Metric Uncertainty and Nonlinear Feedback Stabilization

Tryphon T. Georgiou Dept. of Electrical Engineering

University of Minnesota Minneapolis, MN 55455, U.S.A.

Malcolm C. Smith Department of Engineering University of Cambridge Cambridge, CB2 1PZ, U.K.

Dedicated to George Zames on the occasion of his 60th birthday

Abstract. In this paper we define a generalization of the gap metric for nonlinear systems. We prove two results which specialize to known results for linear systems. First, we show that a feedback system remains stable if the distance between the plant and its perturbation is less than the inverse of the norm of a certain parallel projection operator. Second, we show that every “continuously robust” metric on nonlinear systems is equivalent to the metric introduced in this paper.

For anyone working on the foundations of control theory it is a privilege to pay tribute to George Zames, who has contributed such fertile and fundamental ideas to the field. Over the past 35 years his work has had the most profound influence on the development of control science as well as being an inspiration to countless researchers. To honour his work we seek, in this paper, to synthesize two of his major ideas: the small gain theorem^1 in nonlinear feedback and gap metric uncertainty^2. To date, these two important tools have experienced largely separate evolutions.

The setting for an input-output/operator view of feedback control is provided by the block diagram of Fig. 1. The plant P and compensator C are operators, possibly nonlinear, unbounded, with P : D_P → Y (where D_P ⊆ U is the domain of P), and C : D_C → U (where D_C ⊆ Y is the domain of C). The signals u_i (i ∈ {0, 1, 2}) belong to a Banach space U and the signals y_i (i ∈ {0, 1, 2}) belong to a Banach space Y. Typical choices for U and Y are the L_p (p ∈ {1, 2, ∞}) spaces of vector-valued functions on the continuous or discrete semi-infinite time axis.

The problem of feedback stabilization is to ensure that, for any (u_0, y_0) ∈ U × Y, there exist unique signals u_1, u_2 ∈ U and y_1, y_2 ∈ Y such that the following feedback equations hold:

u_0 = u_1 + u_2, y_0 = y_1 + y_2, y_1 = Pu_1, u_2 = Cy_2.

u_0 u_1 y1

u_2 y2 y0

-^+ m_Σ - P

           ?^−

 6^−

C œ m_{Σ +}œ

Figure 1: Standard feedback configuration.

An additional requirement is that the operator H_{P,C} : W → W × W, where W := U × Y, defined via the feedback equations by

H_{P,C} : ( u_0 y_0 ) → ( ( u_1 y_1 ) , ( u_2 y_2 ) ) , is bounded. In this paper we will use the incremental gain ‖ · ‖_Δ for operators A : X → Z,

‖A‖_Δ := sup x1,x2∈X , x1≠x2 ‖Ax_1 − Ax_2‖ ‖x_1 − x_2‖ ,

where ‖ · ‖ denotes the norm in the Banach spaces X , Z. Thus we say that the feedback configuration of Fig. 1, denoted by [P, C], is stable if H_{P,C} is well-defined and ‖H_{P,C}‖_Δ < ∞. Henceforth, without loss of generality, we will assume that the zero elements in U and Y are included in the domains of the plant and compensator respectively, and that P0 = 0, C0 = 0.^3 Note that, under these conditions, uniqueness of solution of the feedback equations implies H_{P,C} 0 = 0.

Consider the graph of P

G_P := {( u Pu ) : u ∈ U, Pu ∈ Y } ⊂ W and the inverse graph of C

G^′_C := {( Cy y ) : y ∈ Y, Cy ∈ U } ⊂ W.

Let M := G_P, N := G^′_C, and define the operator Σ_{M,N} : M × N → W : (m, n) → m + n. The stability of the feedback system in Fig. 1 is equivalent to Σ_{M,N} having an inverse defined on the whole of W which is bounded. In fact, if Σ_{M,N} has a bounded inverse, the inverse is precisely H_{P,C}.^4 It can be shown that a necessary condition for [P, C] to be stable is that M, N are closed subsets of W.^5

Let X , Y be closed subsets of a Banach space W. We define^6

⃗δ(X , Y) := inf {‖Φ − I‖_Δ : Φ is invertible on W, with Φ0 = 0, and ΦX = Y} ,

∞ if no such operator Φ exists, δ(X , Y) := max { ⃗δ(X , Y), ⃗δ(Y, X ) } , and d(X , Y) := log(1 + δ(X , Y)).

Then d(·, ·) is a metric on the closed subsets of W.^7 In general δ(·, ·) does not satisfy the triangular inequality. Yet both d(·, ·) and δ(·, ·) define the same topology. Moreover, δ(·, ·) is a natural generalization of the gap (see Note 7). Hence, below, we will express our conclusions in terms of δ(·, ·).

We now present a basic lemma which will be used in the proof of our two main results to follow. The lemma can also be used to prove the small gain theorem (see Note 1).

Lemma. Let A : X → X where X is a Banach space and suppose ‖A‖_Δ ≤ ζ < 1. Then

(I + A)x = y (1)

has a unique solution for all y ∈ X . Furthermore,

‖(I + A)^{−1} − I‖_Δ ≤ ζ 1 − ζ . Proof. The equation (1) can be rearranged as x = y − Ax =: Bx. Since

‖Bx_1 − Bx_2‖

‖x_1 − x_2‖ = ‖Ax_1 − Ax_2‖

‖x_1 − x_2‖ ≤ ζ, the contraction mapping theorem^8 applies to show that B has a unique fixed point. Since y is arbitrary this proves the first part of the lemma. Next note that

‖(I + A)x_1 − (I + A)x_2‖ ≥ ‖x_1 − x_2‖ − ‖Ax_1 − Ax_2‖ ≥ ( 1 ζ − 1)‖Ax_1 − Ax_2‖ = ( 1 ζ − 1)‖ (I − (I + A)) x_1 − (I − (I + A)) x_2‖ which implies that ‖ ( (I + A)^{−1} − I ) y_1 − ( (I + A)^{−1} − I ) y_2‖ ‖y_1 − y_2‖ ≤ ζ 1 − ζ . 2 Let Π_i : W ×W → W denote the natural projection onto the ith component (i = 1, 2) of W × W. If [P, C] is stable define Π_{M//N} := Π_1H_{P,C}. Then Π_{M//N} : W → M is a nonlinear idempotent (parallel projection) operator onto the graph of P.^9 The theorem below gives a basic robustness result for uncertainties measured by δ(·, ·) which generalizes a standard result from the linear case.^{10} Theorem 1. Let [P, C] be stable. If

δ(G_P, G_{P1} ) < ‖Π_{M//N} ‖^{−1}_Δ , then [P_1, C] is stable.

Proof. Since δ(G_P, G_{P1}) < ∞ there exists a bounded invertible transformation Φ : W → W such that

‖Φ − I‖_Δ < ‖Π_{M//N} ‖^{−1}_Δ , (2) and ΦM = M_1 (where M_1 = G_{P1} ). Define

Φ̂ : M × N → M_1 × N

by Φ̂(m, n) = (Φm, n) and note that Φ̂ is invertible. Consider Σ_{M1,N} Φ̂Σ^{−1}_{M,N} : W → W. It follows that

Σ_{M1,N} Φ̂Σ^{−1}_{M,N} = (Σ_{M,N} + Σ_{M1,N} Φ̂ − Σ_{M,N} )Σ^{−1}_{M,N} = I + (Σ_{M1,N} Φ̂ − Σ_{M,N} )Σ^{−1}_{M,N} = I + (Φ − I)Π_1Σ^{−1}_{M,N} = I + (Φ − I)Π_{M//N} . (3)

The third step above follows from (Σ_{M1,N} Φ̂ − Σ_{M,N} )(m, n) = Σ_{M1,N} (Φm, n) − Σ_{M,N} (m, n) = Φm − m = (Φ − I)m.

From (2) we conclude that

‖(Φ − I)Π_{M//N} ‖_Δ < 1.

Hence, from (3) and the lemma, we conclude that I + (Φ − I)Π_{M//N} is invertible. Therefore, Σ_{M1,N} Φ̂Σ^{−1}_{M,N} is invertible, and so is Σ_{M1,N} . Consequently, [P_1, C] is stable. 2 The statement of Theorem 1 can be strengthened by replacing δ(·, ·) by ⃗δ(·, ·), with the same proof being valid. A similar result to Theorem 1 can be proved for uncertainty in C, in which case the upper bound is replaced by ‖Π_{N //M}‖^{−1}_Δ .^{11} The result can be further extended to give guarantees on combined plant-controller uncertainty.^{12}

Our second main result is a generalization to the nonlinear case of [21, Theorem 1] which asserts that open-loop uncertainties which correspond to small closed-loop errors are precisely those that are small in the gap metric. The result shows, in the language of [21], that every “continuously robust” metric on nonlinear systems is equivalent to δ(·, ·).^{13} Theorem 2. Let [P, C] be stable and consider a sequence of plants P_i for i = 1, 2, . . .. Then the following statements are equivalent:

(a) [P_i, C] is stable for sufficiently large i and ‖H_{P,C} − H_{Pi ,C}‖_Δ → 0, (b) δ(G_P, G_{Pi} ) → 0.

Proof. (a) ⇒ (b). Let M_i := G_{Pi} and define

Φ_i := I_W − Π_1(Σ^{−1}_{M,N} − Σ^{−1}_{Mi,N} ).

Since ‖H_{P,C} − H_{Pi ,C}‖_Δ → 0, it follows that ‖Π_1(Σ^{−1}_{M,N} − Σ^{−1}_{Mi ,N} )‖_Δ → 0. Using the lemma we conclude that there exists an integer i_0 so that Φ_i is invertible for all i ≥ i_0. Since the graph of any system we consider contains the origin, it follows that Φ_i0 = 0 for all i. In order to complete the proof we show that, for i ≥ i_0, Φ_iM = M_i. Let m ∈ M. Then

Φ_im = m − Π_1Σ^{−1}_{M,N} m + Π_1Σ^{−1}_{Mi,N} m

= Π_1Σ^{−1}_{Mi ,N} m ∈ M_i.

Let now m_i ∈ M_i and x = Φ^{−1}_i m_i. Writing

m_i = x − Π_1Σ^{−1}_{M,N} x + Π_1Σ^{−1}_{Mi,N} x where (x − Π_1Σ^{−1}_{M,N} x) ∈ N and Π_1Σ^{−1}_{Mi ,N} x ∈ M_i we see that Π_1Σ^{−1}_{Mi ,N} x = m_i and x − Π_1Σ^{−1}_{M,N} x = 0. Therefore x ∈ M, which means that Φ_iM = M_i. At the same time ‖Φ_i − I‖_Δ → 0. Similarly, if

Ψ_i := I_W + Π_1(Σ^{−1}_{M,N} − Σ^{−1}_{Mi ,N} ),

it follows that there exists an integer i_0 so that Ψ_i is invertible for all i ≥ i_0, Ψ_iM_i = M, and ‖Ψ_i − I‖_Δ → 0. (An alternative approach would be to use Ψ_i = Φ^{−1}_i instead. It can be shown using the lemma that

‖Ψ_i − I‖_Δ ≤

‖Φ_i − I‖_Δ 1 − ‖Φ_i − I‖_Δ . Hence, Ψ_iM_i = M and ‖Ψ_i − I‖_Δ → 0 as well.) Therefore, δ(G_P, G_{Pi} ) → 0.

(b) ⇒ (a). Suppose δ(G_P, G_{Pi} ) → 0. Then there exists Φ_i invertible so that Φ_iM = M_i and ‖Φ_i − I‖_Δ → 0. Using the notation of the proof of Theorem 1 we see, from (3) and the lemma, that Σ_{Mi ,N} Φ̂_iΣ^{−1}_{M,N} is invertible for sufficiently large i and

‖Σ_{Mi ,N} Φ̂_iΣ^{−1}_{M,N} − I‖_Δ → 0

as i → ∞. Hence Σ_{Mi ,N} is invertible for sufficiently large i and ‖Σ^{−1}_{Mi ,N} ‖_Δ is uniformly bounded. Now observe that

Φ̂_iΣ^{−1}_{M,N} − Σ^{−1}_{Mi ,N} = Σ^{−1}_{Mi,N} Σ_{Mi,N} ( Φ̂_iΣ^{−1}_{M,N} − Σ^{−1}_{Mi,N} )

= Σ^{−1}_{Mi,N} ( Σ_{Mi ,N} Φ̂_iΣ^{−1}_{M,N} − I )

since Σ_{Mi ,N} is linear. Thus

‖Φ̂_iΣ^{−1}_{M,N} − Σ^{−1}_{Mi ,N} ‖_Δ → 0

as i → ∞. From the identity

Σ^{−1}_{M,N} − Σ^{−1}_{Mi ,N} = ( I − Φ̂_i ) Σ^{−1}_{M,N} + Φ̂_iΣ^{−1}_{M,N} − Σ^{−1}_{Mi,N}

we see that ‖Σ^{−1}_{M,N} − Σ^{−1}_{Mi ,N} ‖_Δ → 0. 2

Notes

1. The small gain theorem was introduced as an analysis tool for studying the stability of interconnected dynamical systems (cf. [19], [12], [2]). The theorem applies to the feedback configuration of Fig. 1 under the assumption that P and C are stable. The precise statement is: if ‖P‖_Δ.‖C‖_Δ < 1 then the feedback system of Fig. 1. is stable. This result, together with bounds for ‖H_{P,C}‖_Δ (cf. [19], [2]) can be derived from the basic lemma stated in the text.

2. The gap metric was introduced into the control literature by G. Zames and A.K. El-Sakkary [21] as an analysis tool for studying perturbations of dynamical systems, and for assessing the robustness of stability of feedback interconnections. The metric defines a distance between (possibly unstable) systems by measuring the aperture between their respective graphs. The gap metric was originally used in functional analysis by B. Sz.-Nagy and by M.G. Krein and M.A. Krasnosel’skii for studying perturbations of Hilbert space operators (see [9] and the references therein).

3. If P and C do not satisfy these assumptions, biases can be introduced as suggested in [19]. Specifically, take any b_1 ∈ D_P and define the operator P̃ with domain D_{P̃} = D_P − b_1 by: P̃u = P(u + b_1) − Pb_1. We can define an operator C̃ similarly. It can now be seen that the incremental gains of H_{P,C} and H_{P̃,C̃} are the same.

4. If [P, C] is stable then H_{P,C}W ⊆ M × N . Furthermore, given any pair (( u_1 y_1 ) , ( u_2 y_2 )) ∈ M × N , it is easy to see that for u_0 = u_1 + u_2 and y_0 = y_1 + y_2 the feedback equations are satisfied. Hence (( u_1 y_1 ) , ( u_2 y_2 )) = H_{P,C} ( u_1 + u_2 y_1 + y_2 ) . Therefore, H_{P,C} sets up a bijective correspondence between W and M × N such that

Σ_{M,N} ∘ H_{P,C} = I_W , H_{P,C} ∘ Σ_{M,N} = I_{M×N} .

The two graphs M, N are said to coordinatize W (see [4], [6]). This property provides a characterization of stability of a feedback system. Other contributions on the significance of graph representations and on the complementarity of graphs as a condition for nonlinear feedback stability include [20], [11], [8], [16], [14].

5. The proof given in [5] applies directly to the nonlinear case. Specifically,

take a Cauchy sequence in M and set ( u_0 y_0 ) equal to an element of

this sequence. Observe that u_1 = u_0 and y_1 = y_0 is the solution of the feedback equations. Now take limits and note that M must contain the limit point since W is complete and H_{P,C} is continuous.

6. The definition of ⃗δ(·, ·) can be relaxed slightly without affecting the metric property of d(·, ·), or the subsequent theorems, in that Φ need not be defined on the whole of W. It is sufficient to define: ⃗δ(X , Y) := inf {‖(Φ − I)|_X ‖_Δ : Φ is an invertible map from X onto Y with Φ0 = 0}, and ∞ if no such operator Φ exists.

7. This metric is a slight modification of a metric introduced in [10, page 562] for subspaces of a Banach space. The definition of the metric in [10] differs from the one in this paper in that ∞ is replaced by 1. The value ∞ is necessary in our case since we seek to measure distances between closed subsets of a Banach space which may not necessarily be subspaces. When the underlying space is a Hilbert space, δ(·, ·) coincides with the usual gap metric [1, Corollary 3.3]. We now show that d(·, ·) is a metric. Clearly, d(X , Y) ≥ 0. If d(X , Y) = 0 then δ(X , Y) = 0. It follows that, given any ϵ > 0, there exists an invertible mapping Φ_ϵ such that, Φ_ϵ0 = 0, Φ_ϵX = Y, and ‖Φ_ϵ − I‖_Δ < ϵ < 1. For any given y ∈ Y there exists a family x_ϵ ∈ X such that Φ_ϵx_ϵ = y. Moreover,

‖y − x_ϵ‖ = ‖Φ_ϵx_ϵ − x_ϵ‖ = ‖(Φ_ϵ − I)x_ϵ‖ < ϵ‖x_ϵ‖ < ϵ 1 − ϵ ‖y‖, where the first inequality follows from the fact that the incremental gain bounds the norm. Hence we can find a sequence x_ϵ ∈ X such that x_ϵ → y. Since X is closed then y ∈ X which means that X ⊆ Y. The reverse inclusion is proved similarly, so X = Y. Next we note that d(X , Y) = d(Y, X ). Finally we show that the triangular inequality holds: d(X , Z) ≤ d(X , Y) + d(Y, Z) where X , Y, Z are all closed subsets of W. If either of d(X , Y), d(Y, Z) is ∞, then the statement is obvious. So assume that both d(X , Y), d(Y, Z) are less than ∞ and, consequently, that there exist invertible mappings Φ_i (i = 1, 2) for which Φ_1X = Y and Φ_2Y = Z. Then Φ = Φ_2Φ_1 is invertible and maps X onto Z. From the identity

Φ_2Φ_1 − I = (Φ_2 − I)Φ_1 + Φ_1 − I

we obtain

‖Φ_2Φ_1 − I‖_Δ ≤ ‖Φ_2 − I‖_Δ‖Φ_1‖_Δ + ‖Φ_1 − I‖_Δ ≤ ‖Φ_2 − I‖_Δ(‖Φ_1 − I‖_Δ + 1) + ‖Φ_1 − I‖_Δ.

This shows that

log(1 + ‖Φ_2Φ_1 − I‖_Δ) ≤ log(1 + ‖Φ_1 − I‖_Δ) + log(1 + ‖Φ_2 − I‖_Δ)

and completes the proof.

We remark that if the requirement Φ0 = 0 is removed in the definition of ⃗δ(·, ·) then d becomes a pseudo-metric, because in this case d(X , X +w) = 0 for any w ∈ W. That is, the δ-distance between graphs of systems differing only by a constant bias term, is zero. However, Theorem 1 is still valid in this case.

8. The Contraction Mapping Theorem of S. Banach has the following statement. Let X be a complete metric space with metric d(·, ·) and let f : X → X be a contraction mapping, i.e., d(f(x_1), f(x_2)) ≤ ζd(x_1, x_2) for some constant ζ < 1 and all x_1, x_2 ∈ X . Then there is a unique fixed point, i.e., there exists a unique x ∈ X such that f(x) = x (see [15, p. 130]).

9. In [4] the notion of a (nonlinear) parallel projection operator was defined and studied. It was shown that there is an intimate connection between the existence of such operators and the stability of feedback systems.

10. For P, P_1 and C linear, Theorem 1 is the sufficiency part of [7, Theorem 5] and [5, Theorem 3] which asserts that the inverse of the norm of the parallel projection is the stability margin for gap metric uncertainty. Thus, the bound of Theorem 1 is tight for linear systems. The proofs of necessity given in [7], [5] do not generalize in an obvious way to the nonlinear case, and it is likely that special assumptions on P and C would be needed to show tightness, perhaps along the lines of [13].

11. The two parallel projections are related by the fact that

Π_{M//N} + Π_{N //M} = Π_1 ∘ H_{P,C} + Π_2 ∘ H_{P,C} = Σ_{M,N} ∘ H_{P,C} = I_W

so their norms differ by at most 1. In fact, ‖Π_{M//N} ‖ = ‖Π_{N //M}‖ under very general circumstances, e.g. if W is a Hilbert space, ‖ · ‖ denotes the usual induced norm and one of M or N is a linear subspace [4].

12. To do this, the following bound can be calculated from (3) and the lemma ‖ ‖ ( Σ_{M1,N} Φ̂Σ^{−1}_{M,N} )_{−1}‖ ‖ Δ < 1 1 − δ(G_P, G_{P1} )‖Π_{M//N} ‖_Δ

from which an upper bound on ‖Σ^{−1}_{M1,N} ‖_Δ and thence on ‖Π_{N //M1} ‖_Δ can be found.

13. An alternative generalization of the gap for nonlinear systems was introduced in [6]. The topology in [6] is a pseudo-metric topology and applies to systems with differentiable graphs (modelled as infinite-dimensional manifolds over a Banach space). However, the topology in [6] is not “continuously robust” in the sense of [21]. Two systems are close in the sense of [6] if they have similar incremental responses, albeit about possibly different input/output operating conditions. Thereby, small values for ‖H_{P,C} − H_{P1,C}‖_Δ are not required for two open-loop plants P, P_1 to be close. Yet it is interesting to note that the stability of a feedback system is still a robust property with respect to the topology in [6], in spite of the fact that this topology is coarser than the one induced by δ(·, ·), when δ(·, ·) is specialized to systems with differentiable graphs. (A topology T is coarser than T_1 if T ⊂ T_1 [15, p. 47].) We would like to mention that a different metric topology for nonlinear systems is proposed in [22]. Unfortunately, feedback stability is not a robust property for the topology in [22]. Finally it is worth noting that, for the case of linear systems, the question of whether the gap/graph topology ([17]) is the coarsest topology in which stability is a robust property remains open (see [18, page 44], [3]).

References

[1] E. Berkson, Some metrics on the subspaces of a Banach space, Pac. J.

Math., 13, 7–22, 1963.

[2] C.A. Desoer and M. Vidyasagar, Feedback systems: Input-output properties, Academic Press: New York, 1975.

[3] F. De Mari and R. Ober, Topological Aspects of Robust Control, Control of Uncertain Systems, ed. Hinrichsen and Mårtensson, Birkhauser, pp. 69–82, 1990.

[4] J.C. Doyle, T.T. Georgiou, and M.C. Smith, The parallel projection operators of a nonlinear feedback system, Systems & Control Letters, 20, 79–85, 1993.

[5] C. Foias, T.T. Georgiou, and M.C. Smith, Geometric techniques for robust stabilization of linear time-varying systems, Proceedings of the 1990 IEEE Conf. on Decision and Control, pp. 2868–2873, December 1990; Robust stability of feedback systems: A geometric approach using the gap metric, SIAM Journal on Control and Optimization, 31, 1518–37, 1993.

[6] T.T. Georgiou, Differential stability and robust control of nonlinear systems, Mathematics of Control, Signals and Systems, 6, 289-307, 1993.

[7] T.T. Georgiou and M.C. Smith, Optimal robustness in the gap metric, IEEE Trans. on Automat. Control, 35, 673–686, 1990.

[8] J. Hammer, Nonlinear systems, stabilization, and coprimeness, Int. J.

Control, 42, 1–20, 1985.

[9] T. Kato, Perturbation Theory for Linear Operators, Springer-Verlag: New York, 1966.

[10] J.L. Massera and J.J. Schäffer, Linear differential equations and functional analysis, I, Annals of Mathematics, 67, 517–573, 1958.

[11] M. Safonov, Stability and Robustness of Multivariable Feedback System, MIT Press, 1980.

[12] I.W. Sandberg, On the L_2-boundedness of solutions of nonlinear functional equations, Bell Sys. Tech. J., 43, 1581–1599, 1964.

[13] J.S. Shamma, The necessity of the small-gain theorem for time-varying and nonlinear systems, IEEE Trans. on Automat. Control, 36, 1138–1147, 1991.

[14] E.D. Sontag, Smooth stabilization implies coprime factorization, IEEE Trans. on Automat. Control, 34, 435–443, 1989.

[15] W.A. Sutherland, Introduction to Metric and Topological Spaces, Oxford Science Publications, 1975.

[16] M.S. Verma, Coprime fractional representations and stability of non-linear feedback systems, Int. J. Control, 48, 897–918, 1988.

[17] M. Vidyasagar, H. Schneider and B. Francis, Algebraic and topological aspects of feedback stabilization, IEEE Trans. on Automat. Control, 27, 880–894, 1982.

[18] G. Vinnicombe, Measuring the robustness of feedback systems, Engineering Dept., Cambridge Univ., Ph.D. thesis, December 1992.

[19] G. Zames, On the input-output stability of time-varying nonlinear feedback systems. Part I: Conditions using concepts of loop gain, conicity, and positivity, IEEE Trans. on Automat. Control, 11, 228–238, 1966.

[20] G. Zames, On the input-output stability of time-varying nonlinear feedback systems. Part II: Conditions involving circles in the frequency plane and sector nonlinearities, IEEE Trans. on Automat. Control, 11, 465–476, 1966.

[21] G. Zames and A.K. El-Sakkary, Unstable systems and feedback: The gap metric, Proceedings of the Allerton Conference, pp. 380–385, October 1980.

[22] S.Q. Zhu, The gap topology for nonlinear systems, Proceedings of the American Control Conference, Baltimore, pp. 2114–2118, June 1994.

Acknowledgments. This research has been supported in part by the National Science Foundation and the Air Force Office for Scientific Research, U.S.A. and the SERC, U.K. This paper is based on: Cambridge University, Department of Engineering Technical Report, CUED/F-INFENG/TR 175, April 1994, Metric Uncertainty and Nonlinear Feedback Stabilization, by T.T. Georgiou and M.C. Smith.