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Abstract

Previous work, such as that of Davis [2], Chen [1] and
Steele and Vinnicombe [6] has resulted in sufficient
conditions for the validation of models of systems ini-
tially at rest in a closed loop context using time-domain
interpolation techniques. This paper extends the exist-
ing methods to deal with systems initially in motion, al-
lowing the interpolation methods to find an initial state
by ‘pre-padding’ the validation data with a synthetic
pre-record data sequence.

1 Notation

Let Tyxo denote the response of a system G to an ini-

tial condition xo, and for convenience define VJ :=
vec (TTjs) (where ITj is the j-step truncation operator).
G = u denotes convolution. Ty denotes the lower block
Toeplitz operator applied to x.

Given a finite dimensional linear time-invariant nom-
inal model P and a v-gap radius 8, denote the set of all
similarly-dimensioned linear time-invariant systems P;
such that 8, (P, Py) < 8, BLT(P, B).

All other notation is standard.

2 Introduction

Given experimental data and a mathematical model of
the system from which it came, it is desirable to know
whether the two are consistent. If they are, confidence
in the model is increased. If they are not, something is
wrong and a better model is needed.

In the context of closed-loop systems, a given con-
troller C achieving a robust stability margin bp ¢ with

a nominal plant P is guaranteed to achieve
bsc =bpc—8

forall P e {P1:8,(P, P1) < B}, where §, denotes the
v-gap [7]. The model validation decision problem
(MVDP) for systems initially in motion may be stated
as follows:

Definition 1 (MVDP for systems initially in motion)
Given a model set $P*9, input-output data u € JE,
y e 55, and input-output noise constraints Wy x Wy,
do there exist a system P e £P*9 noise sequences
wy, wy € Wy x Wy and an initial state xq such that

y +wy = PxU-+wy) +TpXo

In the context of closed-loop control & P*9 may be ei-
ther B8L7'(P, B) or BTV (P, B) for some nominal sys-
tem P € £P*% and some B € (0, bopt(P)).

2.1 PreviousWork

Closed-loop model validation was considered by Davis
[2], who derived sufficient and necessary conditions for
validation in the gap and v-gap metrics. These dealt
with linear uncertainty, both time-invariant and time
varying, using tangential Caratheodory-Fejer interpola-
tion techniques and their LTV equivalents [4, 5]. This
resulted in constraints of the form

P*P4+P*X 4+ X*P+ X*X Q*+Y*
Q+Y yl

where P and Q are related to the measurements, X rep-
resents the noise at the input to the uncertainty, Y rep-
resents the noise at the output of the uncertainty and
y > 0 € R. He noted that this was non-convex in X
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Figure 1: Parameterization of all controllers achieving
bpc > pB

and Y, and simplified it by setting X = 0. The resulting
constraint
[ P*P Q*+Y*} -0
Q+Y yl -

is a linear matrix inequality in Y (and y) and is thus
convex. The condition is an approximation, and nei-
ther sufficient nor necessary for validation. Davis’s
work is complemented by that of Chen [1], who showed
that non-convexity occured whenever a noise signal was
present at the input to an uncertainty.

In more recent work, Steele and Vinnicombe [6]
noted that the non-convex sufficient and necessary con-
ditions would be convex were it not for the quadratic
term in the (1,1) element of 1. Since noise signals are
likely to be small, a convex constraint of the form

P*P+P*X+X*P Q*+Y*]_
Q+Y yl =

would be a good approximation. More importantly, the
Schur complement shows that it is a sufficient condition
for validation: if a solution to the problem can be found,
then the model is valid. (Failure to find a solution does
not guarantee an invalid model, but a guarantee one way
is better than no guarantee at all!) This was applied to
the LTI and LTV v-gap metric problems. This work
resulted in the four propositions in Section 2.2.

2.2 Validation in the v-gap

The set of real-rational controllers achieving bp ¢ > 8
for some nominal plant P may be parameterized in
terms of a ‘central controller’ M [3]. Any controller

Ci=%WM, Q)

where Q € RH oo With || Q|| < 1 will achieve

bpc > B

This parameterization is illustrated in Figure 1. Note
that

The existence of the ‘chain-scattering form’ ch (M),

giving
u S
|:yj| =ch(M) * |:ti|

and its inverse (ch (M))~! have been shown [3].
It has been demonstrated [2] that

B,(P.p) = {P:F (ML, 8. Al < 1

This allows the application of time domain interpolation
techniques.

Definition 2 (Standard Validation Data) Standard
validation data consists of the following:

e a p x g nominal model P and a v-gap radius g;

e the corresponding central controller M, as de-
scribed in the first paragraph of Section 2.2;

input-output data sequences u € 8, and y € 4);

sequences s € 4 and t € 8 calculated using

] e[}

e linear input-output noise constraints Wy and Wy.

Proposition 1 (LTI Uncertainty [6]) Given standard
validation data (Definition 2) there exists a system P e
BLT(P, B) and noise sequences wy, and wy such that
y+wy = P % (U4 wy) if and only if there exist se-
quences s and t such that

>0

T To4 TeTu + T To+ i Tue T +Tok
Te+ T |

and
Ws
Ch(M)* [wt} GWU X Wy



Proposition 2 (LTV Uncertainty [6]) Given standard
validation data (Definition 2) there exists a system P e
8LTV(P, g) and noise sequences wy and wy such that
y+wy = P x (U+ wy) if and only if there exist se-
quences s and t such that

i vl Y (vl oy i* Lyl *
(st () k]
(VARRVER I a
forall j €{1,2,...,k} and
ch(M) || e W, x W
Wt u Y

Approximating these conditions by elimination of the
quadratic terms dependent on ws Yyields sufficent condi-
tions for validation:

Proposition 3 (LTI Uncertainty [6], Sufficient)
Given standard validation dat (Definition 2) there
exists a system P e 8LT'(P, 8) and noise sequences
wy and wy such that y 4+ wy = P % (U + wy) if there
exist sequences s and t such that

TeTs+TeTus + Ty Ts T+ Ty -0

Tt + Ty | ~
and
Ws
Ch(M) * I:wt} (S Wu X Wy

Proposition 4 (LTV Uncertainty [6], Sufficient)
Given standard validation data (Definition 2) there
exists a system P e BLTV(P, 8) and noise sequences
wy and wy such that y 4+ wy = P % (U 4+ wy) if there
exist sequences s and t such that
[vsj’“vsj +Vd Vv v v +vu£t*]
> 3 >0

VY + Vi |
forall j € {1,2,...,k} and

ch(M) % [Zﬂ € Wy x Wy

3 Zero-padding

The most obvious approach is to try zero-padding the
data and finding ‘noise’ sequences Upre € /SE and Ypre €
/Sf such that the sequences ¥ and 4, where

0(j) = 0, O<j<t¢
=1 yi-0. ¢<j<k
P 0, 0<j<t
”(”‘{u(j—z), (<j<k

satisfy the appropriate sufficient condition for valida-
tion with noise sequences

iy Ypre(J), 0<j<t
“’y(”‘{ wy(j—0). €< j<k
NI Upre(j), 0=<j<t?
“’“(‘)‘{ wy(j—0), €<]j<k

with wy, wy € Wy x Wy. If a system is reachable, any
state can be ‘built-up’ from an input sequence no greater
in length than it’s MacMillan degree, and thus this ap-
proach is equivalent to determining the middle state.

This approach is sensible, but unfortunately it does
not work: a consequence of the approximations used in
the sufficient conditions is that when upre and ypre are
decision variables, they will have no effect on the prob-
lem. They are in both cases subject to heavy constraints,
and in the LTI case are forced to be zero.

Definition 3 Given y and 0 as above, define

m = [ch(M)] "t m

Theorem 5 (LTI Equivalence Theorem) Given  se-
quences s € 8, t € 87 with to # 0, define o € 4, such
that oi = 0 and 7 € 8} such that 7 = 0, with § and {
from Definition 3. Then there exist sequences w, € 5?,
wr € 8 and ws, wi € Ws x W, such that

[T; Te+ T Te+ TeTuy TE+T2
|

il>0 (
Tf—i-wa :|_ ()

where wg = {ws, ws} and wy = {w, wi}, if and only if

there exist sequences ws, wy € Ws x W; such that

TF+ Tw*t}
I

>0

|:TS* Ts+ T Ts+ T Ty 3)

Ti + th

and the only w, and w, satisfying (2) are w, =
{0,0,...,0} and and w, = {0,0,...,0}.

Outline of proof. By partitioning matrices appropri-
ately, it can be shown that Proposition 3 must hold true
for the pre-record part of the sequence to hold true for
the whole, and that this implies that the part of the wy
term in pre-record time must be zero. From this it can
be deduced that Proposition 3 can only be true for the
whole if the corresponding part of ws is also zero. Prov-
ing the Theorem the other way is straightforward. [

Theorem 6 (LTV Equivalence Theorem) Given
sequences s € 8¢, t € 82 with to # 0, define o € 8,



such that oj = 0 and 7 € 8 such that 7 = 0, with §
and f from Definition 3. Then there exist sequences
wo € 8y, we € 8P and ws, wy € W x W such that

vIVI vtV vl vl v v
s Vs § VwgT Vwg Vg £ L
V! + Vi, -

4)
forall j € {1,2,...,¢+k} where wg = {w,,ws} and
wg = {wr, wt}, if and only if there exist sequences
ws, wt € Ws x Wt such that

Ve Ve Ve Vil +Vag Vs VY Vi | g
(VARRVER I y
®)
forall j €{1,2,...,k}, and the only w, satisfying (4) is
the zero sequence.

Outline of proof. The proof follows near-identical
lines to that of Theorem 6. However, the part of wg in
pre-record time drops out of the constraint completely
instead of being forced to zero. O

4 An Alternative Approach

Another way to address this problem is to find a syn-
thetic data sequence to use as a starting point. An initial
estimate of a pre-record input sequence can be found by
assuming a perfect model and finding the pre-record in-
put consistent with the smallest input-output noise level.
Definitions 4 and 5 and Theorem 7 present this for-
mally.

Note that if a system is controllable, any state can
be reached using an input sequence no greater in length
than its MacMuillan degree.

Definition 4 Given data sequences u € 8, y € 8P, a
positive integer ¢ and a perfect p x g model P, let Tp
be the lower block Toeplitz matrix representing the first
£+ k elements of the impulse response of P. Partition

Tp as follows
Tz O
Tp =
P [T21 Tzz}

where T11 € Rpequ, Too € RPkxdk ang T € RPkxqe
Define the set of admissible sequences W,, as follows:
. 44 $P 44
Wy, Wy, Upre : Wy € ), Wy € 3y, Upre € 3,

W, = vecu
’ vec(y +wy) = [T Ta2] [vec(u -If)f)u)]

W, represents the set of input-output sequences consis-
tent with u, y and P.

Definition 5 Given T»1 and Too from Definition 4, de-
fine W as follows:

0 |
W ¢ RK(PFDX 4+ .
To1 Ta2

Denote its pseudo-inverse Wy ter = ol ¢

REHOaxk(p+a) and partition it as follows

t t
t )\
U= Lllrl ‘pqrz}
21 22
where \IIL e Rtaxka, qzirz € Rtaxkp ‘1’;1 c Rkaxkd gngd
\Ilgz e RKIXkP,

Theorem 7 Given data sequences u € 47, y € 47, a
p x g model P and a positive integer ¢, let wy € /SE
and wy € 8 be noise sequences, and let upre € 8, be a
pre-record input sequence. Define

vecwy
vecwy

Then the nominal optimal noise and pre-record input
sequences

v (wy, wy) = ‘
2

arg min

o o o R
(wy, wy, Upre) 1=
wy,wy,Upre€W,, (P,U,Y,£)

¥ (wy, wy)

(with W, (P, u, y, £) from Definition 4) are given by

T T
vecus, V7 W
pre s © vecu
vecw, | = Wy, —I Wy
0 T t ) T vecy
vecwy T +T22Wy  TaaWi+ToWs,—|

where Ty1 and Tpo are as defined in Definition 4 and
Wi are defined in Definition 5.

Outline of proof. The problem may be formulated as
linear least-squares problem. The results follow from
standard linear algebra techniques. O

Remark 1 The value of ypre corresponding to upe in

Theorem 7 is given by vecyp,e = T11vecup,. The cor-

responding initial state is easily found. Q
This leads to a re-linearized problem:

Definition 6 (Total input-output sequences) Given
measured data sequences u € 5E,y € /Sf, pre-record
Sequences Upre € /S?,ypre € /sep and noise sequences



wy € 8, wy € 8, define also the total input-output
Sequences Utota € 53+k and Yiota € 5@p+k as follows:

o Upre(j)7 0<j<t
Utotal(])—{ (u_{_wu)(J—K), £§J<£+k
[ yere(d) O=j<t
ytota(J)—{ (Y+wy(j—0), £<]j<l+k

Note that Utotal = U + Wy and Yiota = ¥ + wy.

Definition 7 (Other extended sequences) Given

o measured data sequences u € 8,0,y € 8}

i q p
e nominal pre-record sequences Upre € 8¢ Yore € 8,
and nominal noise sequences wg, € 4/, ws € 87,

e pre-record sequences Upre € 47, ypre € 4, and
noise sequences wy € 8, wy € 8,

let

-
Upre-—upfe_ugre
§ . o
ypre = Ypre— ypre
wl = wy — w

$ o

wy = wy—wy

Define the extended nominal data sequences Ui € 87,
and y € 8, as follows:

G(J): uFo)I'e(j)7 OS J <t
u(j— O +wi(j—0), €<j<t+k

y(J)z y;re(])v 0§J<£
y—0+wy(j—0), L=]<El+k

Define also the extended perturbation sequences wy €
q < p )
8,4k and wy € 4, as follows:

U ule(), 0<j<¢
_ pre

w“(”_{ w(j—0)., €<]j<l+k

Co (i), 0<j<t

wy(”_{ wh(j—0), £<j<t+k

Define the nominal chain-scattered signals § € 52+k
and f € 8, as follows:

m = [eh (M)] L« m

Remark 2 Comparing Definitions 6 and 7, note that
Utotal = U + wy and Yiotal = ¥ + wy. v

Definition 8 Given noise constraints Wy, Wy, let
W; = Wy x Wy and nominal input-output noise se-
quences wy, € $,, and wy € /Sep+k, define Wy as fol-
lows:

Ws = | Wsp» U)sQ} )
wi = {wy, we, |,
< ) wsle5q,w52€5q,
wy €48, ,wt, € 4,
wo w
Ul+ch(M)ys| 2| eW,
wy wt2
\7Vst is the set of sequences whose final sections cor-

rrespond to sequences in Wy x Wy, taking account the
linearization of the problem about wy and wy.

Theorem 8 (LTI uncertainty, suff. and nec.) Given
standard validation data (Definition 2) and a positive
integer £, letu?o € 87, V5o € 8! be nominal pre-record
sequences and wg, € 8, w € 87 be nominal noise
sequences calculated using Theorem 7 and Remark 1.

Also, let Upre € 8!, Ypre € 8 be pre-record sequences
and wy, wy € Wy x Wy be noise sequences, all to be
determined.

Then there exist a system P ¢ B5T'(P, 8), and se-
QuUENCeS Upre, Ypre, Wu, Wy such that

Yiotal = P * Utotal

(where Yiota and uiotg are as defined in Definition 6) if
and only if there exist sequences ws and w; such that

Tl T T+ To Te+ To Tae. TP+T57 L
Tf-l-T,;,t | -

where § € 8., and f € 8, are the nominal chain
scattered signals defined in Definition 7 and (ws, wt) €

Wt (Wa, Wy, w§, w5 ) (Definition 8)

Remark 3 This is equivalent to the existence of an ini-
tial state xo reachable in £ steps such that y +wy =

P (u+wy) + T xo 0

Proof of Theorem 8. Follows from the definitions and
Proposition 1. |

Theorem 9 (LTV uncertainty, suff. and nec.) Given
standard validation data (Definition 2) and a positive
integer £, letu?,o € 87, V5o € 8! be nominal pre-record
sequences and w, € 8, wy € 4 be nominal noise
sequences calculated using Theorem 7 and Remark 1.



Also, let Upre € 8, Ypre € 8} be pre-record sequences
and wy, wy € Wy x Wy be noise sequences, all to be
determined.

Then there exist a system P € B8TV(P, §), and se-
(UENCES Upre, Ypre, wu, wy such that

Yiotal = P * Utotal

(where yiota @nd Ugotg are as defined in Definition 6) if
and only if there exist sequences ws and w; such that

(v +v) )’k(vJ +vh) Vvl

R R N
Vf —i—th |

forall je{1,2,....¢+k}, where$s € 8/, andf e 8/,

are the nominal chain scattered signals defined in Def-

inition 7 and (ws, we) € Wet (W, Wy, w, w§) (Defi-

nition 8).

Remark 4 This is equivalent to the existence of an ini-
tial state xo reachable in ¢ steps consistent with the de-
termined noise sequences and the measured signals. ©

Proof of Theorem 9. Follows from the definitions and
Proposition 2. O

Theorem 10 (LTI uncertainty, sufficient, convex)
Given standard validation data (Definition 2) and a
positive integer £, let uS, € 8}, Y5 € 8 be nominal
pre-record sequences and wg € 4., wy € 8P be
nominal noise sequences calculated using Theorem 7
and Remark 1.

Also, let Upre € 8,1, Ypre € 8; be pre-record sequences
and wy, wy € Wy x Wy be noise sequences, all to be
determined.

Then there exist a system P € 85T'(P, 8), and se-
qUeNCes Upre, Ypre, wu, wy such that

Yiotal = P * Utotal

(where Yiota @and Uity are as defined in Definition 6) if
there exist sequences ws and wy such that
TTs+ T Ty + T$ST5 f* + Tw*t -0
Tf =+ let | -

where § € 8., and f 8}, are the nominal chain
scattered signals defined in Definition 7 and (ws, wt) €

Wt (Wa, Wy, wg. wg) (Definition 8).

Remark 5 This is effectively a sufficient condition for
the existence of an initial state xo reachable in ¢ steps
consistent with the determined noise sequences and the
measured signals. V)

Proof of Theorem 10. Follows from the definitions
and Proposition 3, or alternatively from directly from
Theorem 8, removing the quadratic term in ws and us-
ing the Schur complement to demonstrate sufficiency.
O

Theorem 11 (LTV uncertainty, sufficient, convex)
Given standard validation data (Definition 2) and a
positive integer £, let us, € 87, Y5 € 8 be nominal
pre-record sequences and wg € 4., wj € 87 be
nominal noise sequences calculated using Theorem 7
and Remark 1.

Also, let Upre € 8, Ypre € 8, be pre-record sequences
and wy, wy € Wy x Wy be noise sequences, all to be
determined.

Then there exist a system P € 85TV(P, ), and se-
QUENCES Upre, Ypre, Wu, Wy such that

Yiotal = P * Utotal

(where yiota @nd Uiotg are as defined in Definition 6) if
there exist sequences ws and wy such that
Vj*Vj—i—Vj*Vj +Vi*vj i*+VJ*
5 Vg ? zi)s] s 8 i | >0
Vf +V11)t

forall j e{1.2,...,¢+k}, wheres € 8], andt e 8],
are the nominal chain scattered signals defined in Def-
inition 7 and (ws, we) € Wet (W, Wy, w, w§) (Defi-
nition 8).

Remark 6 This is effectively a sufficient condition for
the existence of an initial state xo reachable in ¢ steps
consistent with the determined noise sequences and the
measured signals. VY

Proof of Theorem 11. Follows from the definitions
and Proposition 4, or alternatively from directly from
Theorem 9, removing the quadratic term in ws and us-
ing the Schur complement to demonstrate sufficiency.
O

5 Numerical Example

Synthetic data was obtained by finding first 94 elements
the response of the discrete time system

0.02247z +0.02093
72 —1.764z 4+ 0.8075

Ptrue(z) =



(a) VALIDATION DATA
=)
=)

20 40 60 80 20 40 60 80

(b) SYNTHETIC DATA
o

20 40 60 80 20 40 60 80

(c) VALIDATION RESULTS
o

20 40 60 80 h 20 40 60 80
Input vs. time Output vs. time

Figure 2: Numerical example. The top plots (a) show
the initial data sequences. The middle plots (b) show the
data including nominal pre-record and noise sequences.
The bottom plots (c) show the final sequences from val-
idation, which coincide exactly with the initial data se-
quences.

to the chirp signal uyue(k) = sin 2 (k +0.025k?). The

first 14 samples of the data record were discarded, giv-

ing the validation data (u, y) shown in Figure 2(a).
Assuming a nominal model

_0.01867z +0.01746
© 72-1.783z40.8187

and taking the pre-input length as 2, nominal pre-input
and noise sequences were found using Theorem 7 (Fig-
ure 2(b)). Theorem 10 was used to find the pre-input
and noise sequences giving the smallest value of y =
[Zju} consistent with a system P € 8.T'(P,0.12).
ylll2
The minimum was found to be zero, corresponding to
zero noise sequences (Figure 2(c)).
Since there was no noise on the original data, and
8 (Pyue, P) = 0.12, these results are as expected.

6 Conclusions

The work presented in this paper has extended exist-
ing model validation techniques to allow for non-zero
initial states. Both linear time-invariant and linear time-
varying cases have been considered.

At present further work to model data offsets and
trends and synthesise suitable interpolant plants is be-
ing undertaken. Methods of approaching the a local

minimum of the full non-convex validation conditions
by successively re-linearizing about an initial solution
are being developed. Finally, applications of these tech-
niques to experimental flight test data is also being per-
formed.

7 Acknowledgements

This work is supported by the Engineering and Physical
Sciences Reasearch Council (UK), QinetiQ and AMS.

References

[1] J. Chen and S. Wang. Validation onf linear frac-
tional uncertainty models. IEEE Transactions of
Automatic Control, 42:1822-1828, 1996.

R. A. Davis. Model Validation for Robust Control.
PhD thesis, University of Cambridge, 1996.

[2]

M. Green, K. Glover, D. Limebeer, and J. Doyle.
A J-spectral factorization approach to #~, control.
SIAMCTRL, 28(6):1350-1371, Nov 1990.

[3]

K. Poolla, P. P. Kharonekar, A. Tikku, J. Krause,
and K. M. Nagpal. A time-domain approach to
model validation. In Proceedings of the American
Control Conference, pages 313-317, 1992.

[4]

K. Poolla, P. P. Kharonekar, A. Tikku, J. Krause,
and K. M. Nagpal. A time-domain approach to
model validation. IEEE Transactions on Automatic
Control, 39(5):951-959, May 1994,

[5]

[6] John H. Steele and Glenn Vinnicombe. Closed-loop
time-domain model validation in the nu-gap metric.
In Proceedings of the 40th IEEE Conference on De-

cision and Control, pages 4332-7, 2001.
[7]

G. Vinnicombe. Frequency domain uncertainty and
the graph topology. IEEE Transactions on Auto-

matic Control, 38(9):1371-1383, 1993.



