Robust performance and adaptation using receding horizon H1 control of time varying systems.

Sanjay Lall� Department of Engineering Cambridge University Cambridge CB2 1PZ England email: sl1@eng.cam.ac.uk

Keith Glover Department of Engineering Cambridge University Cambridge CB2 1PZ England email: kg@eng.cam.ac.uk

Abstract

In this paper we construct suboptimal H∞ controllers which satisfy a new robust performance condition, using the receding horizon technique. A method is described for the synthesis of H∞ controllers online, making use of the exact plant model only on a finite interval extending into the future. Inequalities based on the two Riccati differential equation solution to the finite horizon H∞ problem are derived, and the resulting freedom is exploited to construct H∞ controllers which have a closed loop induced norm less than a prespecified value for all plants within a set, which is described in terms of the future variation of the plant. Dual results, with a possible adaptive interpretation, are also constructed.

1 Introduction

The construction of H∞ controllers for finite dimensional linear systems has been derived in a number of ways, using operator theory, the state space solutions in [4], using game theoretic techniques [1], and in the time domain[11]. The time domain and game theoretic techniques both allow solution of finite horizon problems with non-zero initial conditions, and therefore allow a receding horizon control formulation. The receding horizon technique solves, at each time t, an optimization problem based on a cost function evaluated on the interval [t, t+T ], for some fixed T . This controller is implemented on some shorter interval, say [t, t + δ]. Then at time t + δ, the optimization is again performed, with the cost function applied to the interval [t + δ, t + T + δ].

The use of game theoretic techniques to solve a moving horizon H∞ problem was first applied by Tadmor[10], where it was shown that with a terminal state constraint, the receding horizon control law not only gave stability, but also gave an infinite horizon H∞ norm bound. Later these results were extended by Lall and Glover[8] to allow a quadratic terminal state weight. The linear quadratic moving horizon problem was studied by Kwon[6, 7], but in this case there is no global suboptimal property satisfied, and the only criterion which was desired was stability.

One interesting property of this controller construction in the game theory problem is that it is not necessary to know exactly the model for the system being controlled for all time. Provided we know the model up to some finite time ahead, we can construct a controller which satisfies some prespecified nominal performance with respect to the induced 2-norm on this finite interval. We then show that a succession of such controllers, under some simple additional conditions, also satisfies the same nominal performance with respect to the induced 2-norm on [0, ∞).

This appears to offer some theoretical advantages. Typically in current robust control design schemes, one starts with a nominal model of the system to be controlled, and an uncertainty description. Then it is assumed that the real system lies within some ball around the nominal. However, one possible drawback to this scheme is that

�_{This author for correspondence.}

the plant may change over time. It may be that if we identify an FDLTI model for our plant now, and repeat the identification in the future, that the models identified will be different. This may be due to parameter variation (for example, ambient temperature) or it may be due to the more subtle considerations of plant ageing.

Typically we cannot predict over a long period of time how the system will age. We may have good knowledge of the plant now, but be much more uncertain about the future. We would like to design for the future plant without having a good model for it.

In this paper we show that the moving horizon control strategy allows this, and we describe an extension of the strategy to allow discrete update of the continuous time controller. Provided that the future plant satisfies a certain condition, it is shown that the controller designed guarantees a H∞ norm performance bound over all future time.

The central idea involved in this methodology is that the synthesis of the controller can be an online process. The plant model is assumed to be linear time varying, and known up to a finite time ahead. As new information is gained about the plant model further into the future while the controller is running, we can take this into account and re-synthesise. All that is required is that we know the model for the future plant some finite time in advance. The overall, time varying compensator still gives an H∞ performance bound. This bound is satisfied for all plants described by the model over a future interval of time, and which satisfy a particular condition thereafter. Note that we do not give any methods for actually determining the model, for example online identification or parameter estimation.

In some sense dual to the ideas of future variation of the plant given above, is the idea of past error in plant model. Suppose we have designed and implemented an H∞ controller using some nominal model, and that this controller has been running for some time. After this time, it is discovered that the nominal model used was incorrect, and we would like to know how much error was allowed. In this case we show how it is possible to construct an estimator which again guarantees an infinite horizon induced norm bound, for all plants which satisfy a condition on the past model.

Throughout this paper, the final time is denoted at tf . Except where stated, this can be replaced by tf = ∞, and the controllers constructed will be stable, for C^′_1C1 > εI and B1B^′_1 > εI for some ε > 0.

2 Preliminaries

We consider the system ẋ(t) = A(t)x(t) + B1 (t)w(t) + B2(t)u(t) x(t0) = x0

z(t) = C1 (t)x(t) + D12(t)u(t) (1) y(t) = C2 (t)x(t) + D21(t)w(t) where the coefficient matrices are bounded matrix valued functions of time. We use the standard assumptions, that D^′_{12}C1 = 0, D^′_{12}D12 = I, D21 B^′_1 = 0 and D21D^′_{21} = I, which can be removed by suitable changes in the loop description. Further, we shall assume there exists ε > 0 such that B1(t)B1(t)^′ ≥ εI and C1(t)^′C1 (t) ≥ εI for all t > 0 in the infinite horizon case.

Let M be the set of state feedback strategies possible for player u on a fixed time interval. Similarly for N as the strategy space for player w. We will consider dynamic game problems of the form

inf_{u∈M} sup_{w∈N} ∫_{tf} t0 |z(t)|^2 − γ^2|w(t)|^2 dt + x(tf )^′Qf x(tf ). This problem is solved in [1], where it is shown that if there exists a saddle point to the above problem, then the infimising feedback strategy for u gives a control law which satisifies the finite horizon H∞ condition sup_{w∈N} ‖z‖2 ‖w‖2 < γ where the 2-norms are defined on the interval [t0, tf ]. Note that the above problem is not a static game. In the state feedback case it can be solved by applying dynamic programming:

inf_{u∈M} sup_{w∈N} {∫_{tf} t0 |z(t)|^2 − γ^2|w(t)|^2 dt + x(tf )^′Qf x(tf ) }

= inf_{u[t} 0 ,t1] sup w[_t0_{,t}1] {∫_{t1} t0 |z(t)|^2 − γ^2|w(t)|^2 dt + inf u[_t1_{,tf} ] sup w[_t1_{,tf} ] {∫_{tf} t1 |z(t)|^2−γ^2|w(t)|^2 dt+x(tf )^′Qf x(tf ) }}

Writing V (t, x(τ)) = inf_{u∈M} sup_{w∈N} ∫_{tf} τ |z(t)|^2 − γ^2|w(t)|^2 dt + x(tf )^′Qf x(tf ) this gives a recursive expression for V , which in the continuous limit becomes the Isaacs equation − ∂ ∂t V (t, x) = inf_{u(t)} sup_{w(t)} { |z(t)|^2 − γ^2 |w(t)|^2 + ∂ ∂x V (t, x)ẋ(t) }

with boundary condition V (tf , x(tf )) = x(tf )^′Qf x(tf ).

For this standard problem, it is known that V (t) = x(t)^′Z(t)x(t), where Z satisfies the Riccati differential equation

−Ż = ZA + A^′Z + C^′_1 C1 − Z(B2B^′_2 − γ^{−2}B1 B^′_1)Z with boundary condition Z(tf ) = Qf . We will write the solution to this equation as Z(t) = Ψ(t, tf , Qf ) for the solution to the above Riccati equation with boundary condition Z(tf , tf , Qf ) = Qf . In the receding horizon formulation in [11, 8] the problem formulation was as follows. At each time t, solve

inf_{u∈M} sup_{w∈N} {∫_{t+T} t |z(r)|^2 − γ^2 |w(r)|^2dr + x(t + T )^′Qf (t + T )x(t + T ) } . For each time t there is a new optimization problem, and a new controller designed which is implemented only at time t. In [8] it was shown that provided Qf (t) satisfied certain conditions, then the resulting controller would be stable. Further, the resulting controller satisfies the H∞ criterion sup_w^{‖z‖2}_{‖w‖2} < γ, where the signal norms are defined over the whole interval [t0, ∞).

A particularly interesting feature of this controller is that, in order to synthesise a suboptimal H∞ controller for a time-varying plant, we have only used the exact model of the plant on the interval [t, t + T ]. The plant model further in the future has to satisfy a certain condition, but need not be exactly known in order to construct the control law. All plants which are equal up until time T ahead of the current time, subject to this condition, will be controlled with this performance level, and in this sense this gives a new robust performance condition.

In this paper we generalise the results of [10, 8], in particular to the case when the update of the controller is not continuous but discrete. We show how, for arbitary overlapping or touching intervals it is possible to solve finite horizon differential games in each interval and still achieve an infinite (or possibly longer finite) horizon performance level.

Lemma 1. The solution to the above Riccati equation satisfies, for all 0 < t1 < t2 < t3, (i) Q > 0 =⇒ Ψ(t1, t2, Q) > 0, (ii) Q1 ≥ Q2 > 0 =⇒ Ψ(t1, t2 , Q1) ≥ Ψ(t1, t2, Q2 ), (iii) Ψ(t1, t2, Ψ(t2, t3, Q)) = Ψ(t1, t3, Q).

Proof. Statement (i) is a well known result. For statement (ii), the result is given by the fact that if both saddle points exist, then f(u, w) ≤ g(u, w) implies inf_{u∈M} sup_{w∈L2} f(u, w) ≤ inf_{u∈M} sup_{w∈L2} g(u, w). Statement (iii) is

a direct consequence of the definition. �

Lemma 2. Suppose there exists a saddle point under some given information structure for

x(t0)^′Z1x(t0) = inf_{u∈M} sup_{w∈N} ∫_{tf} t0 z(t)^′z(t)−γ^2w(t)^′w(t) dt + x(tf )M1 x(tf ). Let M1 , M2 be a symmetric positive definite matrices such that M2 < M1. With u equal to the saddle point solution of the above differential game, there exists a solution to the following quadratic problem under the given information structure

x(t0)^′Z2x(t0) = sup_{w∈N} ∫_{tf} t0 z(t)^′z(t) − γ^2w(t)^′w(t) dt + x(tf )M2 x(tf ). and Z2 < Z1 .

Proof. By assumption, we can reverse the order of the inf and sup operations in the first problem. Then the first game simply gives a choice of u, after which the result is shown by comparing the two linear-quadratic maximization problems. �

3 State feedback Theorem 3. Let t1 ∈ (t0 , tf ) be a fixed time. Let u1 be the infimising feedback strategy on [t0, t1] for the game

inf_{u∈M} sup_{w∈N} ∫_{t1} t0 z(t)^′z(t) − γ^2w(t)^′w(t) dt + x(tf )M1x(tf ) Also, let u2 be the infimising feedback strategy on [t1, tf ] for the game

inf_{u∈M} sup_{w∈N} ∫_{tf} t1 z(t)^′z(t) − γ^2w(t)^′w(t) dt + x(tf )Qf x(tf ) Then, using u = u1 on [t0, t1 ) and u = u2 on [t1, tf ], if M1 ≥ Ψ(t1, tf , Qf ), and the corresponding Riccati differential equations on both intervals do not have conjugate points, then sup_{w∈N} {∫_{tf} t0 z(t)^′z(t) − γ^2w(t)^′w(t) dt + x(tf )Qf x(tf ) }

≤ x(t0)^′Ψ(t0, t1, M1 )x(t1) Hence, when x(t0) = 0, the controller defined by u above results in ‖z‖^2 ≤ ‖w‖^2 for all w ∈ N where the norms are defined on the interval [t0, tf ].

Proof. Applying dynamic programming, we can see that for any state feedback strategy for u on [t0, tf ], sup_{w∈N} {∫_{tf} t0 |z(t)|^2 − γ^2|w(t)|^2 dt + x(tf )^′Qf x(tf ) }

= sup

w[_t0_{,t}1] {∫_{t1} t0 |z(t)|^2 − γ^2|w(t)|^2 dt + sup

w[_t1_{,tf} ] {∫_{tf} t1 |z(t)|^2 − γ^2 |w(t)|^2 dt + x(tf )^′Qf x(tf ) }}

(2) With the choice of u in the lemma, sup w[_t1_{,tf} ] ∫_{tf} t1 |z(t)|^2 − γ^2|w(t)|^2 dt + x(tf )^′Qf x(tf ) = x(t1)^′Ψ(t1, tf , Qf )x(t1) so sup_{w∈N} ∫_{tf} t0 |z(t)|^2 − γ^2 |w(t)|^2 dt + x(tf )^′Qf x(tf ) = sup

w[_t0_{,t}1] ∫_{t1} t0 |z(t)|^2 − γ^2|w(t)|^2 dt + x(t1)^′Ψ(t1, tf , Qf )x(t1) ≤ sup

w[_t0_{,t}1] ∫_{t1} t0 |z(t)|^2 − γ^2|w(t)|^2 dt + x(t1)^′M1 x(t1)

= x(t0)^′Ψ(t0, t1, M1 )x(t0) � This result has the following interpretation; suppose we would like to design a control law for the interval [t0, tf ], for a particular system. Suppose we have a linear time varying model for the system. Then, given γ, we can calculate Ψ(t1, tf , Qf ). However, if we expect that the model is very poor on [t1, ff ], then we can choose M1 greater than Ψ(t1, tf , Qf ), and design using M1 on [t0, t1 ]. Then at time t1, we might expect to have some experience with which to assume a better nominal model on [t1, tf ]. Provided that with this new model Ψ(t1, tf , Q1 ) < M1, the resulting control law will still give a bound of γ on the induced 2-norm on the whole interval [t0, tf ]. All plants which agree with the model on [t0, t1] and satisfy Ψ(t1, tf , Q1) < M1, can be controlled with performance level γ from time t0 . It is not until time t1 that we need to know the exact model for the plant on [t1, tf ].

The above result dealt with the case of two nonoverlapping intervals. The next two theorems show that similar results hold for arbitrary numbers of nonoverlapping and overlapping intervals.

Theorem 4. Divide the interval [t0, tK] into subintervals as {t0, t1, . . . , tK−1, tK }. Let Mi, 0 ≤ i ≤ K, be a se- quence of symmetric positive definite matrices, such that Mi ≥ Ψ(ti, ti+1, Mi+1 ), and MK ≥ Qf . Construct u on [ti, ti+1) as the solution to inf u[_{ti,ti}+1] sup_{w∈N} ∫_{ti+1} t_i |z(t)|^2 − γ^2|w(t)|^2 dt + x(ti+1)^′Mi+1 x(ti+1) If the corresponding Riccati differential equations for the above problems exist and do not have conjugate points on their respective intervals, then with this control law, sup_{w∈N} {∫_{tK} t0 |z(t)|^2 − γ^2|w(t)|^2 dt + x(tK)^′Qf x(tK) }

≤ x(t0)^′M0 x(t0)

Hence, when x(t0) = 0, the controller defined by u above results in ‖z‖^2 ≤ ‖w‖^2 for all w ∈ N where the norms are defined on the interval [t0, tK].

Proof. We shall show that, for a particular choice of matrices Δi ≥ 0, that the controller designed actually is the saddle point solution for the problem:

inf_{u∈M} sup_{w∈N} {∫_{tf} t0 |z(t)|^2 − γ^2|w(t)|^2 dt + x(tf )^′Qf x(tf )

+ K∑ i=1 x(ti)^′Δix(ti) }

If we rewrite this as a standard problem with discontinuous C1 matrix, it is solved by Tadmor[11] using Riccati integral equations to avoid difficulties with the discontinuities. This can be rewritten as a Riccati differential equation with jumps as follows. We split this into subproblems

inf_{u∈M} sup_{w∈N} {∫_{tf} t0 |z(t)|^2 − γ^2|w(t)|^2 dt + x(tf )^′Qf x(tf )

+ K∑ i=1 x(ti)^′Δix(ti) }

= inf_{u[t} 0 ,t1] sup w[_t0_{,t}1] {∫_{t1} t0 |z(t)|^2 − γ^2|w(t)|^2 dt + x(t1)^′Δ1x(t1) + · · · + inf

u[_{tK}�1_{,tf} ] sup w[_{tK}�1_{,tf} ] {∫_{tf} t_K�1 |z(t)|^2 − γ^2 |w(t)|^2 dt

+ x(tf )^′(Qf + ΔK)x(tf ) }}

The value of the last subproblem is x(tK−1)^′(Ψ(tK−1, tf , Qf ) + ΔK))x(tK−1). By hypothesis MK > Qf and therefore we can set ΔK = MK −Qf . This subproblem then corresponds to the game we have solved on [tK−1, tf ] to find u. Hence for previous subproblems we can choose Δi = Mi − Ψ(ti, ti+1, Mi+1 ). For the subproblem on [t0, t1], let the value be x(t0)^′Zx(t0). Then we know Z = Ψ(t0, t1, M1) and x(t0)^′Zx(t0) = inf_{u∈M} sup_{w∈N} {∫_{tf} t0 |z(t)|^2 − γ^2|w(t)|^2 dt

+ x(tf )^′Qf x(tf ) + K∑ i=1 x(ti)^′Δix(ti) }

therefore, with this strategy u, sup_{w∈N} {∫_{tf} t0 |z(t)|^2 − γ^2|w(t)|^2 dt + x(tf )^′Qf x(tf ) }

≤ x(t0)^′Zx(t0). Also, by definition M0 ≥ Ψ(t0, t1, M1 ) = Z. �

In order to apply this result, we would like to be able to construct the matrices Mi such that Mi ≥ Ψ(ti, ti+1 , Mi+1). One simple way to do this for time invariant plants is to choose M1 = M2 = . . . MK = M where M is chosen so that Ψ(t, ti, M) is an increasing function of t for all ti. This can be done simply in the LTI case.

Theorem 5. Consider the sequence of overlapping inter- vals [ti, τi], where 0 ≤ t0 < t1 < . . . tK−1 < tK and 0 < τ0 < τ1 < . . . τK−1 = tK, where ti < τi−1. Also let Ni, 0 ≤ i ≤ K be a sequence of postive definite matrices such that NK−1 ≥ Qf and Ni ≥ Ψ(τi, τi+1 , Ni+1), 0 ≤ i ≤ K − 2. Construct u on [ti, ti+1 ) by solving the game inf u[_{ti ,τi}] sup_{w∈N} ∫_{τi} t_i |z(t)|^2 − γ^2|w(t)|^2 dt + x(τi)^′Nix(τi) (3) on each interval [ti, τi], using only the value for u on [ti, ti+1). Then with this control law, sup_{w∈N} {∫_{tK} t0 |z(t)|^2 − γ^2 |w(t)|^2 dt + x(tK)^′Qf x(tK) }

≤ x(t0)^′Ψ(t0, τ0, N0x(t0). (4) Hence, when x(t0) = 0, the controller defined by u above results in ‖z‖^2 ≤ ‖w‖^2 for all w ∈ N where the norms are defined on the interval [t0, tK ].

Proof. We can construct the same u as in (3) by solving inf u[_{ti,ti}+1] sup_{w∈N} ∫_{ti+1} t_i |z(t)|^2 − γ^2|w(t)|^2 dt + x(ti+1 )^′Ψ(ti+1, τi, Ni)x(ti+1) Using theorem 4, if NK−1 ≥ Qf , and Ψ(ti+1, τi, Ni) ≥ Ψ(ti+1 , ti+2, Ψ(ti+2, τi+1 , Ni+1)) for 0 ≤ i ≤ K −2 then equation (4) is satisfied. The result follows by applying part (ii) of lemma 1. �

4 Estimation

We now wish to consider output feedback strategies. Essentially the above results rely on monotonicity and convergence of solutions to the Riccati differential equation associated with the state feedback H∞ problem and the corresponding differential game. Since the estimator and its associated Riccati equation can be constructed by dual arguments [4], the question arises as to what the dual estimation problem is in the moving horizon case.

However, since we are not dealing with linear time invariant estimators, and we are not constructing controllers “in advance” of implementing them, the difference between the problems of estimation and control is more subtle. The control problem is solved backwards in time, by integrating a Riccati differential equation from some possibly fictitious future endpoint. The estimation problem is, however, solved by integrating a Riccati differential equation forwards in time from the initial time. Further, the construction of the state estimate is dynamic, that is it must be updated continuously by the output from the plant. If we change our mind while the controller is in operation about how to construct a state estimate, then it is necessary to have information about the history of the plant inputs and outputs up until that time. In order to avoid the practical computational problems of trying to maintain such a history, we restrict attention to cases where the history is not needed when updating the estimator.

We will denote the strategy spaces for u and w by M̂ and N̂ respectively, the spaces of causal functions of y. We state the following certainty equivalence principle which can be obtained from [1, Theorem 5.1].

Theorem 6 (Başar and Bernhard[1]). Define

G^τ (x(t0), u_{[0,τ ]}, w_{[0,τ ]}) = ∫_τ t0 z(t)^′z(t) − γ^2w(t)^′w(t) dt + V (τ, x(τ)) where V (τ, x(τ)) is the value of the game in the state feedback case as defined above. Suppose that, for every τ and every y_{[t0,τ ]}, there exists a unique ŵ which maximizes G^τ subject to the constraint that system behaviour is consistent with the measured past system input output behaviour. Then this worst case system behaviour corresponds to a worst case state x̂(τ). This worst case state should be used in the state feedback law at time τ as if it were the actual state. The output feedback controller is then the min-sup controller and the overall game has value V (t0, x(t0)).

Note that this states that the value for the overall game in the output feedback case is the same as that in the state feedback case. At time τ, this gives the following expression for the output feedback value of the game: ∫_{tf} t0 z(t)^′z(t) − γ^2w(t)^′w(t) dt + x(tf )^′Qf x(tf ) ≤ sup_{w[t} 0 ,τ] consistent {∫_τ t0 z(t)^′z(t) − γ^2 w(t)^′w(t) dt

+ inf_{u∈M} sup_{w∈N} {∫_{tf} τ |z(t)|^2−γ^2|w(t)|^2 dt+x(tf )^′Qf x(tf ) }} (5) where u_{[t0,τ ]} is the controller as prescribed above, and w is arbitrary. This therefore gives an upper bound on the output feedback value of the game at time τ, given all measurements and inputs up to that time. Further, when w is the worst case disturbance, then equality is achieved in the above expression.

Suppose there exists a solution to the Riccati differential equation

Ẏ = AY + Y A^′ + Y (γ^{−2} C^′_1C_1 − C^′_2 C_2)Y + B_1B^′_1 (6)

with boundary condition Y (0) = 0. Since G^τ is a quadratic function of w, the existence of the maximum depends solely on the homogeneous part of the quadratic form, and the effect of y is as a constraint on w in this problem to a linear subspace of L2 . Hence we can set u = 0 and y = 0 when testing to see if the maximum exists. By completion of squares,

sup_w G^τ (0, 0, w) = x(τ)^′(Ψ(τ, tf , Qf ) − γ^2Y^{−1}(τ))x(τ) − ∫_τ t0 (w − B^′_1 Y^{−1} x(t))^2 dt

The maximum of G^τ with respect to w exists if and only if there exists a solution to the Riccati equation for Y , and Ψ(τ, tf , Qf ) − γ^2Y^{−1}(τ))x(τ) < 0. In this case G^τ (0, 0, w) < 0 with equality for the worst case w. See for example Basar and Bernhard[1], Limebeer et al[9]. We will write Y (t) = Φ(t, t0, Q0 ) for the solution to the above Riccati equation with boundary condition Φ(t0, t0, Q0 ) = Q0. We then have the following results, which are analogues of those in the state feedback case.

Theorem 7. Let t1 , t2 ∈ [t0, tf ], t1 < t2. For τ ∈ [t0, t2] Let G^τ = ∫_τ t0 |z(t)|^2 − γ^2 |w(t)|^2 dt + V (τ, x(τ)) and for τ ∈ [t2, tf ] let

G^τ = ∫_τ t0 |z(t)|^2 − γ^2 |w(t)|^2 dt + x(t1)^′Δ1x(t1) + V (τ, x(τ))

where Δ1 > 0. Calculate the state estimator according to the certainty equivalence principle above, maximising G^τ as defined here with respect to past w consistent with known information about u and y, and using the worst case state as if it were the actual state. If the maximum exists, then with the resulting output feedback control law sup_{w∈N} {∫_{tf} t0 |z(t)|^2 − γ^2|w(t)|^2 dt + x(tf )^′Qf x(tf ) }

≤ x(t0)^′Ψ(t0, tf , Qf )x(t0)

Note that the maximum exists if and only if Ψ(τ, tf , Qf )− γ^2Φ(τ, t0, 0)^{−1} < 0 for all τ.

Proof. We omit the details of this proof due to shortage of space. However, intuitively the result follows directly from the certainty equivalence principle above. We can see this by regarding the addition of Δ as a change in our idea of what the system was in the past. At time t2 , it is as if we have realised that C1 (t1) was bigger than we

thought, by Δ^{12} . �

Note that in order to implement this change, we need to know, at time t2, not only x̂(t1 ), but also the history of u and y on [t1, t2]. This is therefore practically unrealisable, when t2 > t1, but we can apply the theorem to the simpler case when t2 = t1. In this case, while integrating the Ricatti equation forwards, it is possible to subtract any Δ > 0 from Φ(τ, t0, 0)^{−1}.

By direct application of the certainty equivalence principle above, it is clear that we can combine the state feedback and output feedback results above to construct output feedback moving horizon controllers which result in a H∞ norm performance bound over all time.

t0 tf

t0 tf t0 tf X X Y Y

X Y t0 tf X t0 tf X Y (a)

t1

(b)

t2 (c)

(e) t1 t3 t1 t2 t3 t3

t2

(d)

Y

Figure 1: Graphs of X(t) = ‖Ψ(t, tf , Qf )‖ and Y (t) = γ^2‖Φ(t, t0, 0)^{−1} ‖ on a finite horizon

5 Conclusions

A pictorial representation of the ideas can be found in figure 1. Here X(t) = ‖Ψ(t, tf , Qf )‖ and Y (t) = γ^2‖Φ(t, t0, 0)^{−1} ‖. Graph (a) shows the normal suboptimal situation on a finite horizon. Typically in the suboptimal case, there is a gap between X and Y , since the spectral radius constraint Ψ(τ, tf , Qf ) − γ^2Φ(τ, t0, 0)^{−1} < 0 is not active.

In graph (b) we take advantage of this by choosing, at time t0, a weighting matrix M > 0 to use at time t1 , the first peak of the graph of X, as if it were a final state weight. This matrix must be chosen to satisfy two conditions, firstly that Ψ is increasing on [t0, t1], and secondly so that M − γ^2Φ(τ, t0, 0)^{−1} < 0, the spectral radius condition. Then computation of the controller depends only on the model of the plant from time t0 to t1. At time t1, a new weight is chosen for time t2, and so on. The situation is similar, but harder to represent pictorially, in the case where the intervals overlap.

In graph (c), the parallel situation for the observer is shown. At time t1, a new model for the past plant is decided upon, but it is desired to maintain the cost function as an infinity norm constraint on the whole interval

[t0, tf ]. In this way we can adapt to the changed idea of the plant model without reinitializing the plant, and this method can be regarded as a method of reducing transients in such changes.

Graphs (d) and (e) show the effect of both of these changes. In graph (d) we see what happens with the simple addition of state weights Δ > 0 to the cost function when output feedback is used. This can also be regarded as a simultaneous forwards/backwards update/adaptation. Then in graph (e) we see that it is possible to achieve a lower gamma value by staggering the times at which update/adaptation has occurred.

Note that it is necessary to choose a value of γ greater than the optimal value achievable by solving the infinite horizon problem directly, since by increasing the weights M we are increasing the cost function for the corresponding game problems and therefore existence of a solution to the corresponding Riccati differential equation is a more stringent condition.

In this paper, we have shown that H∞ controllers can be synthesised with only knowledge of the plant model for some finite time in the future, and that the performance level can be maintained provided that the future plant is not, in some sense, “too large”, as measured by the solution of a Riccati equation. These results also indicate that, for suboptimal controllers, if the model changes slowly over time, then the performance level need not degrade.

References

[1] T. Başar and P. Bernhard. H∞ Optimal Control and Related Minimax Design Problems. A Dynamic Game Approach. Systems and Control: Foundations and Applications. Birkhauser, 1991.

[2] T. Başar and G. J. Olsder. Dynamic Noncooperative Game Theory. Mathematics in Science and Engineering. Academic Press, 1982.

[3] R. W. Brockett. Finite Dimensional Linear Systems.

Wiley, 1970.

[4] J. C. Doyle, K. Glover, P. P. Khargonekar, and B. A.

Francis. State-space solutions to standard H2 and H∞ control problems. IEEE Transactions on Automatic Control, 34(8):831–847, August 1989.

[5] K. Glover and J. C. Doyle. State-space formulae for all stabilizing controllers that satisfy an H∞-norm bound and relations to risk sensitivity. Systems and Control Letters, 11:167–172, 1988.

[6] W. H. Kwon, A. M. Bruckstein, and T. Kailath. Stabilizing state-feedback design via the moving horizon method. International Journal of Control, 37(3):631– 643, 1983.

[7] W. H. Kwon and A. E. Pearson. A modified quadratic cost problem and feedback stabilization of a linear system. IEEE Transactions on Automatic Control, 22(5):838–842, October 1977.

[8] S. Lall and K. Glover. A game theoretic approach to moving horizon control. In D. Clarke, editor, Advances in Model-Based Predictive Control. Oxford University Press, 1994.

[9] D. J. Limebeer, B. D. O. Anderson, P. P. Khargonekar, and M. Green. A game theoretic approach to H∞ control for time varying systems. SIAM Journal on Control and Optimization, 30(2):262–283, March 1992.

[10] G. Tadmor. Receding horizon revisited: An easy way to robustly stabilize an LTV system. Systems and Control Letters, 18:285–294, 1992.

[11] G. Tadmor. The standard H∞ problem and the maximum principle: the general linear case. SIAM Journal on Control and Optimization, 31(4):813–846, 1993.

[12] P. Whittle. Risk-sensitive optimal control. Wiley Interscience series in Systems and Optimization. Wiley, 1990.