)F (ρ) B(ρ)S^{− 12} (ρ) C(ρ) + D(ρ)F (ρ) D(ρ)S^{− 12} (ρ) F (ρ) S^{− 12} (ρ) , (4) where F (ρ) = −S^{−1} (ρ)(B^T (ρ)Z1 + D^T (ρ)C(ρ)), S(ρ) = I + D^T (ρ)D(ρ), R(ρ) = I + D(ρ)D^T (ρ) and Z1 is a constant solution of the generalised control Riccati inequality (GCRI) (A(ρ)−B(ρ)S^{−1}(ρ)D^T (ρ)C(ρ))^T Z1+Z1 (A(ρ)−B(ρ)S^{−1}(ρ)× D^T (ρ)C(ρ)) − Z1 B(ρ)S^{−1}(ρ)B^T (ρ)Z1(ρ) + C^T (ρ)R^{−1}(ρ)C(ρ) < 0 ∀ρ(t) ∈ Fρ. (5)

Remark 6.6 The Hermitian square root of S(ρ) in equation (4) is usually obtained through singular value decomposition. If D(ρ) ≠ 0 then it may be necessary to use the methods in [10] to ensure that S^{12} (ρ) is continuous. That said, if the coprime factors are only being generated for the purpose of model reduction, careful examination of subsequent formulae shows that it is not necessary to explicitly compute S^{12} (ρ).

Lemma 6.7 Let Pρ have a continuous, quadratically stabilisable and a quadratically detectable realisation, and let the ordered pair [Nρ, Mρ] represent the CRCF of Pρ given in equation (4). Then

Q = Z1 and P = (I + Z2 Z1)^{−1}Z2

are observability and controllability Gramians for the given realisation. Here Z1 solves GCRI and Z2 solves the generalised filtering Riccati inequality (GFRI) given by (A(ρ)−B(ρ)D^T (ρ)R^{−1}(ρ)C(ρ))Z2+Z2(A(ρ)−B(ρ)D^T (ρ)× R^{−1}(ρ)C(ρ))^T − Z2C^T (ρ)R^{−1}(ρ)C(ρ)Z2 + B(ρ)S^{−1} (ρ)B^T (ρ) < 0 ∀ρ(t) ∈ Fρ, where R(ρ) = I + D(ρ)D^T (ρ), S(ρ) = I + D^T (ρ)D(ρ).

Definition 6.8 Given the CRCF of the n-state system Pρ in equation (4), a controllability Gramian P , an observability Gramian Q, together with a balancing state transformation matrix T such that the transformed Gramians P̃ = Q̃ = Σ are diagonal, define a balanced parameter-varying CRCF as

Gρ^s= Ā(ρ) + B̄(ρ)F̄(ρ) B̄(ρ)S^{− 1}2 (ρ) C̄(ρ) + D(ρ)F̄ (ρ) D(ρ)S^{− 1}2 (ρ) F̄ (ρ) S^{− 1}_2 (ρ) , Ā(ρ) = T^{−1} A(ρ)T, B̄(ρ) = T^{−1} B(ρ)

C̄(ρ) = C(ρ)T, F̄ (ρ) = −S^{−1}(ρ)(B̄^T Σ + D^T (ρ)C̄(ρ)).

Definition 6.9 Ignoring ρ dependence, partition the balanced CRCF of the n-state graph symbol in definition 6.8 according to

Gρ^s= Ā_{11} + B̄_1F̄_1 Ā_{12} + B̄_1F̄_2 B̄_1S^{− 1}2 Ā_{21} + B̄_2F̄_1 Ā_{22} + B̄_2F̄_2 B̄_2S^{− 1}2 C̄_1 + DF̄_1 C̄_2 + DF̄_2 DS^{− 1}2 F̄_1 F̄_2 S^{− 1}2

, (6)

where Ā11 ∈ R^{r×r}, Ā12 ∈ R^{r×(n−r)}, Ā21 ∈ R^{(n−r)×r}, Ā22 ∈ R^{(n−r)×(n−r)},^¯B1 ∈ R^{r×m},^¯B2 ∈ R^{(n−r)×m},^¯C1 ∈ R^{p×r},^¯C2 ∈

R^{p×(n−r)},^¯F1 ∈ R^{m×r} and^¯F2 ∈ R^{m×(n−r)}. Let^^Gρ, of state-

dimension r, be obtained by truncating Gρ as follows

Ĝ_ρ^s=

Ā_{11} + B̄_1F̄_1 B̄_1S^{− 1}2 C̄_1 + DF̄_1 DS^{− 1}2 F̄_1 S^{− 1}2 . (7)

We define Ĝρ to be a balanced fractional approximant of the system’s graph symbol Gρ, and we associate with Ĝρ the following r-state model

P̂_ρ = [¯ A11 B̄1 C̄_1 D ] . Lemma 6.10 Given the LPV system Pρ, Z1 satisfying GCRI and Z2 satisfying GFRI, then we have already shown (Lemma 6.7) that Q = Z1 and P = (I + Z2Z1 )^{−1}Z2 are observability and controllability Gramians for the realisation of the CRCF given in equation (4). If the realisation in equation (4) is subsequently balanced and truncated to give the balanced fractional approximant in equation (7), then

Ẑ_1 = Σ_1 and Ẑ_2 = (I − Σ^2_1)^{−1}Σ_1

satisfy GCRI and GFRI for the reduced-order model given by

P̂_ρ = [¯ A11(ρ) B̄1(ρ) C̄_1 (ρ) D(ρ) ] . (8)

Corollary 6.11 The r-state model approximant

P̂_ρ = [¯ A11(ρ) B̄1(ρ) C̄_1 (ρ) D(ρ) ]

is detectable and a stabilising output injection is given by L = −(B̄1D^T + Ẑ2C̄^T_1 )R^{−1}.

Theorem 6.12 Let Gρ, of state-dimension n, be balanced and let Ĝρ, of state-dimension r, be obtained by truncating Gρ. Then Ĝρ is itself balanced and represents a CRCF over SF of the r-state model

P̂_ρ = [¯ A11(ρ) B̄1(ρ) C̄_1 (ρ) D(ρ) ] . (9)

Once again, balanced truncation of the system’s graph symbol has an immediate physical interpretation. Essentially, we are removing those states which do not contribute strongly to the input-output mapping of Gρ. This implies that we are trying to keep the graph of P̂ρ close to the graph of Pρ, which is arguably the correct setting for approximation since the concept of the graph topology and the gap between systems is not restricted to LTI systems ([6],[13]). In fact, for time-varying systems it is shown in [12] that the graph topology is still the weakest topology in which feedback is a robust property.

7 Computational issues In this section we outline a computational procedure for finding a controllability Gramian and an observability Gramian for a given parameter-dependent system. The objective of making the Qe singular values small is shown to result in an optimisation problem that involves convex constraints and a non-convex cost function. In order to deal with the lack of convexity in the cost function we show how the LPV Gramians can be obtained by starting with the LTI Gramians, the latter being used as weights in weighted optimisation which is locally convex. Unless the parameter dependence is polytopic we are required to find a solution to two linear matrix inequalities while satisfying an infinite number of constraints. The approach we take is to satisfy the inequalities on a suitably dense grid covering the parameter space, which then allows us to exploit the continuity properties of the plant matrices to ensure that the inequalities are satisfied everywhere. Given bounds on the range of parameter variation we need to find a constant matrix P = P^T > 0 and a constant matrix Q = Q^T > 0 satisfying A^T (ρ)Q + QA(ρ) + C^T (ρ)C(ρ) < −δ^2I ∀ρ(t) ∈ Fρ (10) A(ρ)P + P A^T (ρ) + B(ρ)B^T (ρ) < −δ^2 I ∀ρ(t) ∈ Fρ, (11) for some δ^2 > 0. The small constant δ allows the feasibility of the solutions at the grid points to be extended to the entire parameter space. With P and Q constant, solution of equation (10) and equation (11) at a set of grid points becomes a convex feasibility problem for which there exist powerful numerical techniques [4] that are guaranteed to find a feasible solution. From a model-reduction perspective we want to do rather more than just find solutions to the Lyapunov inequalities. What we really want is to find solutions to equation (10) and equation (11) and simultaneously minimise the r smallest eigenvalues of P Q. Equivalently we would like to minimise J = trace(P Q). Minimising J subject to the constraints given by equation (10) and equation (11) constitutes a constrained optimisation with convex constraints but with a non-convex cost function. As an alternative we suggest the following iterative scheme.

Procedure 7.1 .

i. Find Q1 which satisfies equation (10) and minimises J1 = ∑ k trace(Q1 P0(ρk)), where P0(ρk) represents the LTI controllability Gramian at the grid point ρk.

ii. Solve for P1 which satisfies equation (11) and minimises J2 = trace(P1Q1).

iii. Solve for Q2 which satisfies equation (10) and minimises J3 = trace(Q2 P1).

iv. Repeat steps ii. and iii. until the decrease in the cost function satisfies an appropriate convergence criterion.

For certain systems it may help to invert the LMIs so that instead of solving for P and Q we solve for their inverses. The reason for doing this is to ensure that the smallest Qe singular values contribute most to the cost function. Observe that in the first step of the iteration the cost function is weighted using the LTI controllability Gramian. So in a sense we are looking for Gramians that satisfy the LPV Lyapunov inequalities and are close the the LTI Gramians. Computational experience has shown that this greatly increases the speed of convergence. The optimisation is locally convex (but not globally convex) so it is possible to find a global minimum at each step in the iteration before moving to the next step in the procedure. However, we cannot guarantee that the procedure will find the global minimum of the non-convex cost function.

8 Conclusions In this paper we have shown that the LTI model approximation techniques of balanced truncation, optimal Hankel norm approximation and approximation of the graph operator may be extended to an LPV framework. (Although the Hankel approach is no longer optimal in any sense.) These results complement many recent results on the synthesis of controllers for LPV plants. However, since balanced parameter varying realisations are far from unique, caution must be shown when applying the techniques to ensure that the states being neglected do indeed contribute little to the input-output response.

References [1] C. Beck, J.C. Doyle and K. Glover. “Model Reduction of Multi-Dimensional and Uncertain Systems”, Preprint, 1994.

[2] G.S. Becker, Quadratic Stability and Performance of Linear Parameter Dependent Systems, Phd dissertation, University of California at Berkeley, 1993.

[3] G. Becker and A. Packard, Robust Performance of Linear Parametrically Varying Systems Using Parametrically-Dependent Linear Feedback Systems and Control Letter, Vol. 23, 1994.

[4] S. Boyd, L. El Ghaoui, E. Feron and V. Balakrishnan, Linear Matrix Inequalities in System and Control Theory, SIAM Studies in Applied Mathematics, 1994.

[5] D. Enns, Model Reduction for Control Systems Design, Phd dissertation, Stanford University, 1984.

[6] A. Feintuch, The Gap Metric for Time-Varying Systems, Systems and Control Letters, Vol. 16, pp 277-279, 1991.

[7] P. Gahinet and P. Apkarian, A Linear Matrix Inequality Approach to H∞ Control, International Journal of Robust and Nonlinear Control, Vol.4, pp 421-448, 1994.

[8] P. Gahinet, A. Nemirovskii, A.J. Laub and M. Chilali, The LMI Control Toolbox, Beta-Release Version, The Mathworks Inc. Mass., November 1994.

[9] K. Glover, All Optimal Hankel Norm Approximations of Linear Multivariable Systems and their L∞ Error Bounds, Int. J. Control, Vol.39, pp 1115-1193, 1984.

[10] T. Kato, Perturbation Theory for Linear Operators, Springer Verlag, N.Y., 1966.

[11] D.G. Meyer, Fractional Balanced Reduction: Model Reduction via Fractional Representations, IEEE. Trans. Automat. Control, Vol.35, pp 1341-1345.

[12] A.M. Pascoal, R. Ravi and P.P. Khargonekar, The Graph Topology for Linear Plants with Application to Nonlinear Robust Stabilisation, IEEE. Trans. Automat. Control, Vol. 38, No. 2, 1993.

[13] R. Ravi, A.M. Pascoal and P.P. Khargonekar, Normalised Coprime Factorisations for Linear Time Varying Systems, Systems and Control Letters, Vol 18, pp 455-465, 1992.

[14] W. Wang, J.C. Doyle, C. Beck and K. Glover. “Model Reduction of LFT Systems”, Proceedings of the 30th IEEE CDC, 1991.

[15] G.D. Wood, Control of Parameter-Dependent Mechanical Systems, PhD Dissertation, University of Cambridge, 1995.

[16] K. Zhou, J.C. Doyle and K. Glover. Robust and Optimal Control, Prentice-Hall, 1996.