A Design Framework for Continuous-Time Systems Under Sampled-Data Control

M. W. Cantoni^� K. Glover

Department of Engineering, University of Cambridge, Cambridge CP2 1PZ, United Kingdom.

Abstract In this paper we give a compact derivation of new formulae for the synthesis of H_∞, sampled-data controllers for continuous-time, linear, time-invariant, generalised plants. The formulae are significantly more simple than those previously published and accommodate a direct feedthrough term from the disturbance inputs to the controlled outputs of the generalised plant. Furthermore, motivated by the H_∞, loop-shaping procedure of McFarlane and Glover, we propose a performance based framework for sampled-data controller design. A preliminary design example is presented.

1 Introduction For the design and synthesis of useful sampled-data (SD) controllers for continuous-time, generalised plants, a framework which captures both the inter-sample behaviour and the behaviour at the sampling instants is clearly sensible. Given a continuous-time, linear, timeinvariant (LTI), generalised plant, such a framework has been developed for H_∞, SD synthesis using the established technique of continuous lifting [1, 7, 10, 2, 5]. The main purpose of this paper is to introduce a new framework for SD, control-system development. This entails the derivation of new H_∞, SD synthesis formulae and the definition of a performance based design framework, modelled on the H_∞, loop-shaping procedure of McFarlane and Glover [6].

1.1 Notation

Most of the notation is standard. In addition we denote by K^n ≡ L_2([0, h), R^n), the Hilbert space of functions f : [0, h) → R^n, square (Lebesgue) integrable over the interval [0, h). A lifted signal is a discrete-time signal that maps an interval of the integers to K^n. ℓ_2(Z_+, K^n), denotes the Hilbert space of lifted signals, f : Z_+ → K^n, such that

< f, f >_{ℓ2(}Z_{+,K}n_)= ∞∑ k=0 ∫_h 0 f[k]^′ f[k]dt < ∞.

For a stable, continuous-time, LTI operator G : L_2(R_+, R^m) → L_2(R_+, R^p), ‖G‖_∞ is equal to the L_2(R_+)-induced norm. The infinity norm is defined similarly for stable, discrete-time, LTI operators, be they mapping ℓ_2(Z_+, R^m) → ℓ_2(Z_+, R^p) or ℓ_2(Z_+, K^m) → ℓ_2(Z_+, K^p).

∗All correspondence, e-mail : mwc@eng.cam.ac.uk

M^′ denotes the transpose of M . For a bounded linear operator T , T^∗ denotes the adjoint operator. The conjugate transpose operator of an LTI operator G(s), is denoted G^∼(s) = G(−s)^′ .

The lower, fractional transformation F_ℓ(•, •), is

F_ℓ(G, K)^△= G_{11} + G_{12}K(I − G_{22}K)^{−1}G_{21},

where G is partitioned appropriately, and the composition operator C_l(•, •), is

C_l(Θ, G)^△= [ F_ℓ(Θ, G_{11}) Θ_{12}Ŝ^{−1} G_{12} G_{21}R̂^{−1}Θ_{21} G_{22} + G_{21}Θ_{22}Ŝ^{−1} G_{12} ] , where Ŝ = (I − G_{11}Θ_{22}), R̂ = (I − Θ_{22}G_{11}), and Θ is partitioned appropriately.

2 Direct SD Synthesis 2.1 Continuous Lifting

Although the following results hold in more generality, we concentrate on a lifting that is an isometric isomorphism between the Hilbert spaces L_2(R_+, R^n) and ℓ_2(Z_+, K^n). For more details see [1].

Definition 2.1 The lifting operator L_h : L_2(R_+, R^n) → ℓ_2(Z_+, K^n) is defined by f̃[k] = (L_hf)[k], f̃ [k]^△= f(kh + t), for 0 ≤ t < h. Definition 2.2 The inverse lifting operator L^{−1}_h : ℓ_2(Z_+, K^n) → L_2(R_+, R^n) is defined by

f(t) = (L^{−1}_h f̃ )(t), f(t)^△= f̃ [k], for kh ≤ t < (k + 1)h.

Recall the definition of the shift-operator (U_τ x)(t) = x(t − τ ). An important property of L_h is that it intertwines U_{kh} in continuous time and U_k in discrete time, for k ∈ Z. That is,

L_hU_{kh} = U_kL_h (1)

Definition 2.3 Given any linear system G : L_2(R_+, R^m) → L_2(R_+, R^p), its lifting is defined to be G̃^△= L_hGL^{−1}_h .

where G̃ : ℓ_2(Z_+, K^m) → ℓ_2(Z_+, K^p).

S K H G

œ œ

- - -

      œ^wu

z y

Figure 1: SD Control System

K G̃ œ

   œ
œ

-^{ψ ν}

z̃ w̃

Figure 2: Lifted SD System

Consider the SD, control system shown in Figure 1, where S and H are the ideal sample and zero-order hold operators respectively, synchronised with period h, the generalised plant G : L_2(R_+, R^{m1+m2} ) → L_2(R_+, R^{p1+p2} ) has transfer matrix G(s) = [ G_{11}(s) G_{12}(s) G_{21}(s) G_{22}(s) ] = A B_1 B_2 C_1 D_{11} D_{12} C_2 0 0 ,

K : ℓ_2(Z_+, R^{p2}) → ℓ_2(Z_+, R^{m2}) is a discrete-time, LTI controller, w(t) are the disturbance inputs and z(t) the controlled outputs. Note that D_{21} and D_{22} in the statespace realisation for G are both zero. This is required to ensure boundedness of the ideal sampler [2]. Also consider the discrete-time system with infinite-dimensional input and output spaces, shown in Figure 2, where

G̃ = [~ G_{11} G̃_{12} G̃_{21} G̃_{22} ] = [ L_hG_{11}L^{−1}_h L_hG_{12}H

S G21L^{−1}_h S G22H ] , has transfer operator

G̃(z) =

A_d B̃_1 B_{2d} C̃_1 D̃_{11} D̃_{12} C_2 0 0 , (2)

Ad : R^n → R^n, Adx = e^{hA}x, (3) B2d : R^{m2} → R^n, B2d =

Z_h 0 e^{(h−t)A}dtB2, (4) B̃_1 : K^m1 → R^n, B̃_1w̃ =

Z_h 0 e^{(h−τ)A}B1w̃(τ) dτ, (5) C̃_1 : R^n → K^p1 , (C̃_1x)(t) = C_1e^{tA}x, (6)

D̃_{11} : K^m1 → K^p1 , (D̃_{11}w̃)(t) = D_{11}w̃(t) + Z_t 0 C1e^{(t−τ)A}B1w̃(τ) dτ, (7) D̃_{12} : R^m2 → K^p1 , (D̃_{12}ν)(t) = D_{12}ν + Z_t 0 C1e^{(t−τ)A} dτB2ν, (8) the disturbance inputs w̃[k] = (L_hw)[k], and the controlled outputs z̃[k] = (L_hz)[k]. It is well known, that if the sampling frequency is not pathological, then the SD control system shown in Figure 1 is internally stable iff the discrete-time, LTI system shown in Figure 2 is internally stable [2]. Furthermore, for a given controller K the closed-loop induced norms of the two systems are equal. For details see [1].

The following lemma and theorem characterise a finite-dimensional (in terms of input, output and state spaces) representation of the plant G̃. Define Θ = [ −D̃_{11} γ^{−1} (I − γ^{−2}D̃_{11}D̃^∗_{11})^12 γ(I − γ^{−2}D̃^∗_{11}D̃_{11})^{12} γ^{−2}D̃^∗_{11} ] . Lemma 2.4 [1] Construct the LTI plant

G = C_l(Θ, G̃) =

A B_1 B_2 C_1 0 D_{12} C_2 0 0 (9) A = A_d + γ^{−2}B̃_1D̃^∗_{11}S̃^{−1}C̃_1 (10)

B_1 = γ^{−1}B̃_1R̃^{− 12} (11)

B_2 = γ^{−2}B̃_1D̃^∗_{11}S̃^{−1}D̃_{12} + B_{2d} (12)

C_1 = γS̃^{− 12} C̃_1 (13)

D_{12} = γS̃^{− 12} D̃_{12} (14)

where R̃ = (I − γ^{−2}D̃^∗_{11}D̃_{11}) and S̃ = (I − γ^{−2}D̃_{11}D̃^∗_{11}), then provided ‖D̃_{11}‖ < γ and given a discrete-time, LTI controller K,

(i) F_ℓ(G̃, K) is internally stable iff F_ℓ(G, K) is internally stable; (ii) ‖F_ℓ(G̃, K)‖_∞ < γ iff ‖F_ℓ(G, K)‖_∞ < γ. Theorem 2.5 [1] Given the discrete-time, LTI plant G with infinite-dimensional input and output spaces defined in (9), obtain the following symmetric factorisations

B_1B^∗_1 = T^∗_{B1} [ Σ_{B1} 0 0 0 ] T_{B1} , and [ C^∗_1 D^∗_{12} ] [ C_1 D_{12} ] = T^∗_{C1,D12} [ Σ_{C1,D12} 0 0 0 ] T_{C1,D12} . Define the discrete-time, finite-dimensional, LTI plant

G̀ =

A B̀_1 B_2 C̀_1 0 D̀_{12} C_2 0 0

(15)

where B̀_1 = T^∗_{B1} [ Σ^{12}_{B1} 0 ]′ , and [ C̀_1 D̀_{12} ] = [ Σ^{12}_{C1,D12} 0 ] T_{C1,D12} . Then for a discrete-time, LTI controller K

(i) F_ℓ(G, K) is internally stable iff F_ℓ(G̀, K) is internally stable;

(ii) ‖F_ℓ(G, K)‖_∞ iff ‖F_ℓ(G̀, K)‖_∞.

2.2 Formulae for G̀ To calculate the state-space matrices in (15), we see from equations (9-15), that it is required to determine finitedimensional expressions for the following operators:

γ^{−2}B̃_1(I − γ^{−2}D̃^∗_{11}D̃_{11})^{−1}B̃^∗_1 , (16)

γ^2 [~ C^∗_1 D̃∗_{12} ] (I − γ^{−2}D̃_{11}D̃^∗_{11})^{−1} [ C̃_1 D̃_{12} ] , (17)

γ^{−2}B̃_1D̃^∗_{11}(I − γ^{−2}D̃_{11}D̃^∗_{11})^{−1} [ C̃_1 D̃_{12} ] . (18)

In the preceding section it was assumed that ‖D̃_{11}‖ < γ. For this to be a reasonable assumption we need a method for evaluating bounds on ‖D̃_{11}‖. Since D̃_{11} : K^{m1} → K^{p1} is not a compact operator, we cannot simply look for the largest eigen-value of D̃^∗_{11}D̃_{11} to calculate ‖D̃_{11}‖. However, using the principle of loop-shifting we can construct a compact operator Ď_{11} : K^{m1} → K^{p1} such that ‖D̃_{11}‖ < γ ⇔ ‖Ď_{11}‖ < γ. In this way we can evaluate bounds on ‖D̃_{11}‖ in terms of the eigen-values of Ď^∗_{11}Ď_{11}. Such an operator is characterised as follows: The action of g(t) = (Ď_{11}f)(t) can be expressed in terms of the system of equations ẋ = Ǎx + B̌f, (19) g = Čx; x(0) = 0, 0 ≤ t ≤ h, where R = (I−γ^{−2} D^′_{11}D_{11}), S = (I−γ^{−2} D_{11}D^′_{11}), Ǎ = A + γ^{−2}B_1R^{−1}D^′_{11}C_1, B̌ = γ^{−1}B_1R^{− 12} , and Č = γS^{− 12} C_1. Note that since ‖D_{11}‖ < γ, R^{− 12} and S^{− 12} are well defined. The action of the adjoint operator f̂ (t) = (Ď∗_{11}g)(t) can be expressed in terms of the system of equations

λ̇ = −Ǎ^′ λ − Č^′ g, (20) f̂ = B̌^′ λ; λ(h) = 0, 0 ≤ t ≤ h. (21)

The following lemma characterises the eigen-values of Ď^∗_{11}Ď_{11}. Define the matrix E to be [ −A^′ − γ^{−2}C^′_1D_{11}R^{−1}B^′_1 −C^′_1S^{−1}C_1 γ^{−2}B_1R^{−1}B^′_1 A + γ^{−2}B_1R^{−1}D^′_{11}C_1 ] , (22) and Q(t) = [ Q_{11}(t) Q_{12}(t) Q_{21}(t) Q_{22}(t) ] = e^{tE} . (23)

Lemma 2.6 Assume γ > 0. Then, γ^2 is an eigen-value of Ď^∗_{11}Ď_{11} iff det[Q_{11}(h)] = 0.

The proof is similar to that of Theorem 13.5.1 in Chen and Francis [2].

Remark 2.7 As a result of Lemma 2.6, under the assumption that ‖D̃_{11}‖ < γ, Q_{11}(h) is invertible.

We are now in a position to state the main synthesis result.

Theorem 2.8 Given γ > ‖D̃_{11}‖, calculate the matrix exponential

Q̂(h) = e^{hÊ} = exp { h [ −Â^′ −Ĉ^′Ĉ B̂B̂^′ Â ]} , (24)

where

Â = Ā + γ^{−2} [ B_1 0 ] R^{−1}D^′_{11} [ C_1 D_{12} ] ,(25)

Ĉ^′Ĉ = [ C^′_1 D^′_{12} ] S^{−1} [ C_1 D_{12} ] , (26)

B̂B̂^′ = γ^{−2} [ B_1 0 ] R^{−1} [ B^′_1 0 ] , (27)

Ā = [ A B_2 0 0 ] , (28)

and partition Q̂(h) conformably with Ê. Then, the statespace matrices of the discrete-time, finite-dimensional, LTI plant G̀ defined in equation (15), are given by: A = [ I_n 0 ] (Q̂_{11}(h)^′ )^{−1} [ I_n 0 ] , (29)

B_2 = [ I_n 0 ] (Q̂_{11}(h)^′ )^{−1} [ 0 I_{m2} ] , (30)

B̀_1 a matrix satisfying

B̀_1B̀^′_1 = [ I_n 0 ]Q̂_{21}Q̂_{11}(h)^{−1} [ I_n 0 ] , (31)

and C̀_1 and D̀_{12} matrices satisfying [` C^′_1 D̀^′_{12} ][ C̀_1 D̀_{12} ] = −γ^2Q̂_{11}(h)^{−1}Q̂_{12}(h). (32)

Proof : From Theorem 2.5, it is required to determine finite-dimensional expressions for the operators given in equations (16), (17) and (18). Consider the first operator γ^{−2}B̃_1(I − γ^{−2}D̃^∗_{11}D̃_{11})^{−1}B̃^∗_1 . Define

y = γ^{−1}B̃^∗_1 z; z ∈ R^n, and u = (I − γ^{−2}D̃^∗_{11}D̃_{11})^{−1}y. (33)

Let r = γ^{−1}D̃_{11}u, then from (7),

ẋ_1 = Ax_1 + γ^{−1}B_1u; x_1(0) = 0, r = C_1x_1 + γ^{−1}D_{11}u. (34)

Moreover, from (33), u = γ^{−1}D̃^∗_{11}r + γ^{−1}B̃^∗_1 z. From (5) and (7), this can be expressed as

ẋ_2 = −A^′ x_2 − C^′_1r; x_2(h) = z, u = γ^{−1}B^′_1x_2 + γ^{−1} D^′_{11}r. (35)

Note that the zero initial condition response gives γ^{−1}D̃^∗_{11}r and the initial condition response gives γ^{−1}B̃^∗_1 z. The systems (34) and (35) combined, form a TPBVP with solution, [ x_2(t) x_1(t) ] = Q(t) [ x_2(0) 0 ] , (36)

where Q(t) is defined in equation (23). Now note that from equations (5) and (34)

γ^{−1}B̃_1u = x_1(h). (37)

From (36), x_1(h) = Q_{21}(h)Q_{11}(h)^{−1}z. Combining this with (37), characterises a finite-dimensional expression for the first operator. Note that Q_{11}(h) is invertible by Remark 2.7 and that by the structure of Ê that

Q_{21}(h)Q_{11}(h)^{−1} = [ I_n 0 ]^ Q_{21}Q̂_{11}(h)^{−1} [ I_n 0 ] . Before continuing, we need to state a result from matrix theory [8]. Let M_{11} and M_{22} both be square, then, exp { t [ M_{11} M_{12} 0 M_{22} ]} = [ e^{tM11} M̂_{12} 0 e^{tM22} ] , (38)

where M̂_{12} = ∫_t 0 e^{(t−τ )M11} M_{12}e^{τM22} dτ , for t ≥ 0. Now consider the second and third operators

γ^2 [~ C^∗_1 D̃^∗_{12} ] (I − γ^{−2}D̃_{11}D̃^∗_{11})^{−1} [ C̃_1 D̃_{12} ]

and γ^{−2}B̃_1D̃^∗_{11}(I − γ^{−2}D̃_{11}D̃^∗_{11})^{−1} [ C̃_1 D̃_{12} ] , respectively. Define f = [ C̃_1 D̃_{12} ] z; z ∈ R^{n+m2}, which by (6), (8) and (38) can be expressed as f = [ C_1 D_{12} ] e^{tĀ}z, where Ā is defined in equation (28). Also define

g = (I − γ^{−2}D̃_{11}D^∗_{11})^{−1}f. (39)

Let w = γ^{−1}D̃^∗_{11}g, then from (7),

ξ̇_1 = −Ā^′ ξ_1 − [ C^′_1 D^′_{12} ] g; ξ_1(h) = 0, w = [ γ^{−1} B^′_1 0 ] ξ_1 + γ^{−1}D^′_{11}g. (40)

Moreover, from (39), g = [ C_1 D_{12} ] e^{tĀ}z + γ^{−1}D̃_{11}w.

Again from (7), this can be expressed as

ξ̇_2 = Āξ_2 + [ γ^{−1}B_1 0 ] w; ξ_2(0) = z, g = [ C_1 D_{12} ] ξ_2 + γ^{−1} D_{11}w. (41)

Note that the zero initial condition response gives γ^{−1}D̃_{11}w, and the initial condition response gives

[ C_1 D_{12} ] e^{tĀ}z. The systems (41) and (40) combined, form a TPBVP with solution [ ξ_1(t) ξ_2(t) ] = Q̂(t) [ ξ_1(0) z ] . (42)

Now note that

γ^2 [~ C^∗_1 D̃^∗_{12} ] g = γ^2ξ_1(0), (43) and γ^{−2}B̃_1D̃^∗_{11}g = γ^{−1}B̃_1w = [ I_n 0 ] {ξ_2(h) − e^{hĀ}z} (44)

Recall the partitioning of Q̂(h). From (42), ξ_1(0) = −Q̂_{11}(h)^{−1}Q̂_{12}(h)z. Combining this with (43) characterises a finite-dimensional expression for the second operator. Similarly,

ξ_2(h) = {Q̂_{22}(h) − Q̂_{21}(h)Q̂_{11}(h)^{−1}Q̂_{12}(h)}z. (45)

Define J = [ 0 −I_{n+m2} I_{n+m2} 0 ] , (46)

and note that −Ê^′ = JÊJ^{−1}. So,

(Q̂(h)^′ )^{−1} = e^{−hÊ′} = JQ̂(h)J^{−1}.

That is, Q̂(h)^′ JQ̂(h)J^{−1} = JQ̂(h)J^{−1}Q̂(h)^′ = I, which yields the relationship

Q̂_{22}(h) − Q̂_{21}(h)Q̂_{11}(h)^{−1}Q̂_{12}(h) = (Q̂_{11}(h)^′ )^{−1}. (47)

Combining this with (44) and (45), characterises a finitedimensional expression for the third operator. From (10), A = [ I_n 0 ] (Q̂_{11}(h)^′ )^{−1} [ I_n 0 ] . Moreover, from (12),

B_2 = [ I_n 0 ] (Q̂_{11}(h)^′ )^{−1} [ 0 I_{m2} ] . Now, to see that Q̂_{11}(h) is invertible, note that from (42) and (38),

Q̂_{11}(h) = [ Q_{11}(h) 0

? I_{m2} ] , where Q_{11}(h) is defined as before and “?” denotes an irrelevant sub-matrix. Thus, Q̂_{11}(h) is invertible iff Q_{11}(h) is, which is the case by Remark 2.7. This completes the proof.

Remark 2.9 In view of Theorems 2.5 and 2.8, with the assumptions that the sampling period is not pathological and that (A, B_2) is stabilisable and (A, C_2) detectable, the discrete-time, LTI component of a γ-suboptimal, SD controller can be synthesised for G by synthesising a γ-suboptimal, discrete-time, LTI controller for G̀ using well-known discrete-time, H_∞-synthesis techniques [3, 4].

3 The Design Framework Motivated by McFarlane and Glover’s H_∞, loop-shaping procedure [6], in this section we propose a framework for SD, control-system design. This will be used in conjunction with the H_∞, SD synthesis results developed in Section 2.

The H_∞, loop-shaping procedure involves shaping the open-loop singular values by pre- and post-multiplication of the plant with stable (or marginally-stable to include the possibility of imaginary-axis poles), weighting functions W_1 and W_2, and synthesising a controller K to minimise ‖ ‖ ‖ ‖ [ K I ] (I − G_sK)^{−1} [ G_s I ] ‖ ‖ ‖ ‖_∞ , (48)

where G_s = W_2GW_1 is the shaped plant. The weights W_1 and W_2 are then absorbed into K to give the final controller K̂ = W_1KW_2. When designing an SD controller we cannot carry out this last step, since the weights cannot be simply absorbed across the sample and hold elements. However, for weights that are also minimum-phase, fl fl ˇ K I ˘ (I − G_sK)^−1[ Gs I ] fl fl ∞ = fl fl ˇ W^−11 0

0 W2 ˘ˇ^ K I ˘ (I − GK̂)^−1[ G I ] ˇ W 1 0 0 W^−12 ˘fl fl ∞ . This leads to a framework from which we can obtain K̂ directly. On this basis we propose the new SD design framework. Consider the system interconnection shown in Figure 3, where W_1 and W_2 are weighting functions to be chosen by the designer.

K F S H

- - -

G

           -

          6^e

           œ

      œ
œ- e

-œ_{W2}

W^{−1}_2

W^{−1}_1

W1 œ

                   -
œ

-

e2 e1 w1 w2 ++ +_+

Figure 3: SD Performance Framework Interconnection

Note that the operator mapping (w_1, w_2) to (e_1, e_2) can be expressed as the LFT F_ℓ(G_W , H KS ) : K^{p+m} → K^{p+m}, where

G_W (s) =

0 0 W^{−1}_1 W_2GW_1 I W_2G F GW_1 F W^{−1}_2 F G , (49)

is the generalised plant. Given suitable, stable, minimum-phase weights W_1 and W_2, synthesise an internally-stabilising, SD controller H KS , to minimise the L_2(R_+)-induced norm of the closed-loop operator F_ℓ(G_W , H KS ), according to Theorems 2.5 and 2.8. Note that G_W will have a D_{11} term.

As in the standard H_∞, loop-shaping procedure, the structure of the proposed SD design framework ensures bounds on common performance objectives. For example, amongst others, bounds on the gain of the operator mapping disturbances at the plant input to the plant output, and bounds on the gain of the operator mapping sensor noise to the plant input. However, the following question has so far remained unanswered : What are the robust stability properties of a controller constructed using the framework described above? We answer this with the following lemma and theorem.

Lemma 3.1 Given a continuous-time, LTI, operator G ∈ H_∞(C_+ ) and a causal, LPTV operator X, if G is co-inner, that is, GG^∼ = I, then ‖XG‖ = ‖X‖, where ‖ • ‖ denotes the L_2(R_+)-induced norm.

The proof follows an idea suggested in [9], but has been omitted for the sake of brevity.

Theorem 3.2 Given a continuous-time, LTI plant G, stable, minimum-phase weights W_1 and W_2 and an antialiasing filter F , the SD controller K_{sd} = H KS F , is internally stabilising for all plants in the model set GΔ(W1, W2) = {(M̃_sW2 + Δ_M W2)^−1(Ñ_sW^−11 + Δ_N W^−11 ) : ‖[ Δ_N Δ_M ]‖_∞ < β},

where [ M̃_s Ñ_s ] is a normalised, LCF of G_s = W_2GW_1, if K_{sd} is internally stabilising for G_W (defined in (49)) and the L_2(R_+)-induced norm of the closed-loop operator F_ℓ(G_W , H KS ), is less than β^{−1}.

Proof : By Lemma 3.1 and that fact that [ M̃_s Ñ_s ] is co-inner, we note that the L_2(R_+)-induced norm of F_ℓ(G_W , H KS ) is equal to the L_2(R_+)-induced norm of the operator [ W^{−1}_1 K_{sd}W^{−1}_2 I ] (I − G_sW^{−1}_1 K_{sd}W^{−1}_2 )^{−1}M̃^{−1}_s . (50)

So, in view of the Small Gain Theorem and equation (50), since the L_2(R_+)-induced norm of the operator F_ℓ(G_W , H KS ) is less than β^{−1} , it follows that W^{−1}_1 K_{sd}W^{−1}_2 internally stabilises all plants in the model set G_Δ = {(M̃_s + Δ_M )^{−1}(Ñ_s + Δ_N ) : ‖ [ Δ_N Δ_M ] ‖_∞ < β}. Since the weights are minimum-phase, W_1, W_2, W^{−1}_1 and W^{−1}_2 are all stable, so moving them around the loop does not effect internal stability. So the statement above is equivalent to saying that K_{sd} internally stabilises all plants in the model set GΔ(W1, W2) = {(M̃_sW2 + Δ_M W2)^−1(Ñ_sW^−11 + Δ_N W^−11 ) : ‖[ Δ_N Δ_M ]‖_∞ < β}.

This completes the proof.

Remark 3.3 Note that the uncertain model set in Theorem 3.2, has the same structure as that for the standard, continuous-time, H_∞, loop-shaping procedure.

4 Design Example The example presented concerns a satellite with two highly flexible solar arrays attached, and is taken from [6]. For details of the system refer to [6]. The control objectives considered are: Performance - Required pointing accuracy due to a 0.3N m step torque disturbance of y < 0.04^o. Additionally we require a response time of less than 60 seconds. Robustness - A level of robust stability in the face of unstructured uncertainty is desirable. Control Effort - The following restriction is placed on the control effort due to a 0.3N m step torque disturbances of u < 0.5N m. As this is a preliminary design we simply use the weights used in [6], with the exception that any integral weighting is approximated. The bandwidth of the weighted frequency response is approximately 3 rads/sec. In view of this, we use a sampling frequency of 1Hz (approx. 2×weighted open-loop bandwidth) and use a critically-damped, second-order, anti-aliasing filter with natural frequency at 10rads/sec, so as not to introduce excessive additional phase lag in the cross-over frequency region of the weighted plant.

The robust stability margin obtained with SD control was β = 0.2029, which as expected is less than that obtained with continuous-time control (β = 0.426). The plant output under SD control and continuous-time control resulting from a 0.3N m step disturbance at the plant input are shown in Figure 4. The corresponding SD control effort is shown in Figure 5.

Figure 4: Plant Output For Highly Flexible Spacecraft Ex-

ample. ‘—’ System Under SD Control; ‘· · · ’ System Under Continuous-Time Control

Figure 5: SD Control Effort For Highly Flexible Spacecraft

Example

We note that the control objectives are met and that the introduction of approximate integral action in one of the weights gives zero steady-state plant output.

5 Conclusion In this paper we have introduced a new framework for SD, control-system development. This involved two steps: The derivation of new formulae for SD controller synthesis, and the proposal of a design framework, modelled on the H_∞, loop-shaping procedure of McFarlane and Glover [6].

It can be seen from the preliminary design example presented that even for a relatively slow sampling frequency the performance of an SD controller developed in the new framework is not much worse that that of the full continuous-time controller. Further research is required to completely characterise the proposed framework, including, the derivation of sensible analytic bounds on achievable performance given a bound on the closed-loop operator F_ℓ(G_W , H KS ). Such bounds would aid in the selection of weighting functions as do the frequency by frequency analytic bounds derived for the standard H_∞, loop-shaping procedure [6].

References

[1] Bamieh, B. A. and Pearson, J. B., “A general Framework For Linear Periodic Systems With Applications to H∞ Sampled-Data Control.” IEEE Transactions of Au-

tomatic Control, 37:418-435, 1992.

[2] Chen, T. and Francis, B. A., Optimal Sampled-Data Control Systems. Springer-Verlag, Berlin, 1995.

[3] Gahinet, P. and Apkarian, P., “A linear Matrix Inequality Approach to H∞ Control.” International Journal of Robust and Nonlinear Control, 4:421-448, 1994.

[4] Iglesias, P. A. and Glover, K., “State-Space Approach to Discrete-Time H∞ Control.” International Journal of Control, 54:1031-1073, 1991.

[5] Kabamba, P. T. and Hara, S., “Worst-Case Analysis and Design of Sampled-Data Control Systems.” IEEE Transactions on Automatic Control, 38:1337-1357, 1993.

[6] McFarlane, D. C. and Glover, K., Robust controller Design Using Normalised Coprime Factorisation Plant Descriptions. Lecture Notes in Control and Information Sciences, Springer-Verlag, Berlin, 1990.

[7] Toivonen, H. T., “Sampled-Data Control of Continuous- Time Systems With an H∞ Optimality Criterion.” Automatica, 28:45-54, 1992.

[8] Van Loan, C. F., “Computing Integrals Involving The Matrix Exponential.” IEEE Transactions on Automatic Control, 23:395-404, 1978.

[9] Vinnicombe, G., “All Nonlinear, Time-Varying Solutions to the H∞ Control Problem for Linear Plants – A Comparison of the Gap and nu-Gap Metrics.” Paper in preparation.

[10] Yamamoto, Y., “A Function Space Approach to Sampled-Data Control Systems and Tracking Problems.” IEEE Transactions on Automatic Control, 39:703-713, 1994.