Continuity Properties of LQG Optimal Controllers

Michael Green Department of Engineering, Australian National University, Canberra 0200, Australia.

Malcolm C. Smith University of Cambridge, Department of Engineering, Cambridge CB2 1PZ, England.

Keywords: LQG control, H_2 control, optimal control, gap topology.

Correspondence address: Dr. M.C. Smith, University of Cambridge, Department of Engineering, Trumpington Street, Cambridge CB2 1PZ, England.

Abstract

It is shown that the LQG optimal controller is a continuous function of the plant. The result is proved for a class of plants which contains the class of strictly proper finitedimensional plants. The topology employed is the one generated by convergence of the closed loop transfer functions in an induced L_∞ sense. This topology is slightly stronger than the usual (H_2) gap metric convergence on transfer functions.

Notation

R and C denote the real and complex fields. H2, H∞ denote the standard Hardy spaces

in the right half of the complex plane. L_p denotes the standard Lebesgue space and ‖ · ‖_p its norm. If G(s) is a matrix function of s, G^∗(s) := G(−s)^′ is the conjugate of G(s). If G(s) is real rational, G^∗(s) = G(−s)^′. H^n_p , L^n_p etc. denote corresponding spaces of vectorvalued functions. We denote by Π_+ the orthogonal projection from L^n_2 (−j∞, j∞) onto H^n_2 . Dimensions will be suppressed if they can be inferred from the context.

1. Introduction

This paper examines the question of the continuity of LQG optimal controllers as a function of the plant. Continuity is proved for gap-type perturbations, where the convergence of the closed loop transfer functions is demanded in an induced L_∞ (rather than the usual L_2) sense. As usual with gap topologies, small perturbations may change the order of the plant (or even make it infinite dimensional), and possibly allow changes in the number of right half plane poles etc. We formulate the LQG problem as an H_2-optimal control problem over a suitably general space of (infinite-dimensional) transfer functions defined in terms of the Wiener algebra. The continuity result exploits properties of the Wiener algebra and in particular the possibility of continuous spectral factorisation for functions in this class.

2. The Wiener algebra

The Wiener algebra W is defined to be the set of functions of the form g = f̂ + c where f̂ is the Fourier transform of a function f ∈ L_1(−∞, ∞) and c is a constant. The norm of an element g = f̂ + c is defined by ‖g‖_W = |c| + ∫_∞ −∞ |f(t)|dt. It is well-known (see [2]) that W is a Banach algebra in the continuous functions on jR∪{∞} and that it contains all rational functions with poles off jR ∪ {∞}.

For any f ∈ L_1(−∞, ∞) we can write f = f_+ + f_− where f_+ ∈ L_1[0, ∞) and f ∈ L_1(−∞, 0]. We define the natural projections P(f̂ + c) = f̂_+ + c and Q(f̂ + c) = (I − P)(f̂ + c) = f̂_− and denote W^+ = PW and W^−_0 = QW. This gives a direct sum decomposition of W into the two closed sub-algebras: W = W^+ ⊕ W^−_0 . Note that the elements of W^+ (resp. W^−_0 ) have holomorphic continuations into the right (resp. left) half plane. It is also true that W^+ ⊂ H_∞ and ‖g‖_∞ ≤ ‖g‖_W for any g ∈ W^+.

The corresponding spaces of matrix functions are denoted by W_{r×c}, (W^+)_{r×c} and (W^−_0 )_{r×c} with the norm given by

‖g‖_W = max_i c∑ j=1 ‖g_{ij}‖_W . We remark that ‖ · ‖_W is an induced norm on (W^+)_{r×c} in the following sense: if g = f̂ + c ∈ (W^+)_{r×c} and u ∈ L^c_∞[0, ∞) then

‖g‖_W = sup_{u≠0} ‖cu + f ∗u‖_∞ ‖u‖_∞ where ∗ denotes convolution and ‖u‖_∞ = max_j ‖u_j(t)‖_∞. We will use the same notation P and Q for the natural projections on the matrix spaces.

3. H2 control problem

In the feedback configuration of Fig. 1, let the transfer function from w = ( d_1 d_2 ) to z = ( y_1 y_2 ) be denoted by T (s). If the closed-loop is stable and G, K are strictly proper

rational transfer functions the 2-norm of T (s):

‖T (s)‖_2 = ( 1 2π ∫_∞ ∞ trace(T (jω)^∗T (jω)dω )_1/_2

is well-defined. We will consider the problem of minimising ‖T (s)‖_2 over all stabilizing controllers K. To this end let G(s) = C(sI − A)^{−1}B be a minimal realisation, u = y_2, y = y_1 + d_2 and consider the “standard plant” P , defined by the equations z = P_{11}w + P_{12}u, y = P_{21}w + P_{22}u, which is given by:

P = [ G 0 0 0 ] [ G I ]

[ G I ] G s= A [ B 0 ] B [ C 0 ] [ 0 0 0 0 ] [ 0 I ]

C [ 0 I ] 0 . (1)

The unique optimal controller which minimises the 2-norm of T_{zw} = T is given (see, for example, [3, Theorem 2], [6]) by K_{opt}(s) = −F (sI − Â)^{−1}H where Â = A − BF − HC, F = B^′X, H = Y C^′ and X, Y are the unique positive definite solutions of the algebraic Riccati equations: A^′X + XA − XBB^′X + C^′C = 0, (2) AY + Y A^′ − Y C^′CY + BB^′ = 0. (3)

It can be seen that K_{opt}(s) is a standard LQG optimal controller for G(s) (see [1]).

The above minimisation problem can be posed and solved, at least abstractly, for very general (not necessarily finite-dimensional) plants G(s). We will now discuss such a procedure. First of all, any linear shift-invariant plant which is L_2-stabilizable has normalised coprime factorisations G = NM^{−1} = M̃^{−1}Ñ and corresponding solutions of the Bezout identity ( Ṽ −Ũ −Ñ M̃ ) ( M U N V ) = ( I 0 0 I ) (4) where all matrices have elements in H_∞. Moreover, any stabilising controller has transfer function

K = (U + MQ)(V + NQ)^{−1} (5) = (Ṽ + QÑ)^{−1}(Ũ + QM̃) (6) for some Q over H_∞. From (1) we obtain T_{zw} = ( I K ) (I − GK)^{−1} ( G, I ) − ( 0 I 0 0 )

= ( V + NQ U + MQ ) ( Ñ M̃ ) − ( I 0 ) ( 0 I ) . (7)

If G(s) has sufficiently fast “roll-off” at infinity in the sense that the 2-norms of N and Ñ exist, then solutions of (4) can be found for which the 2-norms of U and Ũ exist. In this case, ‖T_{zw}‖_2 exists if ‖Q‖_2 does. We now assume that these conditions are satisfied. Using the fact that the 2-norm is unitarily invariant we can pre- and post-multiply (7) by ( N^∗ M^∗ −M̃ Ñ ) and ( Ñ ∗ M −M̃^∗ −N )

to find that

‖T_{zw}‖_2 = ‖ ‖ ‖ ( N^∗V + M^∗U − N^∗M̃^∗ + Q N^∗N −I + M̃M̃^∗ −M̃N )‖ ‖ ‖_2 .

It therefore follows that the optimal controller is given by (5) or (6) with

Q = Q_{opt} = Π_+(−N^∗V − M^∗U + N^∗M̃^∗) = −Π_+(N^∗V + M^∗U).

4. Controller convergence

We now restrict attention to the class of plants G_{p×m} which possess normalised coprime factorisations and corresponding solutions of (4) over W^+. This class strictly contains the class of finite-dimensional plants but is a subset of those plants for which the solutions of (4) belong to H_∞. We now denote the transfer function T_{zw} in (7) by T_{[G,K]} when it exists. Given G, G_i ∈ G_{p×m} we say that G_i^W→G if, given any K = (U + MQ)(V + NQ)^{−1} (Q ∈ (W^+)_{m×p}), K stabilises G_i for sufficiently large i and ‖T_{[G,K]} −T_{[Gi,K]}‖_W → 0 as i → ∞. Since ‖ · ‖_∞ ≤ ‖ · ‖_W , this implies convergence in the usual H_2-gap sense. One consequence of the following theorem is that the above definition is independent of the choice of K.

Theorem. G_i^W→G if and only if there exist normalised coprime factorisations of G, G_i and corresponding solutions of (4) which converge in norm, i.e. ‖M −M_i‖_W → 0, ‖N −N_i‖_W → 0, ‖U − U_i‖_W → 0, etc.

Proof. The weaker statement of the theorem which does not require the coprime factorisations of G_i to be normalised is easily proved as follows (cf. [8]). We will use the alternative expression T_{zw} = ( G I ) (I − KG)^{−1} ( I, K ) − ( 0 0 I 0 )

and for notational convenience we take Q = 0. Then ‖T_{[G,K]} − T_{[Gi,K]}‖_W → 0 ⇔ ‖ ‖ ‖ ( N M ) ( Ũ, Ṽ ) − ( N_i M_i ) (Ṽ M_i − Ũ N_i)^{−1} ( Ũ, Ṽ ) ‖ ‖ ‖_W → 0 ⇔ ‖ ‖ ‖ ( N M ) − ( N_i M_i ) (Ṽ M_i − ŨN_i)^{−1} ‖ ‖ ‖_W → 0. (8)

The last step follows since ‖ ( Ũ, Ṽ ) ‖_W is bounded and ( N −M ) is a right inverse of ( Ũ, Ṽ ) of bounded W-norm.

The key part of the proof is to show that the factorisations can be normalised while preserving convergence. Denote ( N_i M_i ) = ( N_i M_i ) (Ṽ M_i − ŨN_i)^{−1}

and note that

‖I − (N^∗_i N_i + M^∗_i M_i)‖_W → 0

as i → ∞. We now seek a spectral factorisation

Φ_i = N^∗_i N_i + M^∗_i M_i = R^∗_i R_i

using the procedure of [2]. Accordingly we seek a canonical factorisation Φ_i = Φ_{i−}Φ_{i+} where Φ_{i+}, Φ^{−1}_{i+} ∈ (W^+)_{m×m} and Φ_{i−} −I, Φ^{−1}_{i−} −I ∈ (W^−_0 )_{m×m}. For i sufficiently large the operators

S_{Φi} (X) = P(Φ_iX) + Q(X), R_{Φi} (X) = P(X) + Q(XΦ_i)

satisfy

‖I − S_{Φi} ‖ ≤ ‖P‖ ‖I − Φ_i‖_W < 1, ‖I − R_{Φi} ‖ ≤ ‖Q‖ ‖I − Φ_i‖_W < 1 and hence have bounded inverses. Thus, Φ_{i+} = X^{−1}_i , Φ_{i−} = Y^{−1}_i where X_i and Y_i are the unique solutions of the equations

P(Φ_iX_i) + Q(X_i) = I, P(Y_i) + Q(Y_iΦ_i) = I.

(See [2, Corollary 1.2, p. 39]). Moreover, the solutions must converge to the corresponding factorisations of I, namely ‖Φ_{i+} − I‖_W → 0, ‖Φ_{i−} − I‖_W → 0. Since Φ^∗_i = Φ_i and canonical factorisations are unique then we must have R_i = Φ_{i+} = Φ^∗_{i−}. We can now conclude that ( N̂_i M̂_i ) = ( N_i M_i ) R^{−1}_i

is normalised (i.e. M̂^∗_i M̂_i + N̂^∗_i N̂_i + I) and ‖ ‖ ‖ ( N M ) − ( N̂_i M̂_i )‖ ‖ ‖_W → 0 as i → ∞. Resuming the simplified notation of the theorem statement we have shown that G_i^W→G

implies the existence of normalised factorisations so that ‖ ‖ ‖ ( N_i M_i ) − ( N M )‖ ‖ ‖_W → 0 and

(similarly) ‖ ( M̃_i, Ñ_i ) − ( M̃, Ñ ) ‖_W → 0. It now follows that Ṽ M_i − Ũ_iN_i = I + Ṽ (M_i − M) + Ũ(N − N_i) is invertible over W for large enough i, and the same is also true of −Ñ_iU + M̃_iV . We can therefore define ( U_i V_i ) = ( U V ) (−Ñ_iU + M̃_iV )^{−1}, ( Ṽ_i, −Ũ_i ) = (Ṽ M_i − Ũ_iN_i)^{−1} ( Ṽ , −Ũ )

to achieve the required convergence properties of U_i, V_i, Ũ_i, Ṽ_i.

The converse direction of the proof is immediate since ‖ ‖ ‖ ( N_i M_i ) − ( N M )‖ ‖ ‖_W → 0

implies (8). 2

Corollary. Let the plants G, G_i ∈ G_{p×m} satisfy G_i^W→G. Let Q_{opt} = −P(N^∗V + M^∗V ) and Q_{opt,i} = −P(N^∗_i V_i + M^∗_i V_i), where N, N_i etc. are given as in Theorem 1. Define

K = (U + MQ_{opt})(V + NQ_{opt})^{−1}, K_i = (U_i + M_iQ_{opt,i})(V_i + N_iQ_{opt,i})^{−1}.

Then K_i^W→K.

Proof. Since P is a bounded operator then ‖Q_{opt} − Q_{opt,i}‖_W → 0 as i → ∞. This implies ‖ ‖ ‖ ( V + NQ_{opt} U + NQ_{opt} ) − ( V_i + N_iQ_{opt,i} U_i + N_iQ_{opt,i} )‖ ‖ ‖_W → 0. Therefore, from (7), we have ‖T_{[G,K]} − T_{[G,Ki]}‖_W → 0, which proves the result. 2

Remark. The above Corollary establishes the promised continuity result for LQG controllers. This is because the natural projection P and Π_+ coincide on W ∩ L_2, so that K and K_i are optimal LQG controllers if N (and consequently Ñ) has elements in H_2 (and U, Ũ are chosen similarly).

5. Example

It is interesting to compare the continuity properties of LQG controllers with gap-optimal controllers. The controller which is optimally robust to perturbations in the gap metric can be calculated by performing a Nehari extension on −(N^∗V + M^∗U) instead of an orthogonal projection onto H_2 [4]. It is known that optimal interpolants for the Nehari problem can have discontinuities in an L_∞ sense [7] when the associated Hankel operator has a repeated top singular value. A plant at which gap discontinuity actually occurs has been given in [5]: G(s) = s/(s^2 + 1). On the other hand a Lipschitz continuity property for suboptimal gap-controllers does hold, which has been shown in [9].

We will now work out the optimal LQG controller for G(s) = (s + ϵ)/(s^2 + 1) explicitly. For the state space realisation: A = [ 0 1 −1 0 ] , B = [ 0 1 ] , C = [ ϵ 1 ]

we can directly compute that the positive definite solution X = [ x_1 x_2 x_2 x_3 ] of (2) is given by:

x_2 = −1 + √ 1 + ϵ^2, x_3 = √ 1 + 2x_2, x_1 = x_3(1 + x_2) − ϵ. To find the solution Y = [ y_1 y_2 y_2 y_3 ]

of (3) we need to solve the equations:

2y_2 − (ϵy_1 + y_2)^2 = 0, y_3 − y_1 − (ϵy_1 + y_2)(ϵy_2 + y_3) = 0, −2y_2 − (ϵy_2 + y_3)^2 + 1 = 0.

At ϵ = 0 the positive definite solution is: y_1 = y_3 = 1 and y_2 = 0. We can then directly calculate the successive terms in a Taylor expansion to find:

y_1 = 1 − ϵ + ϵ^3 + O(ϵ^4), y_2 = ϵ^2/2 − ϵ^3/2 + O(ϵ^4), y_3 = 1 − ϵ^2/2 + O(ϵ^4).

After substitution and some manipulation we obtain the following expression for the optimal controller:

K_{lqg}(s) =

−(1 + ϵ^3 + O(ϵ^4))s + (ϵ − ϵ^2 − ϵ^3/2 + O(ϵ^4)) s^2 + (2 + ϵ^2 + O(ϵ^4))s + (1 + 2ϵ^2 − ϵ^3 + O(ϵ^4)) , which illustrates the above-derived continuity property. In contrast, the optimal gap controller, which was derived in [5], is given by:

K_{gopt}(s) =

(−1 + O(ϵ))s + ϵ/2 + O(ϵ^2) s + ϵ/2 + O(ϵ^2) (ϵ > 0) −1 (ϵ = 0) (1 + |ϵ| + O(ϵ^2))s − 2|ϵ|^{−1} + O(1) s + 2|ϵ|^{−1} + O(1) (ϵ < 0)

with the discontinuity being clearly evident.

Acknowledgements

We are grateful to Brian Anderson for raising the continuity issue considered in this paper.

References

[1] B.D.O. Anderson and J.B. Moore, Optimal Control (Prentice-Hall, Englewood Cliffs, 1990).

[2] K. Clancey and I. Gohberg, Factorization of Matrix Functions and Singular Integral Operators (Birkhäuser, Boston, 1981).

[3] J.C. Doyle, K. Glover, P.P. Khargonekar and B.A. Francis, State-space solutions to standard H_2 and H_∞ control problems, IEEE Trans. on Automat. Control 34 (1989) 831–847.

[4] T.T. Georgiou and M.C. Smith, Optimal robustness in the gap metric, IEEE Trans. on Automat. Control, 35 (1990) 673–686.

[5] T.T. Georgiou and M.C. Smith, Unpublished notes, 1990.

[6] M. Green and D.J.N. Limebeer, Linear Robust Control (Prentice-Hall, Englewood Cliffs, 1994).

[7] V.V. Peller, Continuity properties of the operator of best approximation by analytic functions, LOMI Preprints, E-13-87, (1987) Leningrad.

[8] M. Vidyasagar, The graph metric for unstable plants and robustness estimates for feedback stability, IEEE Trans. on Automat. Contr., 29 (1984) 403–418.

[9] L.Y. Wang and G. Zames, Lipschitz continuity of H^∞ interpolation, Systems and Control Letters, 14 (1990) 381–387.

-

d_1 + `ȷ́ı_Σ y1

  - G

              ?^+

6+

K y_2 œ `ȷ́ı_Σ

+œ^{d2}

Figure 1: Standard feedback configuration