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Abstract— In this paper, a third order nonlinear model of the
airpath of a turbocharged diesel engine is derived, which is then
converted into linear parameter-varying (LPV) form with the
intake and exhaust manifold pressure as parameters. The model
predicts the mass air flow (MAF) and manifold absolute pressure
(MAP) based on the EGR and VGT actuator positions, speed,
and load. A comparison to experimental data from the engine test
bed and to a higher order nonlinear model suggests the validity
of this approach.

I. I NTRODUCTION

Modern diesel engines are typically equipped with variable
geometry turbochargers (VGT) and exhaust gas recirculation
(EGR), which both introduce feedback loops from the exhaust
to the intake manifold. This leads to a substantial increase in
calibration effort. Model-based control aims at reducing this
effort, but the controllers have to be robust for successful im-
plementation on the engine. Typically, several controllers are
designed for different speed-load points and are then merged in
a gain scheduling approach, which does not give robustness
guarantees anymore [1]. This problem can be overcome by
recently developed robust gain scheduling methodologies (see
e. g. [2]) that require a linear parameter-varying model of the
plant, which is usually difficult to obtain.

LPV systems, which where initially studied in [3], are linear
systems whose describing matrices depend on an exogenous
time-varying parameter vectorρ(t):

ẋ = A(ρ(t))x +B(ρ(t))u (1)

y = C(ρ(t))x +D(ρ(t))u

whereA,B,C,D are continuous matrix valued functions of
ρ(t), which varies in the set of continuously differentiable
parameter curvesρ : [0,∞) → R

k. Both ρ(t) and its rate
of variation ρ̇ are contained in prespecified compact setsΓ
andΓd. The parameter vectorρ is composed of different real
parametersρi each one of them varying betweenρ

i
andρi:

ρi(t) ∈
[
ρ
i
, ρi

]
, ∀t ≥ 0, i = 1, . . . , k.

The rate of variationρ̇i is assumed to be well-defined at all
times and satisfies

ρ̇i(t) ∈
[
q
i
, qi

]
, ∀t ≥ 0, i = 1, . . . , k.

The exogenous parameterρ(t) is unknown apriori but can
be measured or estimated online. This distinguishes LPV
systems from linear time-varying systems for which the time-
variations are known beforehand. If the scheduling parameter
is endogenous to the state dynamics, e. g.ρ(t) is a state itself
as it will be the case for the airpath model, the system shall
be calledquasi-LPV[4].

Note that the parameters are allowed to enter the system
matrices in a nonlinear way. Nevertheless, it is typically rather
difficult to convert a complex nonlinear model into (quasi-
) LPV form, although many nonlinear systems of interest
can be written in that form. A common problem is that the
dynamics of the plant are not linear in the plant input. Another
issue is that the order of the system should be as small as
possible because the control design and implementation are
computationally expensive.

After introducing the control problem in Section II, a
simplified nonlinear airpath model of the diesel engine will
be described in Section III. The model will be derived and
parameterised for low and medium speed-load points, which
are covered by the New European Drive Cycle (NEDC). It
will then be converted into quasi-LPV form in Section IV.
Finally, Section V will give some model validation results and
a comparison to a full nonlinear model.

II. T HE CONTROL PROBLEM

The plant to be controlled is a turbocharged passenger car
diesel engine equipped with exhaust gas recirculation (EGR)
as depicted in Figure 1. The turbocharger increases the power
density of the engine by forcing air into the cylinders, which
allows injection of additional fuel without reaching the smoke
limit. The turbine, which is driven by the energy in the exhaust
gas, has a variable geometry (VGT) that allows the adaptation
of the turbine efficiency based on the engine operating point.

The second feedback path from the exhaust to the in-
take manifold is due to exhaust gas recirculation, which is
controlled by an EGR valve. The recirculated exhaust gases
replace oxygen in the inlet charge, thereby reducing the
temperature profile of the combustion and hence the emissions
of oxides of nitrogen. The interactions are relatively complex;
a detailed description can be found in [5] and the references
therein.
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Fig. 1. Diesel engine setup.

While the VGT actuator is typically used to control the
intake manifold absolute pressure (MAP), the EGR valve
controls the mass air flow (MAF) into the engine. Both the
EGR and VGT paths are driven by the exhaust gases and hence
constitute an inherently multivariable control problem.

III. SIMPLIFIED NONLINEAR MODEL

For the detailed derivation of an eighth-order nonlinear
mean-value model of the engine under investigation, the reader
is referred to [6]. The model therein will serve as a benchmark
for comparison of the quasi-LPV model developed here and
is subsequently named thefull nonlinear model.

In [7], Jankovic et al. propose a simplified third order
nonlinear model in which the manifold dynamics are described
solely by differentiating the ideal gas lawpV = RTm
resulting in one differential equation for each the intake and
the exhaust manifold pressure. The turbocharger dynamics are
approximated by the power transfer with time constantτ :

ṗi =
RTi
Vi

(Wci +Wxi −Wie) +
Ṫi
Ti
pi

ṗx =
RTx
Vx

(Wie +Wf −Wxi −Wxt) +
Ṫx
Tx
px (2)

Ṗc =
1
τ

(−Pc + ηmPt)

Subsequently, the mechanical efficiency of the turbocharger
ηm will be set to unity. In a further approximation, the
intake and exhaust manifold temperatures are assumed to be
constant such that the effect oḟTi and Ṫx on pi and px,
respectively, is neglected. Alternatively, the derivatives could
be neglected, but the measured temperatures could be kept
as measured parameters (quasi-static approach) to improve
the model. However, with LPV control design in mind, the
number of parameters should be as small as possible, hence
the choice to set these temperatures to constants. Since the

quasi-LPV model will be used for a whole range of speeds
and loads (i. e. those covered on the NEDC), this assumption
limits the accuracy of the model and the constant temperatures
will be optimised to give a good representation of the airpath
dynamics over the NEDC as will be discussed below.

The precompressor and postturbine pressures are fixed at
ambient conditions. The relation between compressor flow and
power is given by

Wci =
ηc
cpTa

Pc(
pi
pa

)µ
− 1

. (3)

Note thatµ := γ−1
γ = 0.286. The compressor efficiency is

assumed to be constant rather than being parameterised as a
function of turbocharger speed and pressure ratio across the
compressor as in the full nonlinear model.

The flow through the EGR valve is approximated for
subsonic conditions as suggested in [8] by

Wxi =
Ar(xr)px√

RTx

√
2
pi
px

(
1− pi

px

)
, (4)

where the effective area of the EGR valveAr is a quadratic
polynomial in the valve liftxr. In order to avoid the input
xr entering the equations quadratically, the static nonlinearity
from actuator position to effective area is pulled out of the
model and the effective areaAr is used as input directly.
Figure 2 shows that this static nonlinearity is monotonically
increasing and can therefore be inverted such that controllers
can be designed with the effective area as output.
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Fig. 2. Static nonlinearity of the EGR valve.

The mass flow rate from the intake manifold into the
cylinders is determined by the speed-density equation:

Wie = ηv
pi
TiR

N

60
Vd
2

(5)

with the total displacement volumeVd and the volumetric
efficiencyηv assumed to be constant for this simplified model.



The turbine flowWxt is parameterised based on the standard
orifice flow equation. The effective area is identified as a
linear function of the VGT position. Applying the same
approximation for the flow function as in (4) the following pa-
rameterisation with identified parametersa, b, c, d is obtained:

Wxt = (axv + b)
(
c

(
px
pa
− 1
)

+ d

)
px
pref

(6)

×
√
Tref
Tx

√
2
pa
px

(
1− pa

px

)
,

a = 490.4, b = 633.7, c = 0.4, d = 0.6,

where the reference temperature and pressure are chosen to
298 K,101.3kPa. Figure 3 shows the fit (solid) compared to
experimental (dot) and provided (dash) data. Note that the fit
was chosen to match the experimental data especially at the
low pressure ratios which are encountered on the NEDC.
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Fig. 3. Turbine flow map for the quasi-LPV model: Measured (dot), provided
(dash), and fitted (solid) data for different VGT positions.

Finally, the turbine power is given as (note that the turbine
efficiency is also set to a constant in this simplified model):

Pt = WxtcpTxηt

(
1−

(
pa
px

)µ)
. (7)

As opposed to the full nonlinear model, the simplified version
contains several constant parameters, namely the compressor
and turbine efficienciesηc and ηt, the volumetric efficiency
ηv, the intake and exhaust manifold temperaturesTi and
Tx, and the time constant of the turbocharger power transfer
τ . Obviously, these parameters vary with engine conditions
and keeping them constant is only a crude approximation.
However, it turns out that they capture the dynamics of the
system at least in the low and medium speed-load region,
which is under investigation here.

The aforementioned parameters are chosen based on a
nonlinear optimisation. Therefore, the model is simulated with

TABLE I

PARAMETER VALUES OF THE SIMPLIFIED MODEL.

ηc in % ηt in % ηv in % τ in s Ti in K Tx in K

61 76 87 0.11 313 509

the inputs taken from extra-urban part of the NEDC, which
covers the range of interest in this application. Matlab is then
used to find the parameters which result in the best fit of the
simulation and experimental data. As the optimisation is based
on a nonlinear search, convergence to the global minimum
cannot be guaranteed. However, the obtained parameter values,
which are given in Table I, appear to be reasonable.

Note that the diesel engine model has a singularity at
pi = pa when the compressor flow (3) becomes infinite.
Fortunately, it can be shown that the setΩ := {(pi, px, Pc) :
pi > pa, px > pa, Pc > 0} is invariant, i. e. every trajectory
starting inΩ stays inΩ for all time [7].

IV. CONVERSION TO ANQUASI-LPV MODEL

Combining and rearranging the equations from the previous
section, the following three nonlinear differential equations are
obtained:

ṗi =
RTi
Vi

ηc
cpTa

Pc(
pi
pa

)µ
− 1
− pi
Vi

ηvVd
2 · 60

N (8)

+
RTi
Vi

px√
RTx

√
2
pi
px

(
1− pi

px

)
Ar

ṗx =
Tx
Ti

pi
Vx

ηvVd
2 · 60

N− RTx
Vx

px√
RTx

√
2
pi
px

(
1− pi

px

)
Ar

− RTx
Vx

a

(
c

(
px
pa
− 1
)

+ d

)
px
pref

×

√
2
pa
px

(
1− pa

px

)√
Tref
Tx

xv

− RTx
Vx

b

(
c

(
px
pa
− 1
)

+ d

)
px

pref

×

√
2
pa
px

(
1− pa

px

)√
Tref
Tx

+
RTx
Vx

Wf

Ṗc = −Pc

τ
+
ηtcpTx
τ

(
1−

(
pa
px

)µ)
px
pref

√
Tref
Tx

×a
(
c

(
px
pa
− 1
)

+ d

)√
2
pa
px

(
1− pa

px

)
xv

+
ηtcpTx
τ

(
1−

(
pa
px

)µ) px

pref

√
Tref
Tx

×b
(
c

(
px
pa
− 1
)

+ d

)√
2
pa
px

(
1− pa

px

)
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Fig. 4. Validation results for the quasi-LPV model (dash) on the NEDC in comparison to the experimental data (dot) and the simulation results for the full
nonlinear model (solid).

These equations now have to be cast into the form (1). With
the chosen states and inputs, the state equation becomes: ṗi

ṗx
Ṗc

 = A(ρ(t))

 pi
px
Pc

+B(ρ(t))


Ar
xv
N
Wf

 . (9)

An inspection of (8) reveals that only the intake and exhaust
manifold pressurepi and px enter the equations in various
nonlinear ways. Therefore, they have to be considered as
parameters, i. e.ρ1 = pi and ρ2 = px. With that in mind,
each term in (8) contains a state or input variable plotted
in boldface. The terms multiplying these variables now only
contain fixed parameters or the time-varying parametersρ1 and
ρ2. Note that in some termspx is printed in boldface which
means that there are no other states or inputs multiplying it
and hence it can be left as a state.

In order to convert (8) to (9), all nonboldface printedpi
and px are replaced byρ1 and ρ2, respectively, the terms
multiplying states and inputs are separated, and everything is
written as a matrix equation. In (9), the origin is an equilibrium
point, but it does not correspond to a physical equilibrium
point which will have intake and exhaust manifold pressures
larger than 100 kPa. However, for the control design, the
parametersρ are considered to be independent of the state
x, i. e. the parameter space will be gridded. Assuming there
exist equilibriaxeq andueq for each parameter value, (9) can
be redefined by subtracting the equilibria from the states and
inputs. However, this does not affect the A and B matrices.
If the input to the controller is the error between reference
and measured values (i. e., operating point offsets disappear in
the controller input) and the controller will have integrating

behaviour (such that the operating point offsets inu can be
provided by the integrators), a transformation of (9) to a
physical equilibrium is not necessary. Otherwise, Shamma’s
state transformation can be applied to sort out the equilibrium
conditions [4].

The significance ofpi not appearing in boldface in (8) is
that the first column of theA matrix will be all zeros resulting
in the system containing an integrator. This can be avoided if
the speed inputN is redefined, e. g.N = Ñ+1500 rpm. Thus,
the term multiplyingN in the first row can be restated as:

− pi
Vi

ηvVd
2 · 60

N = − pi
Vi

ηvVd
2 · 60

Ñ− pi

Vi

ηvVd
2 · 60

1500. (10)

Now, the (1,1) entry in theA matrix becomes nonzero. The
same applies to the second line in (8). In a further step, the
EGR and VGT inputs are redefined as

Ar = Ãr + 8.9 · 10−5m2 (11)

xv = x̃v + 0.5, (12)

where the offsets correspond to the centre of the actuator
range. Note that such a redefinition of the fuelling inputWf

would result in a constant term not multiplying any other
state or input; it is hence left unchanged. Since the engine
dynamics are not included in the model, zero fuel flow does not
imply engine stalling; the fuel flow is only included because
it contributes to the flow from the cylinders into the exhaust.
Moreover, on the normal operating range of the diesel engine,
the fuel flow is 18 to 70 times smaller than the air flow. Hence,
assuming a nontypical zero fuel flow is not problematic.

The more general case, in which (8) contains terms, i. e. con-
stants or even nonlinear functions in the scheduling parame-



ters, that do not multiply any state or input can be converted
into the form (9) using Shamma’s state transformation [4].

The output equation in (1) can easily be obtained as(
Wci

pi

)
=

(
0 0 ηc

cpTa
1

( ρ1pa )µ−1

1 0 0

) pi
px
Pc

 (13)

wherepi is replaced byρ1 and theD matrix is entirely zero.
All tildes will be omitted subsequently.

Note thatAr andxv are the manipulated variables for this
airpath submodel, whileN andWf are external disturbances
which can be measured but not be manipulated. Hence,N
and Wf could be introduced as additional parameters. For
example, withN as parameter,pi could be used as a state
(described by a differential equation) rather than as an external
parameter (which, by definition, can vary independently of the
statepi) in two more places. However, in order to keep the
computational power required for LPV control design small,
N andWf are treated as external disturbances.

The non-uniqueness of the LPV representation of the non-
linear equations in (8) can make the results conservative. This
issue of the state-dependent representation can be addressed by
including an additional degree of freedom in the optimisation
[9]. Here, the chosen representation yielded satisfactory perfor-
mance in a subsequent control design such that its optimisation
was not necessary.

Finally, note that there is no approximation involved when
going from the simplified nonlinear model to the quasi-
LPV model. The validation in the following section therefore
applies to both the simplified nonlinear and the quasi-LPV
model.

V. M ODEL VALIDATION

In order to assess the accuracy of the simplified nonlinear
model, it will be compared to the full nonlinear model and
experimental results with a focus on MAF (Wci) and MAP
(pi) predictions. Figure 4 shows the simulation results for the
part of the NEDC.

The comparison to the full nonlinear model shows that the
steady-state offset is larger in both MAF and MAP for the
quasi-LPV model, especially during the first ten seconds, but
the latter captures the transient behaviour rather well con-
sidering the crude approximations involved in the derivation.
Interestingly, during the transient between 25 and 35 seconds,
MAP is better matched than by the full nonlinear model,
which shows a large overshoot. However, this occurs at the
expense of an underestimation of MAF. On the contrary, MAF
is well matched during the first ten seconds, where MAP is
overestimated by the quasi-LPV model. It should be pointed
out that steady-state offsets are not of concern since any
reasonably designed controller will take care of that.

Note that the simulation is entirely open loop and that speed
and load vary significantly (750-2000rpm, -35-140Nm). The
EGR valve is kept shut for this experiment to separate the
effect of the EGR path from the VGT path. The parameter
estimation for the quasi-LPV model was obtained from the

complete extra-urban part of the NEDC (i. e. 400 s) with
actuated EGR valve.

The further validation will focus on a fixed operating,
namely 1500 rpm, 85 Nm. Figure 5 shows the response of
the quasi-LPV model to step inputs in EGR and VGT. On
the engine, a pneumatic actuator (so-called EVRV) converts
a duty cycle command to a vacuum pressure which results in
an actuator position. The top plots in Figure 5 show the duty
cycle as well as the measured actuator position which is then
fed into the model.

The gains in the main couplings are not as well matched
as for the full nonlinear model. While the gain in the EGR to
MAF channel is slightly underestimated, it is overestimated
for the VGT to MAP channel. This is not surprising when
comparing the parameterisation effort that went into the full
nonlinear model.

Concerning the cross-couplings, the gain in the EGR to
MAP channel is actually better matched for the quasi-LPV
model than for the nonlinear model. Moreover, the nonmini-
mum phase behaviour of this channel is also reflected in the
quasi-LPV model although it is hard to see in the figure.
The cross-coupling from VGT to MAF shows some transient
response but the steady-state is almost unchanged. This can be
explained by the sensitivity of that gain to the effective area of
the EGR valve, where the gain even undergoes a sign change
for a sweep in the EGR position.

VI. CONCLUSION

This paper has described linear parameter-varying mod-
elling of the airpath of a turbocharged diesel engine. A third
order nonlinear model is derived and directly converted to
LPV form which requires that two states of the system (intake
and exhaust manifold pressure) are considered as scheduling
variables (quasi-LPV). The inputs to the model are EGR
and VGT actuator positions, speed, and load. The outputs
are chosen as intake manifold absolute pressure (MAP) and
manifold air flow (MAF). Some rather crude approximations,
e. g. assuming constant temperatures in the intake and exhaust
manifold, facilitate the generation of a nonlinear model that
allows direct conversion to LPV form. Nonlinear models,
which do not allow such a conversion, can typically be
approximated by quasi-LPV models. However, to find suitable
approximations is a substantial task.

Despite the approximations, a comparison to simulation data
from a higher order nonlinear model and to experimental data
shows that the quasi-LPV model captures the nonlinearities
and dynamics rather well. In the mean-time, a successful LPV
control design based on the model described in this paper has
been achieved; the results will be published in near future.
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NOTATION

Subscripts:

a ambient
c compressor
e engine (cylinders)
i intake manifold
r recirculation (EGR)
t turbine
x exhaust manifold

Mass flows are denoted with two subscripts, indicating the
source and the sink. For instance,Wci is the flow from the
compressor into the intake manifold, i. e. MAF.

Ar m2 effective area of EGR valve
cp J/kg/K specific heat ratio at constant pressure
N rpm engine speed
P W power
p kPa pressure
R J/kg/K gas constant
T K temperature
V m3 volume
Wab kg/h mass flow from a to b
γ - specific heat ratio (γ = cp/cv)
η - efficiency
τ s time constant


