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Describing function

» Detects limit cycles in nonlinear feedback
systems.
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Describing function

» Detects limit cycles in nonlinear feedback
systems.

» Predicts amplitude, frequency and stability of
limit cycle.

» Approximate but reliable (usually).
» Relies on dow-pass assumption.
» Generalises Nyquist stability theorem.
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Nonlinear feedback system

NONLINEAR LINEAR

T o) LT ) [pO)

s Assumee(t) = E'sin(wt), andr(t) = 0.
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Nonlinear feedback system

NONLINEAR LINEAR
u(?)

s Assumee(t) = E'sin(wt), andr(t) = 0.
» u(t) is periodic — has Fourier series.
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Nonlinear feedback system

NONLINEAR LINEAR

T TR0

s Assumee(t) = E'sin(wt), andr(t) = 0.
» u(t) is periodic — has Fourier series.

s Assumey(s) is low-pass— y(t) has first
harmonic only.
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Nonlinear feedback system

NONLINEAR LINEAR

T TR0

s Assumee(t) = E'sin(wt), andr(t) = 0.
» u(t) is periodic — has Fourier series.

s Assumey(s) is low-pass— y(t) has first
harmonic only.

s Buty(t) = —e(t) — harmonic balance.
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u(t) = Uy + i(Uk sin(kwt) + Vj, cos(kwt)).

Lent 2011 A4AF2: Nonlinear Svstems and Control. Lectures 4-5 —pn. 4/20



u(t) = Uy + i(U’f sin(kwt) + Vj, cos(kwt)).

s 27 Jw
U = —/ f(E sin wt) sin wt dt
0

T
1 2T

= — f(Esin ) sin 6 db

™ Jo
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u(t) = Uy + i(U’f sin(kwt) + Vj, cos(kwt)).

s 27 Jw
U = —/ f(E sin wt) sin wt dt
0

T
1 2T

= — f(Esin ) sin 6 db

™ Jo

1 2T

Vi=— f(Esinf)cos 6 db.

™ Jo
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Har monic balance
Suppose that

u(t) = U, sin(wt) 4+ Vi cos(wt) = Im(U; + jV;)e’™"
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Har monic balance
Suppose that

u(t) = U, sin(wt) 4+ Vi cos(wt) = Im(U; + jV;)e’™"
In steady-state:

y(t) — Im[g(jw)([]l i j‘/l)ejwt]
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Har monic balance
Suppose that

u(t) = U, sin(wt) 4+ Vi cos(wt) = Im(U; + jV;)e’™"
In steady-state:

y(t) = Im[g(jw)(Ur + jV1)e’]
But

0= y(t)+e(t)
= 0= Im|[(¢g(jw)(U; + jV1) + E)e’*"] = 0
= 0= g(jw)(U1+V)+ E.
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Describing function

Define
Ui+

E

N(E)
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Describing function
Define
_ Ui +W

N(E) ===

Then
0=g(jw)(Us+jVi)+ E

IS the same as

g(Jw) = N(E)
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Describing function
Define
U+ 3V

N(B) = ——

Then
0=g(jw)(Us+jVi)+ E

IS the same as

g(Jw) = N(E)

Think of N(FE) asequivalent linear gain.

Compare with Nyquisty(jw) = .
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Graphical interpretation

Im
| Arrows denote
. Re direction of
, Increasingw and
_ B A
N(E)

g(jw)
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Stability of limit cycle

Im

9(i)

Prediction: STABLE

Lent 2011

7 |- T
N '

Im

7 |- R
~ ' Re
. . . - 1
N '

- g(jw)
Prediction: UNSTABLE
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DF of relay nonlinearity
f(e) = sign(e)
sign(sin(wt)) is odd. Hencéd/; = 0.

1 2T
— / sign(F sin @) sin 0 d6,
0

Ui

T

1 T 1 2T
/ Siﬂ@d@——/ sin 6 d6@
0 T Jr

;
4
s

Hence
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DF of polynomial nonlinearity

fle)=¢"  (nodd)
2 —1 n—1 mn
_ = _1)("57—k) : _
sin” 0 = o Z( 1) (k) sin(|n — 2k|6)
k=0
Last term . = ”71 gives fundamental component.
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DF of polynomial nonlinearity

fle)=¢"  (nodd)
2 ;1 n—1 mn
_ = _1)("57—k) : _
sin” 0 = o Z( 1) (k) sin(|n — 2k|6)
k=0
Last term . = ”Tl gives fundamental component.

Example,n = 3: (Maths Databook)

1
(Esinf)’ = E° (2 sin § — 1 Siﬂ(S@))

= 3V, = 0, hence N(E) = 3£ |
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Piecewise-linear non-linearity

f(e)
m15 """""" g 19
iy —
) e
"""""" —m15

maeif |e| <9
fle) =< (m1 —mg)d+meeife>4
(mg —mq)d + meeif e < —6
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AgainV; = 0.
E < 0! U, = %foﬂmlESiHQQd(g = m B
E > 0:

4 /2
—/ f(Esin@)sin 6 do,
T Jo

4 sin”™!(6/E)
= — / mq E sin? 0 df+
0

T

U =

/2
- / ((m1 —mg)d + maeE sin @) sin 6 d
sin™'(§/F)
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sin”!(6/F)

2m1 B 1
U, = ™ {9 — — Sin(QH)} +
T 2 0
4(7722 — m1)5 7r/2
- [cos 0] -1 5/m) T
2o E 1 /2
e {9 = Sin(QH)}
T sin~'(6 /)
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Using COS(Sm b2) = V1 — 22 and
sin(2sin”' z) = 22v/1 — 22 gives:

2mi —mo)E | . 0 0 0

U1: ( 1 - 2) <in 1(E) | E(l_(E)2)1/2
+ mo &

Hence

)
m17 |f E < 5
N(E) =
Y= ) [ 12 4+ 21— (2))12] 4 my

if £ >0
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Relay with hysteresis

fle)| n I(e)

N

f+/(€) e

Nonlinearitywith memory.
AssumeE > o.
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1 3m/2
N(E>:7T—E/ , f(Esinf)(sinf + j cos ) db

Note limits of integration.

1 /2
N(FE) fr(Esinf)(sinf + jcosf) d+

T TE .

1 3m/2

— o f-(Esinf)(sin€ + jcosf) db
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Real part of N(FE)

Letry = E'sinf, dv = F cos @ db.
Notecosf > 0if —7/2 < 0 < /2,

andcosf < 0if 7/2 < 6 < 37/2.

dv
E\/l — (v/E)?

dv
/ - E\/l— (v/E)?
= —/ S+ () + [ )]( )E\/Iiiyy/ﬂ

ReN(E) = / folv
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Imaginary part of N(FE)

MN(E) — / folv / %Y

|
:'v
Kﬁ
t

<
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N(FE) for therelay

@ E v dy
7B J; BL/1= (]B)

iR [0
Tk

-4 (5 -4)

ReN(E) =

hence
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Estimates of the DF

» Example: Piecewise-linear nonlinearity:
my < N(E) < my
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Estimates of the DF

» Example: Piecewise-linear nonlinearity:
my < N(E) < my
» Example: Relay with dead-zone:

—1, fe< =)
fle)=4¢ 0, ifle|<d
+1, ife>0o

N (FE) increases rapidly foe| just above), then
falls towards O.
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