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Abstract. Wiener-typed nonlinear systems with hard input constraints are ubiq-
uitous in industrial processes. However, because of the complex structure, there 
are only few achievements on the control algorithm for constrained Wiener-
typed system. An improved dual-mode control algorithm is put forward. Firstly, 
Zeroin Algorithm is applied to obtain the inverse of the static nonlinear block of 
the Wiener-typed nonlinear system. Then, we define the invariant ellipsoid sets 
for estimated state and estimated error respectively, and guarantee the feasibil-
ity, stability and convergence of this algorithm by the theory of invariant set 
combined with Dual-Model approach[1]. In contrast to traditional algorithms, 
this one has the advantages of larger initial stable region in state space and 
higher tracking accuracy. Finally, the feasibility and superiority of the proposed 
algorithm are validated by case studies. 

1   Introduction 

During a lot of real industrial processes such as distillation[2], pH neutralization con-
trol [3,4], hydro-control, and chemical reaction system[5], there widely exists a type of 
nonlinear system which can be described by Wiener model. This model consists of a 
linear dynamic element followed by a static nonlinear element [2]. Wiener models 
correspond to processes with linear dynamics associated with general nonlinear op-
erators. In recent years, the control of Wiener-typed nonlinear systems has become 
one of the most important and difficult tasks in nonlinear control field[2-5]. 

In recent years, Suny and Lee[6] worked over the method approaching nonlinear 
element with polynomials based on the suggestion that the output of linear block 
should be feasible. However, in practical industrial control, this assumption can not 
always be satisfied. In 1997[2], Kalafatis and Wang proposed a method identifying the 
two parts of Wiener model at the same time, but an assumption must be satisfied that 
the inverse of the nonlinear element can be approached by P order polynomials with 
satisfying precision, which is its limitation. Thus, it can be concluded that most of the 
existing control algorithms for Wiener-typed nonlinear systems have some limitations 
more or less, and there are few achievements on dealing with hard input constraints so 
far. Therefore, it is valuable to find a solution for this problem. In 2000[8], Yang et al 
proposed an approach based on dual-mode algorithm to control a Hammerstein-typed 
nonlinear system with hard input constraints, and gained excellent control  
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performances. Nevertheless, because of the complexity of Wiener-typed nonlinear 
systems, they have not taken into account about the hard input constraints them. In 
this paper, based on Yang’s idea[1,8,9], an improved output feedback control method is 
presented.  The main contribution of this paper is that, for constrained Wiener-typed 
system, Dual-mode control approach [9] is imported to effectively enlarge the closed-
loop stable region.  

This paper is organized as follows. In section 2, the problem descriptions in Z-
domain and state space are given. The algorithm for systems subjected to constraints 
is presented in sections 3, and the stability and convergence analyses are also given in 
this section. In section 4, simulation results are shown, which validate the feasibility 
and superiority of these proposed algorithms. Finally, conclusion remarks are drawn 
in section 5. 

2   Problem Description 

Wiener model consists of a linear dynamic element followed by a static nonlinear 
element. The discrete structure of this model is shown in figure 1. 

The difference equation is described as  
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where 1( )a z− and 1( )b z− are polynomials of 1z− , d is system’s time delay, )(⋅f is a 

static nonlinear function, )(ku , )(ky and )(kη are the input, output and output of 

dynamic linear block respectively. Assume the linear element of our Wiener-typed 
plant can be described by 

( ) ( ) ( )kBukAxkx +=+1 . (2) 

( ) ( )kCxk =η . (3) 

Now, the problems this paper addresses can be summarized as follows. If the prior 
knowledge of the static nonlinear block, whose inverse exists, is partially known at 
least, how to guarantee the closed-loop stability of Wiener-typed system with hard 

input constraints maxmin uuu ≤≤ ? Furthermore, how to enlarge the closed-loop 

stable region? 

3   Output Feedback Control for Constrained Wiener-Typed 
System 

The state observer is given by 

( ) ( ) ( ) ( ) ( )( )ˆ ˆ ˆ1x k Ax k Bu k L k Cx kη+ = + + − . (4) 
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where ( )x̂ k is the estimated state in k th sampling period, and 

( ) ( )( )kyfk Zeroin
1~ −=η , in which 1−

Zeroinf refers to the inverse of f calculated by 

Zeroin Algorithm[10]. The estimation state error is defined by  

( ) ( ) ( )ˆe k x k x k− . (5) 

Then, we can define the invariant ellipsoid sets of estimated state and estimated 
state errors as follows, respectively 

{ }ˆ ˆ ˆ| 1TS x x Px ≤ . (6) 

{ }2| T
e eS e e P e e≤ , 10 2 ≤≤ e . (7) 

where eP and P are positive definite square matrices. If ( ) ( ) eSkeSkx ∈∈ ,ˆ , in 

order to make these ellipsoid sets invariant, it is required that 

( ) ( ) 11ˆ1ˆ ≤++ kxPkxT and ( ) ( ) 21 1T
ee k P e k e+ + ≤ . 

For a Wiener-typed nonlinear system subjected to hard input constraints, i.e. 

maxmin uuu ≤≤ , we extend the estimated state ( )x̂ k by ( ) ( ) ( )[ ]Tn kdkdkD
d

,,1= . 

Thus, the state vector becomes ( ) ( ) ( )ˆˆ ,
TT Tz k x k D k⎡ ⎤= ⎣ ⎦ .  Then we can design the 

stable state feedback control law by 

( ) ( ) ( )kEDkxKku += ˆ . (8) 

where [ ]
dnE ×= 10,0,1 , ( ) ( ) ( )[ ]Tn kdkdkD

d
,,1= . Assume that      

( ) ( ) ( ) ( ) ( ),( )k k k Ce k kη η δ η δ η σ− = ≤⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦  ,  then substituting (8) to (4) yields            

( ) ( ) ( ) ( ) ( )ˆ ˆ1 1x k x k BED k LC e kδ+ = Ψ + + + ⋅⎡ ⎤⎣ ⎦ . (9) 

Take the extended state ( )ẑ k  into consideration, we obtain 

( ) ( ) ( )( ) ( )ˆ ˆ1 1 0
TT

z k z k LC e kδ⎡ ⎤+ = Ξ + + ⋅⎡ ⎤⎣ ⎦⎢ ⎥⎣ ⎦
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Define ellipsoid invariant set of the estimation extended state  

{ }ˆ ˆ ˆ| 1TS z z Pz ≤ . (11) 

where the P  is a positive define matrix.  
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Lemma 1[8]: For ( )1, 1 1/ 1μ τ μ∀ > = + − , and ba, are matrices with the same size, then 

( ) ( ) PbbPaabaPba TTT τμ +≤++ . (12) 

Theorem 1: The linear time-invariant block of the Wiener-typed nonlinear system is 
shown as (2), (3), and the state space expression of the observer is given as (4), where 
the feedback vector K  and the observer feedback vector L  are stable. In addition, 

( )kδ η σ≤⎡ ⎤⎣ ⎦ . Then, if the following assumption A1 is satisfied, then S  and eS  

are invariant sets in the sense of (11) and (7), respectively. Moreover, the control law 

(8) will converge to unconstrained stable feedback control law ( ) ( )kxKku ˆ= , and 

the system is closed-loop asymptotically stable. 

A1 There exist ( )1, 1, , Rμ μ μ μ> > ∈  such that 

( )PePT 21~ −≤ΞΞμ . (13) 

( )21 T T T
x x eC L E PE LC Pτ σ+ ≤ . (14) 

2T T T
e e eP C L P LC Pμ τσΨ Ψ + ≤ . (15) 

where ( ) ( )1 1/ 1 1 1/ 1τ μ τ μ= + − = + −， , and xE  is a transform factor 

zEx T
x ˆˆ = . 

Proof: For ( ) Skz ∈∀ˆ , we conclude from (11) and (14) that 

( ) ( ) ( ) ( ) ( ) 22 1ˆˆ1ˆˆ~ ekzPkzekzPkz TT −≤−≤ΞΞμ . (16) 

For ( ) ee k S∀ ∈ , from (13), ( ) ( ) 11ˆ1ˆ ≤++ kxPkxT and ( )kδ η σ≤⎡ ⎤⎣ ⎦ , we have  

( ) ( ) ( ) ( ) ( )2 21T T T T T
x x ee k C L E PE LCe k e k P e k eτ δ+ ⋅ ≤ ≤⎡ ⎤⎣ ⎦ . (17) 

Moreover, applying Lemma 1, for ( )ẑ k S∀ ∈ we have 

( ) ( ) ( ) ( ) ( ) ( )( ) ( )2
ˆ ˆ ˆ1 1 1 1

TT T T T T T
x xz k Pz k z k P z k e k C L E PE LCe kμ τ δ+ + ≤ Ξ Ξ + + ⋅ ≤ . (18) 

Hence, S  is an invariant set of extended state ( )ẑ k  . 

In similar way, we can gain from (15) that eS  is an invariant set.  Moreover, take 

the same way of [8] , we can prove the closed-loop stability of our algorithm. 

Administrator
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4   Case Study 

Plant: 

( ) ( ) ( )kBukAxkx +=+1 , ( ) ( )kCxk =η . (19) 

( ) ( ) ( )[ ] ( )kkkky 54 sin ηηη −= . (20) 
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Firstly, we set [ ]1495.14179.2−=K , and [ ]TL 3704.00556.1= . The 

control performance tracking {40, -40} double-step signals is shown in Fig.1. the 

parameters are: 5=dn , 4.0=e . 5.1~1.1 ＝，＝ μμ , 1.0=σ  The upper subfig-

ures are curves of r (dash-dot line: set points), y (solid line), and η (dashed line), 

respectively; the lower subfigure is the curve of u . These results validate the feasibil-
ity of our proposed algorithm. 

 

Fig. 1. Control performance tracking step signals 

 

Fig. 2. Tracks and ellipsoid invariant sets of system state and estimated state 
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Fig. 2 shows the tracks and ellipsoid invariant sets of x and x̂ , where the solid 

and the dashed ellipsoids refers to the invariant sets S for 5=dn and 0=dn , re-

spectively. The dashed lines and circular points are the track of x̂ , and the solid lines 
and star points denote the track of x . Fig, 2 illuminates the power of the auxiliary 

vector, i.e. the tracks of x and x̂  will converge to the origin quickly enough, which 
validates the superiority of this proposed algorithm. 

5   Conclusion 

For Wiener-typed nonlinear systems subjected to hard input constraints, a control 
algorithm based on dual-model technique is proposed. This algorithm has the follow-
ing two advantages: 1) high precision, 2) large closed-loop stability region. Its feasi-
bility and superiority are validated by simulation results. 
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