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Abstract

This paper characterizes the solution to a finite horizon min-max
optimal control problem where the system is linear and discrete-time
with control and state constraints, and the cost quadratic; the dis-
turbance is negatively costed, as in the standard H., problem, and
is constrained. The cost is minimized over control policies and maxi-
mized over disturbance sequences so that the solution yields a feedback
control. It is shown that the value function is piecewise quadratic and
the optimal control policy piecewise affine, being quadratic and affine,
respectively, in polytopes that partition the domain of the value func-
tion.
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1 Introduction

Characterizations of solutions to constrained optimal control problems ap-
peared in the papers [1-4] that deal with the constrained linear-quadratic
problem, in the papers [4-7] and thesis [8] that deal with hybrid or piecewise
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affine systems, and in papers that deal with min-max optimal control prob-
lems [9-13]. In these papers it is shown that the value function is piecewise
affine or piecewise quadratic (depending on the nature of the cost function
in the optimal control problem) and the control law is piecewise affine, being
quadratic or affine in polytopes that constitute a polytopic partition of the
domain of the value function. When disturbances are present, it is necessary
to compute the solution sequentially using dynamic programming as in [10].
In this paper, which is motivated by recent research on H., model predic-
tive control [14-21], we obtain an explicit characterization of the solution
to a constrained, min-max optimal control problem and consider here the
choice of terminal cost and constraint set to ensure stability of the closed
loop system with receding horizon control. The term H, is used somewhat
loosely since we consider the min-max problem with fixed v. We consider,
therefore, the problem of controlling a linear, discrete-time system described
by

2t = Az + Bu + Gu, y=Cz+ Du (1.1)

where x € IR" is the state, u € IR™ the control and w € IRP an additive
disturbance (the ‘adversary’); ™ is the successor state and y € IR" is the
costed output. We frequently write the system dynamics in (1.1) in the form

where f(x,u,w) £ Az 4+ Bu + Gw. The system is subject to hard control
and state constraints
uel, reX (1.2)

where U C IR™ is a (compact) polytope and X C IR™ a polytope; each
set contains the origin in its interior (the assumption that X is a polytope
rather than a polyhedron® is made for simplicity). The disturbance w is
constrained to lie in the polytope W C IRP; W contains the origin in its
interior.

Let @ 2 {po(-),p1(-),...,un—_1(-)} denote a control policy (sequence
of control laws) over horizon N and let w £ {wg,w1,...,wy_1} denote
a sequence of disturbances. Also, let ¢(i;x, 7, w) denote the solution of
(1.1) when the initial state is = at time 0, the control policy is 7 and the
disturbance sequence is w, so that ¢(i;z,m, w) is the solution, at time i of

Tiy1 = Al‘i—i—B/Li(fL‘i)—{—G’wi (1.3)
g = (1.4)

LA polyhedron is a set described by a finite set of inequalities; a polytope is a bounded
polyhedron.



The cost Vi (z,m, w), if the initial state is z, the control policy = and the
disturbance sequence w, is

N-1
Vy(z, 7, w) = Z Uxi, ug, w;) + Vi(xn) (1.5)
1=0

where, for all i, z; £ ¢(i;z, 7, w) and w; = p;(x;); V(+) is a terminal cost
that may be chosen, together with a terminal constraint set X; defined
below, to ensure stability of the resultant receding horizon controller (see
§6). The stage cost £(+) is a quadratic function, positive definite in = and u,
and negative definite in w:

Uz, u,w) £ (1/2)]2lg + (1/2)ulf — (v2/2)w]? (1.6)

where v > 0, ]z\QZ £ /72, and Q and R are positive definite. The stage cost
may be expressed as

Uz, u,w) 2 (1/2)y? — (v*/2)lwl’, y £ Hz (1.7)

where z £ (z,u) and H is a suitably chosen matrix ((z,u) should be inter-
preted as a column vector (z/,u')" in matrix expressions). The terminal cost
V¢(-) is a quadratic function

Vi(w) & (1/2)|al3, (1.8)

in which Py is positive definite. The optimal control problem Py(z) that
we consider is

P : v = inf 1.
N(z) Vy(2) wellinN( )glea]/}\(; Vn(z, 7, w) (1.9)

where W = W is the set of admissible disturbance sequences, and Il (z) is
the set of admissible policies, i.e. those policies that satisfy, for all w € W £
W the state and control constraints (1.2), and the terminal constraint

zy € X;. (1.10)

Inclusion of the hard disturbance constraint w € W is necessary when state
constraints are present since, otherwise, for any policy 7 chosen by the
controller, we can expect that there exists a disturbance sequence w that
transgresses the state constraint. The terminal constraint set is a polytope,



containing the origin in its interior, that satisfies Xy C X, ensuring satisfac-
tion of the state constraint at time NN. Hence the set of admissible policies
is

HN(.CI?) £ {7T ‘ ¢(i;.ﬁlf,’/‘r,W) € X7 /,Lz((b(Z,iL',’/T,W)) € Ua’L = 0717"'7N_ 17
d(N;z,m,w) € X¢, Vw e W} (1.11)

Let Xy denote the set of initial states for which a solution to Py () exists
(the domain of VY(+), the controllability set), i.e.

Xy 2 (x| Tn(x) # 0}. (1.12)

In addition to characterizing the solution to a min-max optimal control
problem that has not previously been characterized, this paper provides an
improvement of the transformation procedure used in [4,7,8] to obtain a
parametric solution to the optimal control problem; the improvement sim-
plifies the determination of the polytopes in which the control law and value
function are affine and quadratic respectively and avoids unnecessary sub-
partitioning of overlapping polytopes required in [4, 8].

2 Dynamic Programming for Constrained Prob-
lems

The solution to Py(z) may be obtained as follows. For all j € IN, £
{1,2,...}, let problem P;, the partial return function Vjo('), and the con-
trollability set X; be defined as in (1.5)—(1.9) with j replacing N; j denotes
“time-to-go”. Then the sequences {Vjo(-), r;(-), X;}, where r;(-) denotes the
optimal control law uQ; J() at time ¢ = N — 7, may be calculated recursively
as follows [10, 22]:

V]O(x) = gglr]lgle%({g(x7u7w) + V][)_l(f({r, u, w)) ‘ flz,u, W) C Xj—l} (2'1)

() = arg min mae {0, 0, w) + V2, (2, 0,)) |
[l W) € X0} (2.2)

X;=XnN{z|JuecUsuch that f(z,u, W) C X;_1} (2.3)
with boundary conditions

Vo (x) = Vi(z),  Xo=Xj. (2.4)



The condition f(z,u, W) C X;_1 in (2.2) and (2.3) may be expressed as
Ax + Bu € Xj_l oGW (2.5)

where © denotes Pontryagin set difference defined by ASB £ {z | {x}®B C
A} (@ denotes set addition). For each integer j let Z; C IR" x IR™ be defined
by

{(z,u) e X xU | f(z,u,W) C X;} (2.6)

Z; &
so that, from (2.3),
Xj = PI‘OjXZj_l.

Here, and in the sequel, if a set Z, say, lies in a product space IR™ x
IR™, Projyx : IR™ x IR™ — IR"™ denotes the projection operator defined
by ProjyZ = {x | Ju € IR™ such that (z,u) € Z} (IR" is regarded as x-
space). Similarly, if ® is a set in the product space IR" x IR™ x IRP, Proj,®
denotes the set {z | 3w € IRP such that (z,w) € ®}. We can now establish
some preliminary properties of the solution to Py. To analyze Py(x) it is

convenient to introduce the functions J]Q(~), j=1,2,..., defined by
J9 (2, 1) £ max{l(z,u,w) + V} (f(z,u,w))} (2.7)
J weW J

The recursive equations (2.1)-(2.3) may therefore be rewritten as

VO(e) = min{ % (o) | £l 0, W) € X5} (28
T () 2 ma{ (e, w) + VL ((,0,0))} (29

kj(x) = arglgleilrjl{Jffl(a:,u) | flz,u,W) C X;_1} (2.10
X;j=XN{z|JueUst f(r,u, W) C X;_1} (2.11

for j = 1,..., N with endpoint conditions Vy(-) = V¢(:), Xo = Xs. Under
our assumptions the sets X; and Z; are compact. If Xg = Xy is robust
control invariant, the sets X; are nested (X; O X;_; for all j > 1). For each
j, the domain of Vjo(') includes X; but we are only interested in its values
on Xj; similarly, the domain of J]Q(-) includes Z; but we are only interested
in its values on Z;.

3 Parametric Optimization

We seek a parametric solution to problem Py (), i.e. a solution for all values
of the parameter which, in this case, is the state x. More precisely, since we



employ constrained dynamic programming, we seek a parametric solution
to problems Pj(x) for all j € {1,...,N}. First, we introduce a few useful
definitions.

Definition 1 For any positive integer J, Ty = {1,2,...,J}; for any set X,
J?% denotes an index set associated with a partition of X.

Definition 2 A set P = {P; | i € J}, for some index set J, is called a
polyhedral (polytopic) partition of a closed (compact) set X if X = U;je7P;,
and the sets P;, i € J are polyhedrons (polytopes) with non-empty interiors
which are non-intersecting (interior(P;)Ninterior(P;) = 0 for alli,j € J,i #
3)-
Definition 3 A function V : X — IR is said to be continuous piecewise
quadratic on a polyhedral (polytopic) partition P = {P; | i € J} of X if it
is continuous and satisfies

V(z) = (1/2)[alp, + diz+ri,  VeeP, ied
for some Q;,qi,ri, 1 € J. Similarly, a function k : X — U is said to be
piecewise affine on a polyhedral partition P = {P; | i € J} of X if it is
continuous and satisfies

k(x) = Kz + ki, Vee P, i€J,

for some K;, k;, i € J, where P has the properties specified above.

The dynamic programming recursion (2.8)-(2.11) requires the repeated
solution of two prototype problems P, and P,y defined next:

Prin () : VO(x) = muin{J(x,u) | (z,u) € Z} (3.1)

Phax(2) : J(2) = IHUE)%X{V(Z,UJ) |we W} (3.2)

The minimizer in Py, (z) and the maximizer in Py, (z) are defined, respec-
tively, by

k(z) £ arg m&n{J(a:,u) | (z,u) € Z} (3.3)

v(z) £ arg muz}x{V(z,w) | w e WH. (3.4)

Problem Py, (z) is the prototype for Problem (2.8) with V%(x) replacing
Vjo(x), J(x,u) replacing J]Q_l(x, u), and (z,u) € Z replacing the constraints
flx,u,W) C X;_1 (Az+Bu € X;_1©GW) and v € U. Similarly Problem
Pmax(2) is the prototype for Problem (2.9) with J%(z) replacing J]Q_l(z),
V(z,w) replacing ¢(z,u,w) + Vﬂﬂf(:n,u, w)), and z replacing (z,u). We
first obtain the parametric solution of Pp;p.



3.1 The minimization problem P,;,

The solution to Puyin(x) has properties given in Proposition 1 that has a
simpler hypothesis than previous versions of this result. For completeness,
continuity of the control law is also proven.

Proposition 1 Suppose J : Z — IR is a strictly convez, continuous func-
tion and that Z is a polytope. Then, for all x € X = ProjyZ, the solution
Kk(z) to Puin(z) ewists and is unique. The value function VO(-) is strictly
convez and continuous with domain X, and the control law k(-) is continuous
on X.

Proof: For all z € X, U(z) £ {u | (z,u) € Z} is convex and compact.
Let A := {(A1,A2) | A1 > 0,A2 > 0, A1 + A2 = 1}. For all 21,29 in X, all
A= ()\1,)\2) e A:

VO()\lxl + Aox2) muin{J()\lznl + Aoz, u) | (A1 + Ao, u) € Z}

IA

J(Awy + Agwo, Atur + Aoug}, ui = k(x;), i =1,2
= J(\i(21,u1) + Aa(z2, u2))

But Aj(x1,u1) + X222, u2) € Z since Z is convex and (z;,u;) € 2,1 =1,2.
Since J(+) is strictly convex

Vo()\1$1 + )\Q.IQ) < )\1J(:131, ul) + )\QJ(.TQ,UQ)
= MVOz1) 4+ XV 0(z2) VAL, A2 €A

where the last inequality is strict if \; & {0,1} so that VO(.) is strictly
convex. Since J(-) is strictly convex, k(x) is unique at each = € Projy Z.

The constraint (z,u) € Z imposes an implicit state-dependent constraint
u € U(x) on u where the set-valued function U(-) is defined by

U(z) & {u| (z,u) € Z}.

We claim that ¢(-) is continuous (both outer and inner semi-continuous on
X = ProjyZ, the domain of U(-). By definition [23], the set-valued map
U(-) is outer semi-continuous at x € X if U(z) is closed and if, for any
compact set G such that U(z) N G = ) there exists an € > 0 such that
U(x)NG = () for all ' € B(x,e)NX. The set-valued map U(+) is inner semi-
continuous at x € X if, for any open set G C IR™ such that G NU(x) # 0,
there exists an £ > 0 such that G NU(z') # O for all 2’ € B(z,e) N X.
Here B/ (r,¢) £ {2’ € IR | |2’ — x| < ¢}. The set-valued map U(-) is outer



semi-continuous because its graph, Z, is closed so that, given any sequence
{(zi,u;)} in Z (u; € U(z;) for all 7) such that (z;,u;) — (Z,u), we have
(z,u) € Z so that w € U(z). Hence U(-) is outer semi-continuous [23].
We can establish inner semi-continuity using the following result [24] whose
proof is given in the appendix.

Lemma 1 (Clarke). Suppose Z is a polytope in IR™ x IR™ and let X denote
its projection on IR" (X = {x | 3u € IR™ such that (z,u) € Z}). Let
U(z) 2 {u| (z,u) € Z}. Then there exists a K > 0 such that, for all z,z" €
X, for all w € U(x), there exists a u' € U(z') such that v/ —u| < K|z’ — z|.

Let x,2’ be arbitrary points in X and U(z) and U(a’) the associated sets
(Figure 1 illustrates the proof for two cases: x = x; and x = x39). Let
G be an open set such that U(x) N G # () and let u be an arbitrary
point in U(x) N G. Because G is open, there exist an € > 0 such that
B(u,e) £ {v||v—u| <e} CG. Let & £ ¢/K. From Lemma 1, there exists
au eU(x')NG for all 2’ € B(z,&’) N X. This implies U(z") N G # ) for all
z’ € B(z,e') N X, so that U(-) is inner semi-continuous. [

B(zg,e5)NX

Figure 1: Inner semi-continuity of U(x)

To solve the parametric problem P, we develop further the reverse
transformation procedures proposed in [25] and utilized in [4,7,8]. We as-
sume that J(-) is strictly convex and continuous piecewise quadratic on a
polytopic partition PZ = {PZ? | i € JZ} (for some index set JZ) of Z. For



each z = (z,u) € Z, let SZ(2), the index set of active polytopes at z, be
defined by

S%(2) 2 {ie J? |2 € P?} (3.5)
so that SZ(z) is the set of indices of active polytopes at z. Similarly, for
each r € X £ Projy(Z), let S%(x) be defined by

Sz(z) £ 5% (z, v(z)) (3.6)
where k(x), the solution of Py, (z), is defined by

k(z) £ arg m&n{J(az,u) | (z,u) € Z} (3.7)

so that S%(z) is the index set of polytopes active at the solution x(z) of
Pouin(z). For each i € JZ we consider the simpler problem P;(z) defined by

Pi(x):  VP(2) = min{Ji(z,u) | (z,u) € P7} (3.8)
ri(x) = argmin{Jy(w,u) | (z,u) € P7} (3.9)

where J(z) = J;(2) on PZ and
Ji(2) = (1/2)2'Qiz + ¢iz + 54 (3.10)

for some Q;,q;,si, all z = (v,u) € P?. For each i, problem P;(z) is a
quadratic program since J(-) is quadratic on the polytope PZZ

Proposition 2 Suppose J : Z — IR is strictly conver and continuous and
that Z is a polytope with a polytopic partition {P? | i € J}. Then, for
all x € PY £ ProjyP?, alli € J?, the solution k;(x) to P;(x) exists
and is unique. Moreover, the value function VO(-) is strictly convexr and
continuous, and k;(+) is continuous, in P;¥.

The proof of Proposition 2 is almost identical to the proof of Proposition
1 noting that, for each i € J#, P? is a polytope. Problem P;(x), al-
though simpler, is an artificial problem since the constraint (z,u) € P?
does not appear in the original problem P, (), so that it is not obvious
how best to relate the solutions to problems P;(z), i € J 2 to the solution
of Puin(z). This difficulty was not totally satisfactorily dealt with in the

literature quoted above but is resolved in the following result.

Proposition 3 Suppose J : Z — IR is continuous piecewise quadratic and
strictly convex on a polytopic partition PZ of Z. Then u is optimal for the
minimization problem Puin(x) if and only if u is optimal for the problems
Pi(z) (i.e. if and only if k(x) = ki(x)) for all i € S%(z).



Proof: Suppose u = k() is optimal for Ppin(x) but that, contrary to what
is to be proven, there exists an i € S%(x) such that u is not optimal for P;(x).
Let u; = k;(z) denote the solution of P;(z). By definition, (z,u;) € PZ and
(z,u) € P? (since (z,u) € sz for all j € S%(x)). Hence u; = r;(z) satisfies
VO(z) = Ji(z,u;) = J(z,u;) < Ji(z,u) = J(z,u) = VO(x) where we have
made use of the fact that J(x,v) = J;(x,v) if (z,v) € P?. Hence J(x,u;) <
V9(x) which contradicts the optimality of u for P, (z). Suppose, next, that
u is optimal for P;(z) for all i € S%(x) (so that k;(z) = u for all i € S%(z))
but that, contrary to what is to be proved, u is not optimal for Py, (z) so
that there there exists a u* satisfying (x,u*) € Z and J(z,u*) < J(z,u).
Because u € P# for all i € S%(z) and d(u, PjZ) >0 for all j € J2\ 8%(x),
there exists a A € (0,1] and an i € S%(x) such that u) = u+A(u*—u) satisfies
(z,uy) € P?. Since u — J(z,u) is convex and J(z,u*) < J(z,u) it follows
that J(z,uy) < J(z,u). But J(x,uy) = Ji(z,uy) (since (x,uy) € P?)
and J(x,u) = Ji(z,u) (since (z,u) € P?) so that Ji(z,uy) < Ji(z,u), a
contradiction of the optimality of u for P;(z) for all i € S%(x). |

Proposition 3 shows that the solution to Py, (z) is also the solution to a
set of quadratic programs, namely P;(z) for i € S%(x). We now analyse
problem P;(z) in more detail. Suppose that, for each i € JZ, polytope P?
is defined by

P? 2 {2 = (z,u) | Mju < Njz + p;} (3.11)

where M;, N;, p; each have r; rows, so that

7

O(x) = min{J;(x,u) | Myu < Nyx + p;}
ki(z) = argmin{J;(z,u) | Mju < N;x + p;}. (3.12)

The j** constraint szu < Nij:U —|—pg is said to be active at (z,u) if Mfu =
N/z + pl. The set of active constraints for P;(z) is I?(x), the set of con-
straints active at (z, k;(z)), so that

(z) 2 {j e, | M!ki(z) = Nlz +pl}. (3.13)

where the superscript j on a matrix (or vector) denotes the j* row of the
matrix (or vector). It follows from the definition of ; ;(z) = K; rz+k; ; that
I?(z) = I for all x € interior{ X }; 1 and that I?(z) C I on the boundary of
X; 1. The solution to P;(x) is simple if the set of active constraints I?(z) for
the problem is known in advance [3,26]. Suppose therefore the set of active
constraints for P;(x) at (z, k;(x)) (k;(x) is the solution of P;(x)) is known,

10



apriori, to be I, i.e. I%(x) = I. Then P;(x) is replaced by the simpler,
equality constrained, problem

Pir(z):  Vi(e) = min{Ji(z,u) | Mju=N]z+p], jeI}  (3.14)

7

This is a quadratic optimization problem with affine equality constraints;
the solution to this problem has, as is well known, the form

V(@) = (1/2)2'Qire + iy + six (3.15)
Iii’[(l‘) = Ki,[.r + k‘i,[ (3.16)

for some Q; 1, sir, K; 1 and k; 1. Let Mi[ denote the matrix with rows Mij,
j € I. Let PCiy £ {(M})\ | X > 0} C IR™ denote the polar cone at
0 to the cone F;; = {h | Ml‘jh < 0, j € I} of feasible directions h for
problem P;(z) at u = k;(x). The polar cone depends solely on I, the
set of active constraints; it does not depend on the parameter x; also [4]
—VUJ,'(SU,HZ"[(J})) S PCZ"[ if and only if <VuJi($,I€i7[($)),h> > 0 for all
feasible directions h (h € F; 1), i.e. if and only if ; (z) is optimal for the
problem min,{J;(z,u) | Mfu = Ngx —i—p‘g, j e I,Miju < Nl-ja; +pg, j €
Z,, \ I}. For each i € JZ, let P{* denote the polytope defined by

PY 2 (2| Just. (z,u) € PP} = Projy(P?) (3.17)
The polytope P;* is the domain of V2(). The following result holds [4]:

)

Proposition 4 The affine control law k; 1(-) is optimal for problem P;(x),
at all x in the polytope X; 1 C P,L»X defined by

X 2{rex
d {“”6 Vo Ji(z,mii(x) € PCiy

e , J 7
M (K; rx + ki) 2 Niw+ppJ€Li\f} (3.18)

The restriction x € X is included in the definition of X; since it is
not included as a constraint in P;(x)). Since the affine control law x; s(-)
is such that the equality constraint M;k; 1(z) = N;x + p; is satisfied for all
x, and since the last inequality in (3.18) ensures that x; r(z) is optimal for
min, {J;(z,u) | Mlju = Nij:c—l-pg, J € I,Miju < fo+p{, jeZL, \ 1}, it
follows that k; r(x) is optimal for P;(x) in the polytope X; ;. Thus [3,4,26]
the solution to P;(z) is affine, and the value function quadratic, in each
polytope X; ; the set of all such non-empty polytopes (as I ranges over
the subsets of {1,2,...,r;} constitute a polytopic partition of Pron(PZ-Z)

11



so that the solution k;(-) to P;(x) is piecewise affine, and the value function
VY(-) is piecewise quadratic, on this polytopic partition.

However, in our case, since we have to ‘marry’ a set of polytopes X; p,
for all i such that polytope P7Z is active (i.e. i € S%()), is active, it is
preferable to parameterize the polytopes in which the solution to P;(z) is
affine by the state Z, say, at which I; is active rather than by the set I;
of active constraints. Also, for each Z € X = Projy(Z), let the polytope

X;(z) C P be defined by
Xi(7) £ X; oz (3.19)

where, for each set I C J%, X, is defined by (3.18). It follows from
(3.18), with I replaced by I?(Z), that Z € X;(z). It was shown above that
Id(x) = I?(7) for all z in the interior of X;(Z); it follows from (3.19) that
Xi(x) = X;(z) for all z in the interior of X;(z).

The polytope X (z) that figures in the parametric solution of Py, () is
defined, for each Z € X, by

X(@) £ ({(Xi(@) | i € S&(2)} (3.20)

Clearly 7 € X(Z) and X (2') = X () for all 2’ € X(Z). For each T € X, let
the functions V(+) and kz(-) be defined on X () by

V2(z) £ VO(z), Vi € S%(z) (3.21)
kz(z) 2 ki(2), Vi€ S%(%) (3.22)

The domain of each function is X (z); that the functions are well defined
follows from Proposition 3 and equations (3.19) and (3.20) which show that
ki(x) = k;(z) for all 4,5 € S%(Z), all x € X (7). Summarizing, we have:

Theorem 1 Suppose J : Z — IR is continuous piecewise quadratic and
strictly convez on a polytopic partition PZ = {PZ |i € J?} of Z and that,
for each i € JZ, PZ-Z has a non-empty interior. Then the value function
VO(.) is continuous piecewise quadratic and strictly convex on a polytopic
partition PY = {P* | i € J¥} of X= Projx(Z). The minimizer k() is
piecewise affine on P~. The polytopes P* are each of the form X () for
some T € X; the value function and optimal control law satisfy VO(x) =
VI(x) and k(z) = kz(x) for all v € X(z) and some T € X.

The proof of this result follows from Propositions 3 and 4 and the discussion
above. The result is illustrated in Figure 2 for the simple case when Z =
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PEZ UPSF has two partitions PF and P#£ in each of which J(-) is quadratic.
Problem Plz (x) is, therefore, a parametric quadratic program; its solution
#1(x) is known to be piecewise affine on a polytopic partition of Pi¥; in
Figure 2, P{* = X and the polytopic partition is {Xj1, X12, X13}. The
solution to Plz(at) is k1 (z) which is affine in each of the polytopes Xi1, X12
and Xi3. Similarly the solution to the quadratic program PZ(z) is ka(7)
that is piecewise affine on a polytopic partition {Xo1, Xo2, X3} of PQX =X.
The sets X;; and the optimal control laws () and k2(-) are shown in the
Figure. At each x € X, there are two candidates k;i(x) and ka2(x) for the
optimal control x(x) for the original problem Py, (x). Theorem 1 resolves
this difficulty; at all z on the boundary between PZ and PZ, SZ(z) = {1,2}
since both polytopes are active. Hence on the boundary, a control u is
optimal for the original problem Ppy(x) if and only if it is optimal for
both problems PZ(z) and PZ(z). At all x € X1 U Xq2 (except at its
intersection with Xj3), only (z,k2()) lies on the boundary between PZ
and PZ ((z,x1(z)) does not lie on this boundary). Thus, in X1; U X1, the
optimal control is not ke(x)); it is k(x) = k1(z). At all x €X13 N Xo; both
(z,k1(z)) and (z, k2(z)) lie on the boundary between PZ and P#£ so that the
optimal control here is k(z) = k1(x) = ko(x). Finally, at all x € X9 U Xo3
(except at its intersection with Xo1), only (z,k1(z)) lies on the boundary
between Pf and PZ ((w,rk2(x)) does not lie on this boundary); thus, in
Xo2 U Xa3, the optimal control is k(z) = ka(z). Hence k() is completely
defined on X. This procedure avoids the overlapping of sets that results in
previous analysis of this problem.

X1 Xio Xi3 u X111, Xi2 Xi3
. L
U k() // s U
Z \
P; |
Xo1 X232 Xo3 Xo1 X293 Xo3
X xr
(a) Solutions of P;(z), i = 1,2 (b) Solution of Ppin(x)

Figure 2: Problem P(z)
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3.2 The maximization subproblem P,,.x

In the minimization subproblem (3.1), the function V(-) being minimized
is convex in both x and w. In contrast, in the maximization subproblem
(3.2), the function V(-) being maximized is convex in z and (under suitable
conditions) concave in w. Hence we proceed somewhat differently.

Proposition 5 Suppose V : & — IR is such that z — V(z,w) is strictly
convex and continuous for each w € W, w — V(z,w) is strictly concave
and continuous for each z in Z = Proj,(®), and that ® is a polytope with
a non-empty interior. Then, for all (z,w) € ®, the solution v(2) to Pmax(2)
exists and is unique. Moreover, the value function J(-) is strictly convex
and continuous with domain Z, and v(-) is continuous in Z.

Proof: Since J%(-) is the maximum of a set of strictly convex and con-
tinuous functions, it is also strictly convex and continuous. The existence
and uniqueness of v(z) for each z € Z follows from the strict concavity and
continuity of w — V(z,w) and the compactness of W. The continuity of
v(-) follows from the uniqueness of v(z) at each z (Theorem 5.4.3 in [23]). ®

To obtain a parametric solution to Py, we assume that V(-) is continu-
ous piecewise quadratic on a polytopic partition P® = {P;I) |ieJ q’} of
® £ Z x W (in the absence of additional restrictions, Z = X x U so both
Z and ® are polytopic). For each (z,w) € ®, let S®(z,w), the index set of
active polytopes at (z,w), be defined by

S®(z,w) 2 {ie % | (z,w) € P?} (3.23)

so that S®(z,w) is the set of indices of active polytopes at (z,w). Similarly,
for each 2z € Z £ Proj,(®), let S$(z) be defined by

SY(2) & 8% (2, v(2)) (3.24)

where
v(z) = argmax{V(z,w) | w € W} (3.25)

so that S9(z) is the index set of polytopes active at the solution v(z) of
Pax(2). For each i € J®, each 2z € Z, we define the simpler problem P;(z2)
defined by

Pi(z) : J(z) = max{Vi(z,w) | (z,w) € P2y (3.26)
vi(z) = arg mgX{Vi(z,w) | (z,w) € P?} (3.27)
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where V (2, w) = Vi(z,w) on P® and V;(-) is quadratic. For each i, problem
P®(z) is a quadratic program.

Proposition 6 Suppose V : & — IR is strictly concave (hence continuous)
inw for each z € Proj,®, and that ® is a polytope with a polytopic partition
{P?|ie J®} such that, for each i € J®, P® has a non-empty interior.
Then, for all z € P? = Proj,P®, all i € J®, the solution v;(z) to P;(z)
exists and is unique. Moreover, the value function Jio(-) is strictly convex
(hence continuous) with domain PZ, and v;(+) is continuous at any z € PZ.

The proof of Proposition 6 is similar to the proof of Proposition 5. The
relation between the solution to Py,,x and the solutions to the subproblems
}P’;I’, ieJ®is given in the next result.

Proposition 7 Suppose V : ® — IR is continuous piecewise quadratic,
strictly convex in z and strictly concave in w and is continuous piecewise
quadratic in a polytopic partition P = {P® | i € J®} of the polytope ®.
Then w is optimal for the maximization problem Puax(2) if and only if w is
optimal for the problems P;(2) (v(2) = vi(2)) for all i € SS(2).

The proof of Proposition 7 is similar to the proof of Proposition 3. We now
exploit the continuous piecewise quadratic nature of V(-). For each i € J%,
subproblem P;(z) may be expressed as:

Pi(z) : J(2) = mgx{V,-(z,w) | Miw < N;z+ p;} (3.28)

1

(Vi(+) is quadratic) for some M;, N;, p;, each matrix (vector) having r; rows.
If we assume that the constraints indexed by I C Z,. are active, then P;(z)
is replaced by the simpler, equality constrained, problem

Pir(z):  JP(2) = max{Vi(z,w) | Mw= N}z +p], j€I} ~ (3.29)

where the superscript j on matrix (or vector) denotes the j™ row of the
matrix (or vector). The solution to this problem is

() = (1/2)2'Qi 1z + d} 12 + six (3.30)
I/@[(Z) = Ki,]Z + ki7[ (331)

Let MZ-I denote the matrix the rows of which are sz ,J€1. Let PC;y =S
{(MIYX| XA >0} C IRP denote the polar cone at 0 to the cone F;; = {h |
Mijh <0, j € I} of feasible directions h for problem P;(z) at w = v; 1(2);
the polar cone depends solely on I, the set of active constraints; it does not
depend on the parameter z. The following result holds [4]:
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Proposition 8 The affine control law v; 1(-) is optimal for problem P;(z)
at all z in the polytope Z; 1 defined by

ZZ'Jé {ZGZ

MI(K;pz+kif) < Niz+pl, jeZ, \I (3.32)
VuwVilz,vig(z)) € PCip '

(the restriction z € Z = X x U is included in the definition of Z; ; since it
is not included as a constraint in P;j(2)). As before, we have to ‘marry’ a
set of polytopes Z; 1 for all ¢ such that polytope P;D is active. Suppose, for
each i € J®, polytope P? is defined by

P® 2 {(z,w) | Miw < Niz + p;} (3.33)

for some M;, N;, p; each having r; rows. For each i € J ® let Piz denote the
polytope defined by

P? 2 {z|3wst. (z,w) € P} = Proj,(P?) (3.34)
For each z € P?, each i € J®, the set of active constraints for P;(z) is
I2(2) 2 {j €T, | MIvi(2) = N7z + pl} (3.35)

where sz is the j* row of M;, Nij the j* row of N;, and pg the j* row of
p;i. Also, for each z € Z, let the polytope Z;(2) C PZ be defined by

Zi(2) £ Z; 19z) (3.36)

where, for each index set I C J®, Z; is defined by (3.32). The polytope
Z(Zz) that figures in the parametric solution of Py (z) is defined, for each
ze€ Z, by

2() £ n{Zi(2) | i € SY()} (3:37)
Clearly z € Z(z) and Z(7') = Z(Zz) for all 2’ € Z(z). For each z € Z, let the
functions J2(-) and vz(-) be defined on Z(2) by

J2(2) £ J(2), Vi € S3(%) (3.38)
vi(z), Vi € S3(2) (3.39)

The domain of each function is Z(Z); that the functions are well defined
follows from Proposition 7, (3.35) and (3.36) which show that v;(z) = v;(z)
for all i, j € S3(%), all z € Z(2). Summarizing, we have:
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Theorem 2 Suppose V : ® — IR is continuous piecewise quadratic and
strictly convex on a polytopic partition P® = {P® | i € J®} of the poly-
tope ® and that, for each i € J®, P;I) has a non-empty interior. Then the
value function JY(-) is continuous piecewise quadratic and strictly convex on
a polytopic partition PZ = {P? |i€ J%} of Z2 {2 | 3w e W s.t. (z,w) €
®} = Proj,(®). The mazimizer v(-) is piecewise affine on PZ. The poly-
topes PZZ are each of the form Z(Z) for some z € Z; the value function and
optimal control law satisfy J°(z) = J2(2) and v(z) = vz(z) for all z € Z(Z)
and some zZ € Z.

The proof of this result follows from Propositions 3 and 4 and the discussion
above. As stated above, in the absence of further restrictions, ® = X x
U x W. However, in our use of this result, the cost function V() has the
form V(z,w) = £(z,w) + VO(Fz + Gw) where F = [A, B] and V°(z) may
be known only on a compact subset X of IR"; in this case ® = {(z,w) €
X xUxW | Fz+ Guw e X}. If Ais invertible (which we assume) or X is
compact, then ® is a (compact) polytope with a polytopic partition.

4 H., control; no state constraints

In this section, we consider the H,, constrained optimal control problem
when the only constraints are v € U and w € W, ie. X = Xy = IR". In
this case, the dynamic programming equations (2.1) - (2.4) simplify and are
replaced by the conventional dynamic programming equations:

V() = i mape (£ 0, 10) + V2 () (4.1)
rj(x) = argmin max{((z, u, w) + ViLy(f (@, u,w)} (4.2)

with boundary condition

Vo' (z) = Vi () (4.3)
The domain X of Vjo now satisfies X; = IR", for all j > 0 so the recur-
sion equation (2.3) for X is not required. The recursion equations may be
rewritten in the form

(:13) min Jj) (2, ) (4.4)
() 2 max{é(z w) + V. (F(zw)} (4.5)
/-ij(x) argmin J9 4 (¢, v) (4.6)
() = arg max 0(z,w) + VI ((2,0)} (4.7)

weW
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where z = (x,u). The important feature of this problem is that the con-
straint v € U in subproblem (4.4) has the same simple form as the constraint
w € W; this permits us to obtain stronger properties for the value functions
Vjo(-) and JJQ(-), j > 0. The prototype problems for (4.4) and (4.5) are,
respectively:

Pmin () : VO(z) = mq}n{J(:E,u) lueU} (4.8)
Phax(2) : J(2)

mgx{V(z,w) |we W} (4.9)

in which V°(-) and J(-) replace, respectively, V(-) and J? ,(-) in (4.4)
and JY(-) and V(-) replace, respectively, J]Q_l(‘) and £(-) + V;—1(f(+)) in
(4.5). Since J(-) is convex in z and V(-) is (under appropriate condi-

tions) concave in w, their respective value functions have identical properties
(miny{J(z,u) | u € U} = —max,{—J(z,u) | u e U}).

Proposition 9 Suppose that J(-) in Ppin (V () in Pmax) s continuously
differentiable, strictly convex in u (strictly concave in w) and that U (W) is
compact. Then the value function VO(-) of Puin (J°(-) of Pmax) is continu-
ously differentiable.

Proof: It is only necessary to consider P, and establish the continuous
differentiability of J°(-). Since W, being constant, is continuous in z, the
continuity of the value function J°(-) follows from the maximum theorem
(e.g. Theorem 5.4.1 in [23]). Since the function w +— V(z,w) is strictly
concave for all z, the maximizer v(z) is unique (a singleton) for each z;
by the same maximum theorem, v(-) is continuous. Since V(-) is continu-
ously differentiable and W is compact, and the maximizer v(z) is unique
and continuous, it follows from the proof of Theorem 5.4.7 in [23] that the
directional derivative of JO(-) satisfies

dJ%(z;h) = (0/02)V (2,v(2))h (4.10)

at any z, any direction h. Hence JY(-) is Gateau differentiable at any
z € Z with Gateau derivative G(z) = (0/0z)V (z,v(2)). Since G(-) is con-
tinuous, JO(-) is continuously (Frechet) differentiable in Z with derivative

(9/92).J°(2) = (8/92)J (2, v(2)) [27]. n

Although the domain of the value functions V;-O(-) is IR™ and that of
the value functions J]Q (+) is IR™™ we restrict attention in this section to
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polytopic subsets of these domains. With this caveat, we now show that
there exists a 4 > 0 such that V() in Pyay, which represents Vﬁl() in
(4.5) and therefore has the form V(z,w) = £(z,w) + VO(Fz + Gw) where
F £ [A, B], is strictly concave in w.

Proposition 10 Let X be a polytope in IR™ containing the origin in its
interior. Suppose V (-) is defined by V(z,w) = {(z,w) + V°(Fz+ Gw) where
VO(.) is continuously differentiable and continuous piecewise quadratic on a
polyhedral partition PY = {P¥ | i € J¥} of X. Then V() is continuously
differentiable and continuous piecewise quadratic on a polyhedral partition
P = {P? | i € J*} of the polyhedron ® = {(z,w) € R" x U x W |
Fz+ Gw € X} and there exists a v* > 0 such that V(-) is strictly concave
in w for each z in Z = Proj,® and all y > ~*.

Proof: The continuous differentiability of V (-) follows from the continuous
differentiability of £(-) and V°(:). Take any two points wi,ws in W. For
all A € [0,1], let wy = wy + Aws — wy), and, for each z € Z, let the real
valued function ¢(-) be defined on [0,1] by ¢(\) = V(z,w)). Suppose that
VO(x) = (1/2)2'Qix + ¢\x + r; in P (for each i € J¥). Then

V(z,w) = (1/2)(Fz + Gu)'Qi(Fz + Gw) + ¢;(Fz + Gw) + r; + {(z,w)
= —(1/2)w' (v — G'Q;G)w + biw + ¢;

on the polyhedron P® = {(z,w) € R" x U x W | Fz 4+ Gw € P{*}, where
b; and ¢; depend on z. For any € > 0, there exists a v* > 0 such that
Ci 2 421 — G'Q;G > el for all v > ~*, all i € J*. The function ¢(-) is
continuously differentiable and satisfies:

d(N) = —(1/2) (W Cih) A2 + bx + ¢
¢'(\) = —(WCih)A + b;

for all A € [0, 1] such that Fz+ Gwy € P®. Since ¢/(-) is continuous, ¢'(-) is
strictly decreasing if v > ~* . It follows, by a trivial modification to the proof
of Theorem 4.4 in [28], that ¢(X) > ¢#(0) + A(p(1) — ¢(0)) for all A € (0,1)
which establishes the strict concavity of ¢(-) and, hence, of w — V(z,w)
if v > 4*. That V(-) is piecewise quadratic on a polyhedral partition of
P?® follows, with minor amendments, from the proofs of Proposition 8 and
Theorem 2. |

We can now establish the main result of this section, characterization of
the solution to the constrained H,, problem when X = X; = IR". We
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characterize the value functions Vjo on polytopic subsets X; of the true
domain IR"™ by assuming that the terminal cost function V¢ (-) is known only
in a polytopic subset Xy of IR™.

Theorem 3 Suppose Vi (-) is continuously differentiable, strictly conve,
and continuous piecewise quadratic on a polytopic partition 735( of a poly-
tope Xg C IR™. Then, there exists a v > 0 such that, for each j > 0, there
exists a polyhedron X; on which the value function V}O(~) s continuously
differentiable, strictly convex, and continuous piecewise quadratic on a poly-
hedral partition PJX of Xj, and the optimal control law r;(-) is continuous

and piecewise affine on the same polyhedral partition PJX of X;.

Proof: Suppose Vjo_l() is continuously differentiable, strictly convex, and
continuous piecewise quadratic on a polyhedral partition Pj{ 1 of a polyhe-
dron X;_; if v > 7;_1. Then, by Proposition 10, there exists a v; > v;_1
such that (z,w) — £(z,w) + Vﬂﬂf(z,w)) is strictly concave in w, con-
tinuously differentiable and continuous piecewise quadratic on a polyhe-
dral partition 73]?111 of a polyhedron ®;_1 = {(z,w) € R" xU x W |
Fz+ Gw € X;_1}. By Proposition 9, the value function J;Ll(-) is then
continuously differentiable and, by Theorem 2, J]Q_l(-) is continuous piece-
wise quadratic and strictly convex on a polyhedral partition PjZf1 of a poly-
hedron Z;_1 = Proj,®;_; (and the disturbance law v;_;(-) is continuous
and piecewise affine on the same polytopic partition). Then, by Proposition
9, Vjo(-) is continuously differentiable and, by Theorem 1, Vjo(-) is strictly
convex and continuous piecewise quadratic on a polyhedral partition PJX
of a polyhedron X; (and the optimal control law v;_1(-) is continuous and
piecewise affine on the same polyhedral partition). [ |

5 H, control; state and control constraints

In this section, we consider the H,, constrained optimal control problem
when the constraints are u € U, w € W , ¢ € X and the terminal constraint
zy € Xy. The dynamic programming solution of the H,, problem requires
the repeated solution of the two prototype problems Py, (x) and Ppax(z)
defined in (3.1) and (3.2) which we rewrite in the form:
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Pmin () : VO(z) = mq}n{J(:L‘,u) |ueU(x)} (5.1)
Prmax(2) : J(z) = mgx{V(z,w) |we W} (5.2)

where the set-valued function (-) is defined, for all z € X £ Projy(Z), by
U() 2 {u| (z,u) € 7} (53)

The presence of state constraints complicates the solution of the H,, prob-
lem considerably. The extra complexity arises in the solution of Ppiy(x)
since the control constraint w € U(x) is now dependent on the parameter
x in contrast to the simple constraint © € U when no state constraints are
present. The dependency of the constraint on x can cause the gradient of
the value function V°(-) in problem Py, (z) to be discontinuous even if the
function J(-) being minimized is continuously differentiable; Proposition 9
is no longer necessarily true for problem Pp;,(x). However, there do exist
conditions under which this result is true.

5.1 Particular case

Assume that J(-) in (3.1) is continuously differentiable and continuous piece-
wise quadratic on a polytopic partition PZ = {PZ-Z,'L' € J?} of Z. We show
below, despite the fact that the constraint set U (z) now depends on the
parameter x, that the value function VO(-) for P, is, under certain further
assumptions, continuously differentiable in X £ Projy(Z). To do this, we
first consider, as in §3.1, the simpler problems P;(z), i € JZ, defined by
(3.8). For each i, problem P;(z) is a quadratic program, with a value func-
tion V2(-) that is continuous piecewise quadratic on a polytopic partition of
the polytope P;* = Projy(P7Z), and may be written in the form

Pi(x) : VO(z) = muin{Ji(x,u) | z € Ui(x)} (5.4)

where
Ui(z) 2 {u| (z,u) € PP} = {u| Mju < Niz +p;} (5.5)

It is known (see Proposition 4 and Theorem 1) that the value function V()
is continuous piecewise quadratic, being quadratic on polytopes X; 1, each
polytope characterized by a set I C Z,, of active constraints, where r; is
the number of rows of M;; the sets X;, I C Z,, (excluding sets with no
interior) constitute a polytopic partition of the polytope Pl-X . We require
the following result which is proved in the appendix.
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Proposition 11 Suppose (i), J;(-) is continuously differentiable, (ii) P?
has an interior, and, (iii) for any two adjacent polytopes, X; 1, and X; r,
say, in the polytopic partition of P{¥, either I C Iy or Iy C I. Then, V(-
18 continuously differentiable in PiX .

We establish next the continuous differentiability of the value function V()
for Pin-

Theorem 4 Suppose that J(-) in (3.1) is continuously differentiable and
continuous piecewise quadratic on a polytopic partition PZ = {Piz,i € J?}
of Z and that hypotheses (ii) and (iii) of Proposition 11 are satisfied (hy-
pothesis (i) is satisfied automatically) for each problem P;, i € JZ. Then
VO(.), the value function for P, is continuously differentiable in X.

Proof: It follows from Theorem 1, that, for each i € 72, VO(z) = V?(x)
for all z in the interior of each polytope X; r in the polytopic partition of PZ-X .
It follows from Proposition 11, that V°(-) is continuously differentiable in
PZ-X for each i € JZ. Consider next a point Z on the boundary between two
polytopes PZ-X and P]-X ; clearly ¢ and j both lie in S’% (z) and, from Theorem
L, Voz) = V0 (2) = Vjo(x) for all x € X (), so that V(-) is continuously
differentiable in X (Z) and, hence, on all boundaries between polytopes in
the polytopic partition of X. [ |

Theorem 5 Suppose Vi(-) is continuously differentiable, strictly convex,
and continuous piecewise quadratic on a polytopic partition P@X of a polytope
Xo C IR™. Then, there exists a v > 0 such that, for each j > 0, there exists
a polyhedron X; on which the value function Vjo(-) is continuously differ-
entiable, strictly convex, and continuous piecewise quadratic on a polytopic
partition PJ-X of Xj, and the optimal control law k;(-) is continuous and

piecewise affine on the same polytopic partition ij of X;.

Proof: Suppose Vjo_l() is continuously differentiable, strictly convex, and
continuous piecewise quadratic on a polytopic partition PjX_ , of a polytope
Xj_1 if v > ~j—1. Then, by Proposition 10, there exists a ; > ;1 such
that (z,w) — £(z,w) + Vjo_l(f(z,w)) is strictly concave in w, continuously
differentiable and continuous piecewise quadratic on a polytopic partition
7731’_1 of a polytope ®;_1 = {(z,w) € X xU X W | Fz+ Gw € X;_1}. By
Proposition 9, the value function J jQ_l(~) is then continuously differentiable

22



and, by Theorem 2, J]Q_l(-) is continuous piecewise quadratic and strictly
convex on a polytopic partition sz_l of a polytope Z;_1 = Proj,®,_1 (and
the disturbance law v;_1(-) is continuous and piecewise affine on the same
polytopic partition). Then, by Proposition 9, Vjo(-) is continuously differen-
tiable and, by Theorem 1, Vjo(-) is strictly convex and continuous piecewise
quadratic on a polytopic partition ij of a polytope X; (and the optimal
control law vj_1(-) is continuous and piecewise affine on the same polytopic
partition). |

5.2 General case

A simple characterization for the solution of the H,, problem with con-
trol and state constraints does not appear possible when the simplifying
assumption of §5.1 is not made. Without this assumption, the value func-
tion VO(-) for the minimization problem Py, is not necessarily continuously
differentiable at the boundary between polytopes in the polytopic parti-
tion of X. Consequently, the objective function V(-) (which has the form
V = £+ V9% in the maximization problem is not necessarily concave, no
matter how large 7 is chosen. The resultant cost function J(-) in the mini-
mization problem is then piecewise max-quadratic, i.e. it is continuous and
equal to the maximum of a finite number of quadratics in each polytope in
a polytopic partition of its domain. It does not appear possible to obtain a
simple characterization for a problem with this structure.

5.3 Illustrative example

The partial value functions and optimal control laws can be computed by
solving the max and min subproblems associated (for each subproblem)
with each set of potentially active constraints and each set of potentially
active polytopes. Since the number of these sets is combinatorial, a better
procedure, employed in our computations, is to select a state-control pair
z = (z,u) in the max subproblem, determine the active constraint set J
or the active index set of polytopes s, and then compute the corresponding
disturbance law v(-) and the region Z in which this control law is optimal,
using Theorem 2. The procedure is then repeated for a new value of z
not lying in the union of the sets Z already computed. Once the max
subproblem computations are complete, a similar procedure is applied to
the min subproblem using Theorem 1.
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Our numerical example is optimal min-max control of a constrained sec-
ond order system defined by:

= [(1) i}x—l—[of}u—i—w (5.6)

The state constraints are x € X := {z | |z|s < 10}. The control constraint
isu € U := {u] |ul <1}. The disturbance is bounded: w € W := {w |
|w]eo < 0.1} The path cost function is quadratic with @ = 10I, R = 1 and
7 = 100. The terminal cost Vy(x) is quadratic (1/2)z’ Pyz with

p._ [ 206143 5.9244
F=| 59244 14.2329

The terminal constraint set X is defined by the 4 inequalities: (—0.9849 —
0.3155)x < 2.1526; (0.9489 0.3155)x < 2.1526; (0.4369 0.8995)xz < 0.7079
and (—0.4369 — 0.8995)x < 0.7079.

n 1o 1-2 axes Projection to 1-2 axes

(a) Regions of x space, N =1 (b) Regions of x space, N = 2
Figure 3: 2D Example

The polytopic regions for N = 1 and N = 2 are shown in Figure 3. At
N = 2, the state space is partitioned into 17 polytopes in each of which
the optimal control law is piecewise affine; the state control space Z is
partitioned into 5 polytopes in each of which the optimal disturbance law is
piecewise affine.

6 H. receding horizon control

6.1 Introduction

Since we make use, in this section, of the solution for infinite horizon, linear
unconstrained H, problem, we assume, in the sequel, that (A, B) is stabiliz-
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able and that (C, A, B) has no zeros on the unit circle where Q = C’'C. Since
Q is assumed to be positive definite, (C, A) is detectable. These conditions,
and the fact that R is assumed positive definite, ensure that the conditions
assumed in [29], Appendix B, are satisfied for the full information case.
Hence there exists a 4 > 0 such that a positive definite solution Py to the
associated (generalized) H, algebraic Riccati equation for all v > 4 and
associated optimal control and disturbance laws u = Kyx and w = Kyx
respectively. It is shown in [29] that, under these assumptions, the state
matrices Ay £ A+ BK, and A. & A+ BK, + GK,, are both stable.

The terminal cost function Vy(-) for the constrained H, control problem
is defined by

Vi(x) = (1/2)]a[3,. (6.1)

and satisfies

Vi(Acw) = Vi(2) + Uz, Kyx, Kyx) = 0. (6.2)

The terminal constraint set X is chosen to be a disturbance invariant set (if
it exists) for the system z* = Az + Guw, Ay £ A+ BK,. Any disturbance
invariant set X satisfies

fle, Kyx, W) C Xy VaoeXy (6.3)

We assume that the set W is sufficiently small, and that ~ is sufficiently large,
to ensure the existence of a disturbance invariant set X which satisfies

X;CX, K, X;CU K,X;CW. (6.4)

That the last condition in (6.4) can be satisfied follows from the fact [29]
that K, — 0 as v — oo. A suitable X; may be computed as follows: if
W = {w | Cyw < ¢}, choose 7 such that X = {z | CoKypr < ¢y} is
reasonably large; clearly K, X C W. Next, choose X + to be a disturbance
invariant set for 7 = Arr + G satisfying Xy C X N X and K, Xy CU.
Since there does not exist a disturbance w that can steer the system
outside Xy given an initial state in Xy, the optimal policy for w in X is
w = Kypz. The closed loop system 27 = Az, Ac = A + BK, + GK,, is
exponentially stable and the controller u = K, x maintains the state in X if
the initial state is in X ;. We observe that the solution of the infinite horizon
constrained Hy, problem (defined by (2.9) with N = co) satisfies:

VO (z) = Vi), koolx) = Kyz, Vo € Xy (6.5)

since, by (6.4), the control constraints are satisfied everywhere in X so that
the solutions of the constrained and unconstrained problems coincide.

25



6.2 H_ control: control constraints

Since this problem, as stated in §4, has no terminal constraint and since
V¢ (-) defined above is a local rather than a global Control Lyapunov Func-
tion (Vy(-) is valid in Xy), standard stability results [30,31] (that enforce
the terminal constraint) cannot be employed. However, it is possible to de-
termine a domain of attraction for the Ho, controller characterized in §4.
Consider the following dynamic programming recursion:

V0 (a) = mip i (£, w) + VI (F (o, w)) (6.6)
kj(z) = arg melg meax{ﬁ(m,u,w) + Vj,l(f(:c, u,w))} (6.7)
Xj= Azl f(a,rj(x), W) C X4} (6.8)

with boundary condition
W (2) = Vi(2), X5 =X; (6.9)

This is identical to the recursion (4.4)—(4.6) except for the inclusion of the
recursion (6.8) that yields the sets X7, j > 0. Whereas the domain of the
value function Vjo(-) is IR™ for all j > 0, the importance of the sets X7
derives from Proposition 12 below.

Proposition 12 For every integer j > 0, every x € X7:

Proof: Suppose, for some integer j, VJO_I() =VY() on X7 ;. Then, by
(6.6),
0(p) = 0 =yY
V() = mip manc (£, w,w) + V(0 0))} = V2 ()

for all z € X7. Since Vy(z) = V2 (z) for all z € Xo = Xy, the desired result
follows by induction. [ |

Hence, the solution to the finite horizon H, problem in §4 is also the solution
to the infinite horizon problem (in the restricted sets X7) provided the
terminal cost Vy(-) is chosen as described above. A practical consequence
of this result is that, in computing the value function Vjo(-) (and £;(-)), it
is only necessary to consider those states lying in X7\ X7 ; (since Vjo(:r) =
Vjo_l(at) = Veo(z) at all z € X7 ).
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Definition 4 A set X is robust control invariant for = = f(x,u,w) if, for
every x € X, there exists a w € U such that f(z,u, W) C X.

It follows from (6.3) that the set Xy is robust control invariant.

Theorem 6 (i) The sets X7 are each robust control invariant and are non-
decreasing (satisfy X7 C X7y for all j > 0). (ii) For any N > 0, the set
Xy is finite-time attractive with a domain of attraction Xy for the closed-
loop system ™ = f(x, koo(x),w). (iii) Suppose that, for some finite integer
J < N, Xy lies in the interior of X7; then Xy is robustly stable for the
system xt = f(x, koo(), w).

Proof: (i) Assume X7 ; is robust control invariant. It follows from (6.8)
that X ;_1 Cc X j* so that X ]* is robust control invariant. Since X is robust
control invariant, the desired result follows by induction. (ii) By construc-
tion, for any integer j, and state z € X7 is robustly steered into X7 ;
by the admissible control k;(z) = koo(x). Hence any state x € X3 is
robustly steered into Xy in N steps; the controller u = K,z then keeps
the state in Xy, so that Xy is robustly finite-time attractive with a do-
main of attraction Xy for the system 27 = f(z, koo(z),w). (iil) For any
z € R" let |2|¥ £ d(z,X;) and for any infinite sequence {z(i)} in IR" let
{z (i)} £ sup;~qd(z(i), X;). From (ii), the controller ks (+) steers any
z € X7 into Xy in no more than j steps and, thereafter, keeps the state in
Xy. Hence, with (i) £ ¢(i; 2, Too, {w(i)}), w = {w(0),w(1),...,w(j — 1)},
let 6 : X7 x W7 — IR be defined by

Oz, w) £ |2()|5 = max{e(i; 2, Moo, w} [ i € {0,1,...,5 — 1}}.

The control law o (+) is continuous since it is equal to #;(-) in X7 thus 6(-) is
continuous and, hence, uniformly continuous in X ]* x WJ. Since 0(z,w) =0
forall z € Xy C X7, all w € W7, uniform continuity of (-) implies that,
for all € > 0, there exists a 6 > 0 such that (x,w) < e (2(i) € B-(Xy) for
all i > 0) for all (z,w) € X7 x W7 satisfying [z[" < § (x € B-(Xy)). This
establishes robust stability of X . [ |

The disadvantage of this approach is that the sets X ]* are obviously subsets of
IR™, the domain of the value functions V}O(-); the sets X7 are not necessarily
convex.
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6.3 H_ control: state and control constraints

Consider the receding horizon controller u = rx(z). If the terminal condi-
tions and assumptions stated above in §6.1 are adopted, then

C1: X/ is robust control invariant for 2 = (A 4+ BK,)z + Gw, X; C X,
K, Xy CU, K, Xy CW.

C2: min,epy maxyew {[V ¢+ (z,u,w) | f(z,u,w) € Xy} <0forallz € Xy.

In C2, ‘*/f(x,u,w) £ Vi(f(z,u,w)) — Vi(z). If the recursive dynamic pro-
gramming equations in (2.1) — (2.3) are employed, we obtain, by a minor
modification of the results in [22], §3.3.1, the following results:

(i) X; is robust control invariant for all ¢ € {1,..., N}

(ii:) X is robust invariant for 2+ = f(x, Ky (z), w)

(iii:) V. ()§V;(l1()V:UGXZ,l,ZE{l,...,N}

(iv}) V3(2) < Vi(2) ¥z € X,

(

v:) The value function satisfies:

(VO +6) < (V8 — VE_ )]s (a)w) < 0

for all (z,w) € Xn x W. Property (iii) is the monotonicity property of
the value function for the constrained, linear, uncertain system (1.1) with
cost (1.5). Let Vn(z, 7, w) denote the cost if player u uses the control law
u = kn(x) and the adversary w uses an arbitrary admissible disturbance
sequence w. Then, for any ¢s disturbance sequence

Vn(z,mw) = Z [y(@)* = (3*/2)|w(@)]” + Vi (z(N))

= Iy (V/2w(D)* < VR(z) (6.12)
i=0
since w is not optimal; here y(i) = Hz(i), 2(z) = (x(4),u(i)) = (x(i), iy (x(7))
and z(7) is the solution of (1.1) due to initial state x, control strategy = and
disturbance sequence w; we make use of the fact that Ky (x) = k¢ (z) for all
x € Xy. It follows that

Zly (0)* < (+%/2) le @) + Vy(z) (6.13)

=0
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which is the finite gain property. Next, if the disturbance is identically zero,

(VO +0) < (V0 — VO DI(Flarn(2),0)) <0
so that
VO(f (2, i (2).0)) — V() < —(ar, ki (2),0) < —(1/2)2'Qz

for all z € Xy so that the origin is exponentially stable with a region of
attraction X . Summarizing we have

Theorem 7 The receding horizon controller uw = kn(z) has the following
properties. The controlled system has the finite {y gain property (6.13) for
every initial state in the interior of Xn and, if the disturbance is identically
zero, the origin is exponentially stable with a region of attraction Xy .

If the disturbance satisfies w € W(z), where, as before, z = (z,u) and W is
such that w € W(z) implies |w| < d|z|, for some § > 0 (this W models some
parametric uncertainties), then

Uz,w) = (1/2)|zl3m — (7 /2)lw]* > (¢/2)|2]* > (¢/2)]a]?

for all z, w, some ¢ > 0, provided that § < (1/v). With this form of bounded
disturbance, the origin is robustly, exponentially stable (the state converges
to the origin exponentially fast despite the disturbance) if, of course, § <
(1/7).

We note, in passing, that we can simplify the dynamic programming
recursion, as in §6.2, by replacing (2.3) by

X5 = X {o | flamy(x), W) € X7}
and the boundary conditions by
Vo (@) = Vp(z), X5 =X;

However, in this case, (2.1) remains a constrained optimization problem be-
cause of the state constraint, so the advantage of using this formulation is
not so clear cut. As before, X7 C X; for each j which introduces conser-
vatism. However, the sets X7 are less complex than the corresponding sets
X;.
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7 Conclusion

We have shown (in §4) how the solution to the constrained H., problem may
be characterized when the system is linear, the cost quadratic and the con-
straints polytopic if no state and/or terminad constraints are present. This
characterization required the solution to a parametric program in which
the constraints are polytopic and the cost piecewise quadratic (rather than
quadratic). A novel solution to this problem is presented in §3. A charac-
terization of the solution to the constrained H., problem when state con-
straints are present under special (and restrictive) conditions is presented in
§5; characterization of the solution in the general case appears to be diffi-
cult. Stability properties of the resultant H., controlled system are briefly
discussed in §6.

APPENDICES
A Proof of Lemma 1, §3.1

We restate Lemma 1:

Lemma 1 (Clarke) Suppose Z is a polytope in IR" x IR™ and let X
denote its projection on IR" (X = {z | 3u € IR™ such that (z,u) € Z}).
Let U(x) = {u | (x,u) € Z}. Then there exists a K > 0 such that, for all
z, @' € X, for allu € U(x), d(u,U(z")) < K|z’ — x| (there exists a u' € U(x')
such that |u' —u| < K|z’ — z|).

Proof: The polytope Z is defined by
Z2{z=(z,u) | Mu< Nz +p, Lz <I}.

where the second set of inequalities is introduced to ensure that no row of
M is zero (Lx <[ defines the right hand boundary of Z in Figure 1). Let r
denote the row-dimension of M, s the row dimension of L, let I = {1,...,r}
and J = {1,...,s}. For all (z,u) € Z, U(z) = {u | Mu < Nz + p}
(since (z,u) € Z2 = Lx < ). For each z € X, U(x) is a polytope in
IR™. For each (z,u) € Z, let ¢(z,u) = max{Mu — Nz —p' | i € I}
and let ¢T(z,u) £ max{0,(z,u) where M? N’ p' denote the ith row,
respectively, of M, N and p. Then, for all z € X, v € U(z) ((z,u) € Z) if
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and only if ¥(z) = 0). Let I°(2) = {i € I | M*u — N'z — p* = ¢(2)} index
the (most) active constraints. The associated set of (most) active gradients
(with respect to u) is {g; | i € I°(2)} where, for each i, g; = (M")". Because
U(x) is a polytope, for each x € X, the set of active gradients is positively
linear independent (0 & co{gi(z) | i € I°(2)} for all z such that ¥ (z) > 0.
The proximal subgradient of u +— 1 (z, u) is:

dp(z, u)p(z,u) = co{g; | i € Io(z)}.

and the directional derivative di)(z; h) of ¢(+) at z in direction h is max{{g;, h) |
i € I°(2)}; the positive linear independence condition ensures that, at each
z, there exists a direction h along which ¥ (z) can be decreased. In fact,
there exists a § > 0 such that, if z € Z and ¢/(2) > 0 (2 € Z), then ¢ € §,(2)
implies [¢| > §. So, by Theorem 3.1 in [32], for all (z,u) € Z, all 2/ € X,
d(u,U(x")) < (@', u)/6 < (¢/8)|x — 2| (¢ & max{|N’| | j € J}) since
Y2’ u) < Y(x,u) + max{N7(z —2') | j € J} < c|z — 2'|}. This proves the
lemma with K £ ¢/0. [ |

B Continuous differentiability of the value func-
tion of a parametric quadratic program

See [22] and [8] for related results. We consider the standard parametric
quadratic program:

P(z): V)= muin{V(a:,u) | (z,u) € Z}. (B.1)

where z € IR", u € IR" and Z is a polytope with a non-empty interior. We
assume

A1: The cost function V'(-) is strictly convex and continuously differentiable.
The constraint (z,u) € Z imposes an implicit constraint on u € U(x) where
the set-valued function U(-) is defined by

U(z)={u] (z,u) € Z} ={u| Mu < Nz + p} (B.2)

so that P(x) may be written in the form

P(z): V9z)= muin{V(a:,u) |uel(x)} (B.3)
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The (unique) solution of P(z), for each z € X, is

u’(z) = arg muin{V(x, u) |uel(z)} (B.4)

The domain of VO(-), u(-) and U(-), is the polytope
X=A{x|U@x)#0}={z|Fuel(x)} =Projx(2) (B.5)

Let p > [ denote the number of rows of M, N and c. It is known that
VO9(.) is continuous piecewise quadratic and continuous and u°(-) is piece-
wise affine and continuous, being quadratic and affine, respectively, in the
polytopes Ry, I C I, that constitute a polytopic partition of X'. Each region
is characterized by a set of active constraints I, i.e. for all x € Ry:

M[UO(]:) =Nz +cq (B.6)
Miu < N;jx + p; for all i € I¢ (B.7)
—V.V(z,u’(z)) € PCr(x) (B.8)

where M7, N; and c; denote the matrices with, rows M;, N; and ¢;, respec-
tively, i € I, and PCr(x) £ {MjX | A > 0} is the polar cone to the cone
F(x) £ {h | Mrh < 0} of feasible directions at z; for each I C Z,, I¢ denotes
the complement of I in Z,. Thus V?(-) is continuously differentiable (in fact
analytic) in the interior of each region Ry, I C Z,,. We may assume, without
loss of generality, that M; has maximal rank. Our final assumption is:

A2: For any two adjacent regions Ry, and Ry, (R, NRy, # 0) either I} C Iy
or I1 D I.

Assumption A2 will often be satisfied, but there do exist counterexamples.

Theorem 8 Suppose V(-) is continuously differentiable and that assump-
tions A1 — A2 are satisfied. Then VO(-) is continuously differentiable in
X.

Proof: It is known that V°(.) is continuous piecewise quadratic and con-
tinuous and u°(-) is piecewise affine and continuous, being quadratic and
affine, respectively, in the polytopes Ry, I C Z, that constitute a polytopic
partition of X. Each region is characterized by a set of active constraints I,
i.e. Ry is defined by the inequalities (B.6)-(B.8). Thus V() is continuously
differentiable (in fact analytic) in the interior of each region Ry, I C Z,,.
Consider the continuous differentiability of V(-) on the boundary between
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two regions Rj and Ry, say where Iy C I. For any I C I, such that
Ry #0, any x € Ry,

u’(z) = aj(z) + uj(z) (B.9)
where, for each index set I, u%(z) € range(M})= N (M;)*1 (the row space
of My) is that u of minimum norm satisfying M;u = Njz + c¢; and 6}(z) €

range(M7)+ = N (M;) (N(M) is the null space of M;). Roughly speaking,

0Y(x) satisfies the constraints, and @%(x) optimizes. It is easily shown that

both /() and @Y(:) are affine in z, satisfying, respectively
u]( ) K[$—|-k[, ﬁ?(l‘) :Kll’—l—]%] (B.lO)

where k:I and the columns of K 1 lie in range(M 1) and k; and the columns
of K lie in range(M})*. In fact, Kp and k; are given by

K;= M]Ny, kyr=Me (B.11)
where MIT, the Moore-Penrose pseudo inverse of My, is given by
M} = (MjMp) ™ M (B.12)

Since V?(-) is continuously differentiable in each region Ry, consider the
continuous differentiability of V°(-) on the boundary between two regions,
Ry, and Ry, say, where I; C Iy Because, for x € Ry, uo(x) minimizes
(with respect to u) the continuously differentiable function V' (z,u) in the
hyperplane {u | Mj,u = Np,z + cr, }, we have

~V.V(z,u’(x)) € {Mj X | X >0} C range(M7},) (B.13)

Hence
(0/02)V (x) = (9/02)V (x,u’(x)) + (9/0u)V (z,u’(x))(8/x)a], ((3]33)’14)
since (9/0u)V ((z,u®(x)))(9/dx)1, (z) = 0 (because of (B.13) and the fact

that (8/83})13?1 (r) = Kj,) and the columns of K, lie in range(M}l)J-. Sup-
pose now x — x* € Ry, N Ry,, x € Ry,. Then

(8/02)V°(x) — (0/02)V (2", u’(a*)) + (8/0u)V (x,u’(«")) K1, (B.15)

where both V,V (z,u"(z*))" and the columns of Kj, = (8/8:L")ul (*) lie in
range(M7} ). Next consider a x € Ry, such that x — 2* € Ry, NRy,. Arguing
as above we deduce

(0/02)Vy (x) = (9/02)V (a7, u’ (")) + (0/0u)Va((w, u’ (")) K1, (B.16)
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where V,V(z,u’(z*)) lies in range(M 7,) (as above) but the columns of
Kp, = (0/0z)u) (¢*) lie in range(M7,). We show below that Iy C I implies
that My, K, = My, Kj,. Since V,,V((x,u"(z*)) lies in range(M7 ), it follows
that

(8/0u)V (z,u (") K1, = (0/0u)Va((w, u’ (")) K1, (B.17)

Equations (B.15) - (B.17) establish the continuous differentiability of V()
at z* € Ry, N Ry,. . )
We have now to show that Iy C Is implies that My K5, = M Kj,.

Suppose
]\4]2:|:J\4[1:|7 NI2:|:NI1:|’

m n
Then, from (B.11)
My, Kr, = My, M} Ny,

But .
M, K1, = Ny,

so that

from which it follows that
M;p K, = Ny, = My, K,

It follows from A2 that V9(-) is continuously differentiable in X'
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