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Abstract of this paper is explicitly linking some of these results with
the robustness analysis of MPC controllers. Another con-

A number of results are derived for analysing the robust fea-tribution of this paper is the development of computation-
sibility of a given Model Predictive Control (MPC) scheme ally tractable robust feasibility tests for linear, time-invariant
which ignores model mismatch and/or disturbances during(LTI) and piecewise affine (PWA) systems. Theorems 8
control input computation. The main contribution of this pa- and 9 consider the case when the optimal solution is found
per is the development of computationally tractable tests forat each time step and Section 4 develops results which allow
determining the robust feasibility of an MPC controller for one to test whether or not robust feasibility is guaranteed for
linear or piecewise affine systems, where the constraints aré@ll optimal and sub-optimal solutions to the MPC problem.
given by the union of convex polyhedra and the disturbancenmost previous robust invariance tests have been concerned
acts additively on the state. Practical tests are also presentegith | T| systems with LTI control laws, e.g. [7]. In this pa-
which allow one to give robust feasibility guarantees for all per test for checking robust invariance (which is equivalent to
optimal and sub-optimal MPC control actions. robust feasibility) are developed for LTI and PWA systems,
Keywords: nonlinear model predictive control, constraints, where the control law is aingle-valued PWA mafd, 2] or
robust feasibility, robust strong feasibility, robust set invari- @ non-convex, set-valued maphis paper is also similar in

ance theory, piecewise affine systems. emphasis to that of [10, 11] and the references contained in
the latter, in the sense that robustness analysis, rather than
1 Introduction robust synthesis, of MPC controllers is the main topic of the

paper. However, whereas [10, 11] contain sufficient condi-
Over the last few decades Model Predictive Control (MPC) tions only, this paper derives necessary and sufficient condi-
has proven to be a very successful technique for the contions for guaranteeing robust feasibility.
trol of multivariable, constrained systems. However, most Notation: In definitions = reads “is defined as” ang:
industrially-implemented MPC schemes do not explicitly reads “defines”. Argmigo f(8) is the set of all min-
take into account that there is a mismatch between the actughisers of mipco f(8). If f : A — B, then f(A) =
plant and the model used in the synthesis of the controller.{f(x) eB:xeA} and hencef(A) = Uyaf(x). The
In practice, it often happens that the MPC controller or a Minkowski (vector) sumA @ B := {x+y:xcAye B
disturbance drives the system to a state which is outside thesiven a setA, the interior is denoted bp°, the comple-
so-calledfeasible sebf the associated finite horizon optimal ment by A° and the set of all subsets &f (power set) is
control problem. As a result, a control input cannot be com- denoted by 2. The set inclusiorA c B holds iff A C B
puted and the optimisation problem has to be redefined, e.gandA + B. If f(-) := [f1(-), f2(-),...]" is a vector function
by softening the state constraints [8]. andv := [vi,V2,...]" is a vector, therv > maxeo f(0) iff

However, in order to guarantee robust constraint satisfaction?i : Vi > Maxeo fi(6). The unitvectod := [1,1,...,1]'.

in safety-critical applications it is desirable that infeasibility o

of the MPC optimisation problem is avoided at all costs. In 2 Problem Description

other words, once inside the feasible set the system evolution . . ) )

should remain inside the feasible set for all time and for all € discrete-time plant dynamics are given by
disturbance sequences. In this paper, if an MPC controller

is such that the closed-loop system has this property, it will X1 = Fp (X, Ui, Whe)

be calledrobustly feasible Results are presented which al-

low one to determina priori whether or not a given MPC  wherek € Z is the time instantg € R" is the system state,
controller which ignores disturbances in the optimal control ux € R™ is the control input anav, € RY is an unknown
problem, is robustly feasible. disturbance. At each time instant the disturbance is randomly

d
The main concepts discussed here apply to general, nonlinSelected from a closed and boundedet R”.

ear systems and are directly related to well-established reDue to physical, safety and/or performance constraints, the
sults in set invariance theory [4, 5]. One of the contributions design requirement is that both the computed control input



and the state be constrained to closed and bourssd) C
RMandX C R", respectively.

For the design of the MPC controller, a hominal, discrete-
time model

X1 = fm(X; Uk)
is used and the disturbanceagsored It is assumed that both
fo: X xUxW — R"andfy : X x U— R" are single-valued
maps.

non-emptyCn(X), i.e.

Kn:={xeR":FueCn(X)}={xeR": Cn(x) #0}.

If x € Xn, then a solution exists to the optimisation problem
and hence the MPC control input is defined for the given
state. For alk ¢ Ky, a control input cannot be computed.

Remark2. If f,, andh are linear maps and,U,W andT
are compact, convex polyhedra, th&g is also a compact,

This paper is concerned with deriving results and tests whichconvex polyhedron and can be computed via projection or
allow one to determine whether or not the resulting state ofMinkowski summation [5, Chap. 5]. If, andh are piece-

the plant in closed-loop with an MPC controller, where the

wise affine (PWA) maps, theiy can still be computed. In

effect of the disturbance has been neglected during controlleghis case Xy is not necessarily convex but can still be de-

design, robustly satisfies the constraint

At each time instant the current statés measured and the
MPC control actionn (X) := ug(X) is computed, wherey(X)

is the first element of a solution to the following open-loop
optimal control problem:

Problem 1 (Finite Horizon Optimal Control). Find a

P-1
U (%) € ArgminF (xp) + 3 £ (¥ U)
k=0

subject to
X1 = fn(Xi, W), X € X, uk € U, k=0,....,P—1 (1la)
u =h(x),k=N,....,.P—-1 (1b)
Xo=XXpeT, (1c)
where

u*(x) := (Up(x), ..., un_1(X)) -

In the aboveN is the control horizon anB is the prediction
horizon withP > N > 1. As is common in MPC, a terminal
constraint T C X and terminal control lawh : X — R™ may

u:= (U07...,UN,1),

scribed by the union of convex polyhedra [5, Chap. 4].

Because of the presence of both state and input consfaints
the feasible set is not necessarily equal to eithékbbr X,
butis only a subset of, i.e. Ky C X; in practice the feasible
set is often a strictly proper subsetXfi.e. Xy C X.

3 Optimal Solutions

Note that though the assumptions in Section 2 guarantee the
existence of a solution to the finite horizon optimal con-
trol problem for allx € Ky, the solution is not necessar-
ily unique. This section is concerned with robust feasibility
when the solution to the finite horizon optimal control prob-
lem is unique. For the case of guaranteeing robust feasibility
when the optimal solution is not unique, the development
follows similar lines of reasoning as in Section 4 and will
not be discussed here.

Assumption 3 (Uniqueness).For all x € Ky, a unique so-
lution to Problem 1 exists.

The above assumption holds only in this section and is made
in order to guarantee that the MPC controjlgr: Xy — U

also be used in defining the control problem. It is assumedis a single-valued map.

that the terminal co$t : X — R and stage cogt: X x U — R
attain their minima inside their respective domains.

As can be seen, the existence of a solution to the above pro
lem is dependent on the current stateFor a givenx, the
constraints (1) define the set of &hsible input sequences

Cn(x) := {u e UN: (x,u)satisfies (1) .

The feasible setKy of the above optimisation problénis

Definition 4 (Robust feasibility). The MPC controller is ro-
bustly feasible if and only if for all states inside the feasible
set and for all disturbances insitfé, the state of the plant
at the next time instant lies inside the feasible set, ug.

robustly feasible= Vx € K : fp(X, un(X), W) € Kn.

Guaranteeing robust feasibility is very strongly linked with
ideas in set invariance [5]. The concept of thach setof

the set of states for which the resulting constraints define athe closed-loop system is particularly useful in this context.

LIn order to improve the numerical robustness of the controller, in prac-

For the closed-loop system, the reach set from an arbitrary

n: .
tice it is a good idea to add upper and lower bounds for each state, evers€t Of state€2 C R" is defined as
though the original design requirements may not translate into a bounded

X.

2Note that for the results in this paper to hold, an invariance condition
on the terminal constraint does not have to be satisfied.

3If N = P, then a terminal control law is not included in the problem and

Ry (Q) := {fp(x, un(X), W) e R":x€ Q,we W}
and it follows thatR,,, (Q) = Uxecq fp(X, In(X), W).

hence (1b) is removed. Note also that a stabilising condition on the terminal Given this, the following result follows trivially from the def-

control law or upper bound by on the cost-to-go are not necessary for the
results in this paper to hold.

4If Ky is the feasible set of the MPC problem with a control horizon of
N and a prediction horizon &, thenJ(y_1 is the feasible set of a problem
with a control horizon oN — 1 and a prediction horizon ¢f— 1.

inition of a robustly feasible MPC controller:

5lfthere are no state or terminal constraints=£ T = R") thenKy =R"
and hence feasibility is never a problem and a control input can always be
computed.



Proposition 5 (Unique solution). The MPC controller p is It can be seen that W is a closed, convex polyhedron, then

robustly feasible if and only iRy, (Xn) € K. the above test can be implemented by solving s linear
programs, wherg| is the number of linear inequalities de-

' scribing the feasible set arsds the number of convex poly-
hedral partitions in the MPC control law.

Remark6. This result is not surprising since, by definition
the MPC controller is robustly feasible if and onlyfy is a

robustly positively invariant set for the closed-loop system o
It is well-known that a given set is robustly positively invari- f Poth the plant and model are PWA, then a similar test

ant if and only if the set of states reachable from the givenCan also be derived, since an MPC control law can be com-
set is contained within itself [4, Sect. 3.2]. puted as described in [1] such that the closed-loop system

is PWA. Let the plant dynamics be PWA, i.dp(X,u,w) =
Aix+ Bju+ Ejw+ ¢ for (x,u) € € and the MPC control law
also be PWA. The closed-loop system is now given by the
PWA dynamics

Remark7. It is important to note that in order for the MPC
controller to be robustly feasible it is necessary that is
control invariant; if the feasible set is not control invariant,
then®Ry, (Kn) € Xn. However, it should be stressed that,
depending on the model dynamics and choice of parameters fo(X, in(X), W) = ®ix+Ew+bj, forxe X, i=1,...,s,

in (1), Xn might already be control invariant without requir- 3)

ing any modification; it is recommended that the designerwhere eaclb; € R™" E; € R™9 b; € R" and all theX; are
check for control invariance before modifying the MPC con- closed, convex polyhedra. The feasibleXgt= ;<5 Xi can
troller. A control invariant feasible set can be guaranteed inbe computed as described in [5, Chaps 4-5], is not necessar-
a number of ways, e.g. by setting the control and predictionily convex, but is given by the union of the convex polyhedra
horizons sufficiently large or by choosing a control invariant X;.

T[5, 6]. Because of the non-convexity of the feasible set, in order to

In order to derive a test or algorithm which implements the implement a robust feasibility test, it is easiest if the com-

. i .
above condition some structure regarding the problem hadlément of the feasible séty is computed. Onc&y is
to be assumed. An explicit expression for the MPC control 2vailable, computing the complement is straightforward [5,

law also needs to be derived. Fortunately this is possible for*PP- DI- The complement is given by the uniontobpen,

some classes of systems. convex polyhedr&j, i.e.

Recent results have shown how to compute an explicit ex- Ky = U Qj, Jd:={12,...,t}.
pression of the receding horizon control law, which is im- jea

plicitly defined by the MPC control problem, for LTI or PWA Theorem 9 (Robust feasibility test: PWA). If the closed-
with poly hedral constrain_ts [1,2]. In bo.th these Papers, with loop system is given i) and the complement of the feasi-
the choice of an appropriate co_st function, the resulting CON-ple setk® — Ui, Q; has been computed, where each
trol law was shown to be PWA, i.e. N=Mied™
. Qj = {xeR":Hjx< z,H; e RY%*" 7z e RU} |
In(X) =: Kix+g;, forxe X, i=1,...}s, (2)

then the MPC controller is robustly feasible if and only if for
where each{K;,gi) is such thak; e R™", g € R™. All the all (i,j)edIx g,
X; are close#, convex polyhedra such that their interi6s .
are pairwise disjoint, i.6.7 j & X7 NX; =0, and the union  0< g)l(lpv{e Hj (Pix+Ew+Dbi) <z +1le,we W,xe xi} :
of all X is equal to the feasible set .
As before, if W is a closed, convex polyhedron then the
above test can be implemented by solving a finite number
of linear programs.

Kn=JXi, J:={12....s}.

ied

Theorem 8 (Robust feasibility test: LTI). If f;(x,u,w) = Once the receding horizon control law, the feasible set and
fm(x,u) + Ew = Ax+ Bu+ Ew, where Ac R™" B ¢ its complement have been computed, robust feasibility tests
R™™M E € R™, the MPC control law is given b§2) and  for LTI and PWA systems can also be derived using tech-
the feasible set niques based on those described in [3]. However, it is felt

that perhaps Theorems 8 and 9 are easier to understand and

implement, since the results presented here need not be im-

has been computed, then the MPC controller is robustly fea_plemented by. settlng up and solvimgixed-integerinear

sible if and only if programs, as is required for the (more general) problem for-
mulated in [3], but only require solving standard linear pro-

v>max{G((A+BKi)x+Bg +Ew):we W,xe X;,i € J}. grams.

i, X,W

Kn=: {xeR":Gx<v,G e R"" ve R}

50 is robustly positively invariants Vx € Q : fo(X, in (X), W) C Q. 4 All Optimal and Sub-optimal Solutions

7Q is control invariants Vx € Q, 3u € U such thatfy(x,u) € Q. . . . .
8Strictly speaking, each; is not guaranteed to be closed, but a closed |N Practice, especially when the system is nonlinear, one can-

approximation of eacl is used when computing the explicit control law.  not guarantee that the solution is unique nor can one guaran-



tee that the solver will return the optimal solution to Prob- Theorem 14 (Robust strong feasibility test: LTI). If
lem 1 at each time step [9, Sect. 3]. It would therefore be fy(x,u,w) = fm(x,u) + Ew= Ax+ Bu+ Ew and the feasi-
useful if a result could be derived which allowed one to guar- ble set

antee that the MPC controller is feasible for all time and for ) 0 axn q

all disturbance sequences, even if a sub-optimal control input Kn = {xeR":Gx<v,GeRT"ve R}

is computed at each time step. This section is concerned with, .5 peen computed, then the MPC controller is robustly
deriving such a result which guarantees robust feasibility forstrongly feasible if and only if

all optimal and sub-optimal solutions.

By ignoring the cost function in Problem 1 and treating the V= wu"f‘v?,({G(AXJr Buw+Ew):weW,ueCn(x)}.

MPC controller as an agent which, for a given stateXy,
randomly selects an admissible control input from the so-If W and (1) are given by closed, convex polyhedra, then the
called set offeasible inputsthe robust feasibility problem above test can be implemented by solviflinear programs,
can be addressed relatively easily on the abstract level. whereq is the number of constraints describifg,. A sim-

ilar test can be derived for piecewise affine systems, but it

Definition 10 (Feasible inputs). For a givenx € Ky, the  requires solving a number of mixed-integer linear programs.
set of feasible inputs M(x) is the set of first elements of

feasible input sequences, i.e. For more complicated systems like piecewise affine systems,

it might be easier to exploit the structure of the system and
Mn(X) = {Up € R™: u e Cn(X)} - a}dopt a geometric approach. If .the disturbance acts addi-
tively on the state, then the following result holds:

Remarkll. Note that the feasible inputsiMx) differ from  Thegrem 15 (Additive state disturbances).If (X, u,w) =

the set ofadmissibleinputsU; in general Mi(x) C U,¥x &€ f(x u) + fy(w), then the MPC controller is robustly
Xn. The set of feasible inputs is the subset of admissiblesirongly feasible if and only if

inputs which are compatible with the constraints defining the

MPC controller (1). Rm(Kn) @ fw(W) € Kn,
This definition allows one to treat the MPC controller as a Where
set-valuednap My, rather than as a single-valued map, i.e. Rn(Kn) = fn(Kn,U) N KN-1.
My Ky — 2Y. Proof. See [5, Sect. 6.2]. O

The MPC control action is now any(x) € Mn(x) and the It may be possible to exploit the structure when com-
closed-loop system is described by tifference inclusion  puting fm(Xn,U), e.g. if fm(x,u) = fx(X) + fu(u), then
Xk+1 € fp(Xk,MN(Xk),W). fn(Kn, U) = fx(Kn) @ fu(U).

If the MPC controller is robustly feasible for all optimal Corollary 16 (LTI and PWA systems).
and sub-optimal control inputs, it will be said to be robustly
stronglyfeasible in order to distinguish this more conserva- 1. If fy(x,u,w) = fm(x,u) + Ew= Ax+ Bu+ Ew, then
tive condition from the one in Section 3. the MPC controller is robustly strongly feasible if and
only if

Definition 12 (Robust strong feasibility). The MPC con-
troller is robustly strongly feasible if and only ifx (AXN®BU)NKN_1) PEW C Ky .
Kn,we W : fi(x, Mn(x),w) C Kn.

2. If fo(X,u,w) = (X, u) + Ew= Aix+ Bju+ Ew+-c; for
For the closed-loop system, the reach set from an arbitrary X € Xi, then the MPC controller is robustly strongly
set of state€  R" is defined as feasible if and only if for all i€ J,

i (i i i _ CKn.
Rty (Q) = { fp(x, M (X),W) CR": x€ Qwe W} (AXINTIN) SBUSE)NXn-1) SEW € Xn
3. If fp(x,u,w) = fm(X,u) + Eiw = Aix+ Biu+ E\w+¢;

for x € Xj, then the MPC controller is robustly strongly

feasible if and only if for alli, j) € I x J,

It follows that Rmy, (Q) = Uxea fo(X, Mn(X), W) and hence
one can derive a similar feasibility result as in Section 3.

Proposition 13 (All optimal and sub-optimal solutions). (G NKN) S BUD )N NK SEW C K
The MPC controlleMy is robustly strongly feasible if and (A N) BB )0 N Kn-2) DEW € K.
only if Rmy (Kn) € Kn. Remark17. Note that in the above corollary, it is not re-

quired thathis linear nor is it required that the constraints are

Again, some assumptions regarding the system structuréompact, convex polyhedra. Howeverfjfandh are linear

need to be made before one can extract a practical feasibilityand the constraints are given by compact, convex polyhedra,
test. then Theorem 14 results in a simpler test.
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Figure 1: Plots of sets used in Example 18. Figure 2: Plots of sets used in Example 19.
5 Examples subsets of the feasible set and that neither of the sets intersect

. ) .. the boundary ofK,, which explains the fact that the MPC
This section demonstrates the use of the robust feasibility;onoller is both robustly feasible and robustly strongly fea-
and robust strong feasibility tests on S|mdple LTI systems. gipje against non-zero disturbances. Also, the fact that the
The disturbance set is given by := {w e R%: |wllw <V}  poyndary ofUxexc, fo(X in(X),0) is further away from the

and the aim is to determing andy;ss, which are the largest boundary ofK> than the boundary ofin(K2,U) N K1 is, ex-
values ofy for which the conditions in Theorems 8 and 14 plains whyyi > Vrs.

hold, respectively. These optimised valuesyotan be

thought of as the robust feasibility margin and robust strongExample 19. The same plant as in Example 18 is used, but
feasibility margin of the MPC controller. As is standard in with T = X. The MPC controller was found to be robustly
robust control these valuesy€an be determined iteratively feasible and robustly strongly feasible with

by using the bisection algorithm. The explicit expressions

for the MPC control laws were computed using the algo- vt =0.9272 vyt =0,
rithm of [2] and the feasible sets were computed as discussed ) ) o )
in [5]. thereby illustrating that the robust strong feasibility condi-

tion could be considerably more conservative than the robust

In each examplefp(x,u,w) = fm(X,u) +w = AX+ Bu+w, feasibility condition.

F(x) := 0, £(x,u) := Xx+ U'u, the input constraintt) are i i o

given by ||ufl. < 1 and the state constrain are given The reason for this large difference can be seen in Figure 2,
by [X|e < 5. No terminal control law is used. The Where the feasible s&f; =Xy = X. The setfm(X2,U) N
feasible setXy as well asXn_1 and fm(Kn,U) have Xy intersects the boundary 6f>, |n_1ply|_ng that the MPC
been plotted for some of the examples. In all the figuresController is robustly strongly feasible if and only W =

the shaded region represents the reach set of the closed9}: if the predicted statém(x, u) is such that it lies on the
loop systemfy(x, un(X),w) with W = {0} and is given by boundary ofX>, then a non-zero disturbance exists which
Usescey Fo(X “,3( 3 0) :’UXEj< fn(X, i (X)) could drive the plant state outside the feasible set.

N ) ) N ) *

Example 18. An open-loop stable LTI system is given by ~ Example 20. The LTI system is given by

—-0.2739 —0.641 1.957 1 0} [1 0.5}
= X = Xg + Uy + Wi .
%17 | 0.6415 —0.2733 +{0.5043 U+ W et {0.1 1) % o o5 WMk

The horizons ar® = N = 2 and the terminal constraint is The horizons ard® = N = 2 and the terminal constraint is
given by T = {xe R?:||x||. < 1}. After applying the re-  givenbyT = {x € R?: |||l < 1}.

sults of Theorems 8 and 14, it was found that On investigation of the relevant s&ti was found that

o o f (X,HN(X),O): fm(sz U)ﬂ:Kl::Kl,:KleKz and
=0.927 = 0.6317. Uxeac, T :

it 2 et that X, does not intersect the boundaryX$. As a result,
the MPC controller was found to be both robustly feasible

These results can be interpreted graphically by referring to nd robustly strongly feasible for the same size of non-zero

Figure 1, Proposition 5 and Theorem 15. It can be seen thaf'
both Uyesc, fp(X, n(X),0) and fm(X2,U) NXKy are proper 9These sets are not shown due to space restrictions.




er Several examples showed that there exist systems for which
the MPC controller has robust strong feasibility as well as
systems for which the MPC controller is neither robustly fea-
sible nor robustly strongly feasible. It still remains to be seen
exactly how many combinations of plant and MPC controller
are robustly feasible or robustly strongly feasible without ex-
plicitly having to take the disturbance into account during the
computation of the control input.

The discussion in this paper concentrated on analysing the
robust feasibility of MPC controllers which were designed
without taking the uncertainty into account. Robust stability
and performance have not been addressed in this paper. Fur-
ther research effort could involve developing methods, based
on the ideas presented in this paper, for synthesising robustly

SRPRACTNCL)

%6 - -2 o 2 a 6 8 stable MPC controllers with a robust strong feasibility mar-
1 gin which is close or equal to the robust feasibility margin.
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